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Abstract

With the objective to put mechanical simulations of diseased muscular arteries on the
clinical map, adaptive and active processes of the arterial tissue have to be captured
in a mechanical model. In this thesis, the contraction of smooth muscle cells (SMCs)
as well as anisotropic growth are characterized based on the current state of biological
knowledge and associated obtainable experimental data. The proposed active mate-
rial model couples stretch-dependent stimulation of receptors of the cell membrane
directly with activation of contractile units of the SMCs which leads to vasoconstric-
tion. Residual stresses are automatically computed by a novel kinematic growth model
which, in contrast to other growth models, does not depend on an exact run-time for
an optimal homogenization of stresses over the arterial wall. Based on this property,
the combination of active material response and growth model is straightforward in
numerical simulations. Time-dependency of the active material is considered as pre-
dominant while growth velocity is adjusted to enable robust and stable simulations.
Disadvantages and uncertain parameters of the model are overcome by formulating an
optimization procedure for simulations with idealized geometry of the arterial wall. In
consequence, a reliable mechanical description of a healthy middle cerebral artery of a
rat is obtained. The potential of the active and growth model is further demonstrated
in a simulation with a realistic geometry of an artery segment. The presented models
provide opportunities for expansions such as modeling the influence of antihypertensive
drugs. One possible model adjustment for separated growth of different components
of the arterial tissue is demonstrated in a numerical simulation which might be a nec-
essary expansion to predict growth in diseased arteries sufficiently.

Zusammenfassung

Mit dem Ziel, mechanische Simulationen von erkrankten muskuldren Arterien in den
klinischen Alltag einzubinden, miissen die adaptiven und aktiven Prozesse des ar-
teriellen Gewebes in einem mechanischen Modell abgebildet werden. In dieser Dok-
torarbeit werden die Kontraktion von glatter Muskulatur sowie das anisotrope Wach-
stum auf der Grundlage des aktuellen Stands des biologischen Wissens und der damit
verbundenen verfligharen experimentellen Daten charakterisiert. Das vorgeschlagene
aktive Materialmodell koppelt die dehnungsabhangige Stimulation von Rezeptoren der
Zellmembran direkt mit der Aktivierung von kontraktilen Proteinen in den glatten
Muskelzellen, was zu einer Vasokonstriktion fiihrt. Eigenspannungen werden automa-
tisch durch ein neu formuliertes kinematisches Wachstumsmodell berechnet, welches im
Gegensatz zu anderen Wachstumsmodellen nicht von einer exakten Laufzeit fiir eine
optimale Homogenisierung der Spannungen iiber der Arterienwand abhéngig ist. Diese
Eigenschaft ermoglicht eine einfache Kombination von aktiver Materialantwort und
Wachstumsmodell in numerischen Simulationen. Die Zeitabhangigkeit des aktiven Ma-
terials ist bestimmend fiir die Zeitschrittweite, wihrend die Wachstumsgeschwindigkeit
des Gewebes angepasst wird, um robuste und stabile Simulationen zu realisieren.
Nachteile und unklare Parameter der Modelle werden durch die Ausfithrung eines Op-
timierungsverfahrens in Simulationen mit idealisierter Geometrie der Arterienwand be-
waltigt. Dies fiihrt zu einer zuverldssigen mechanischen Beschreibung einer gesunden
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mittleren Hirnarterie einer Ratte. Des Weiteren wird das Potenzial des aktiven Mate-
rialmodells und des Wachstumsmodells in einer Simulation mit realistischer Geometrie
eines Arteriensegments demonstriert. Die vorgestellten Modelle bieten Moglichkeiten
fiir Erweiterungen wie etwa die Modellierung des Einflusses von blutdrucksenkenden
Medikamenten. Eine mogliche Modellanpassung fiir das getrennte Wachstum ver-
schiedener Komponenten des Arteriengewebes wird in einer numerischen Simulation
demonstriert, welche notwendig sein konnte, um das Wachstum in erkrankten Arterien
zuverléssig vorherzusagen.
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1 Introduction 1

1 Introduction

1.1 Motivation

Treatment for cardiovascular diseases (CVDs) improved recognizably over the last
decades. The implantation of a stent or a bypass extends the life span of patients with
ischaemic strokes or heart diseases considerably. Compared to 1990, the world wide
mortality rate from CVDs decreased by 30% [190]. Nevertheless, CVDs still accounted
for 42% of all deaths in Europe in 2021 [174] (see Fig. 1.1). Therefore, as a preventative
measure hypertension is treated widely with antihypertensive drugs to decrease risks
of atherosclerosis and plaque rupture in patients’ arteries. Antihypertensive drugs can
be divided into five main classes, angiotensin-converting enzyme inhibitors (ACEIs),
calcium channel blockers (CCBs), diuretics, beta blockers (BBs), and angiotensin II
receptor blockers (ARBs). The majority of patients is prescribed ACEIs, CCBs and
ARBs [93], all of which reduce the contractility of smooth muscle cells (SMCs) in the
arterial wall (see Fig. 1.2). The selection of drug type and dosage typically follows
medical studies and depends on the experience of the attending physician. While the
choice of drug type might be less significant for preventative measures, the mechanical
impact of antihypertensive drugs on arteries of patients with acute symptoms is hardly
predictable. The material properties of atherosclerotic plaque differ substantially from
the tissue of the arterial wall [127]. Fibrous plaque builds a cap which protects from
rupture. Underneath, the plaque can consist of fibrofatty, calcifications, and a necrotic
core [93]. Especially in atherosclerotic plaque of patients with infections, the inflam-
mation of the tissue leads to swelling as a consequence of which the fibrous part of the
plaque is thinning and makes rapturing more likely [135]. From a mechanical point of
view, a reduction of the contractility of the arterial wall resulting from a prescription of
an antihypertensive drug could lead to a further increase of the stresses in the fibrous
plaque. Therefore, computational simulations of arterial walls in a state of health or
disease can be a promising tool to investigate the mechanical behavior of the tissue and
plaque to optimize medical treatment as well as to develop new diagnostic approaches.

Death rates by cause in Europe 2021

B Ischaemic heart disease
W Stroke
Other CVD
B Cancer
Respiratory disease
B Injuries and poisoning
B Alzheimer's/dementia

All other causes

Figure 1.1: Illustration of death rates by cause in Europe in 2021 [174]. 17 of out 20 strokes
are ischeamic in nature [121], hence, more than 25% of deaths are connected to blocked blood
vessels.
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Prescribed Antinypertensive Drugs in GB (2011-2018)

40%
35%
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25%
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ACEls CCBs Diuretics BBs ARBs

Figure 1.2: Distribution of first-line therapy prescribed antihypertensive drugs in Great
Britain from 2011 to 2018 [93]. To prevent deaths connected to blocked blood vessels, 77.9% of
prescribed antihypertensive drugs decrease the contractility of arteries. Note that more than
one drug can be prescribed to a single patient and, consequently, the sum of the percentage
exceeds 100%.

To accomplish these objectives, numerical simulations have to include all specifics of the
arterial wall to enable an accurate calculation of the stress and stretch distributions.
Next to the strongly nonlinear and anisotropic passive behavior of the extracellular
matrix (ECM) of the arterial tissue with elastin and collagen fibers, the active mate-
rial response has to be considered. Especially in muscular arteries, contraction of the
SMCs is mechanically predominant to protect the tissue from damage by overstretch-
ing. Furthermore, the adaptability of resistance arteries enables a regulation of the
blood flow in times of higher levels of physical activity to reduce the supply of inner
organs and provide the active muscles with oxygen-rich blood. Mechanical experiments
demonstrate that the contractile behavior of a muscular artery can even decrease its
diameter after a considerable increase of the blood pressure [94]. Currently, mechanical
models for the active response are mainly incapable of establishing such a contractil-
ity in numerical simulations. To model contractions properly, the mechanical model
should include the stretch-dependency of the biological tissue. This stretch-dependency
is connected to G-protein coupled receptors at the membrane of the SMC which are,
e.g., activated by angiotensin II but can also initiate the intracellular reaction chain for
the contraction mechanism when the cell membrane is stretched due to an increased
blood pressure. The resulting contraction of the cell can remain for a long time after
blood pressure recovers to a normal level which has to be covered by the mechanical
model.

Additionally, experiments illustrate that arteries shorten when excised from the body
and open up when cut longitudinally [92]. Accordingly, the mechanical behavior of ar-
teries is substantially controlled by residual stresses which enable a uniform absorption
of the load on the artery over the entire wall thickness. In consequence, the mechan-
ical stresses are equally distributed. Elastic arteries without residual stresses exhibit
substantially larger stresses at the inner side of the arterial wall than at the outer
side which is mechanically disadvantageous and would increase the chance of damage
by overstretching. The adjustment of the residual stresses is based on the ability of
the tissue to grow which occurs anisotropically. Accordingly, mechanical models aim to
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construct a realistic stress distribution inside the arterial wall by replicating the growth
process of the tissue. A realistic growth model could even be employed to predict the
growth process of a patient-specific artery over the upcoming years. In consequence,
treatments and check ups for patients can be planned ahead. Such an approach is
aimed for by constraint mixture models [87]. However, the prediction of the growth
process of the tissue is extraordinarily complicated. Various types of cells such as fi-
broblasts and phenotypes of SMCs regulate the growth processes for elastin, collagen
and contractile SMCs quantitatively differently. Next to the size and location of the
artery, growth processes are also modified by infections, inflammations and damage of
the arterial wall which affect the phenotype modulation of the SMCs [195]. Excluding
infections and inflammations of the arterial wall from the modeling process, a growth
model could achieve long term predictions for distinct cases such as for patients with
Marfan syndrome. There, the genetic disease causes aortic dilation based on abnormal
growth processes of the tissue which is most likely connected to the absence of certain
phenotypes of SMCs [137]. For a more general description of residual stresses in the
arterial wall, the second approach for growth models is more applicable which is kine-
matic growth [148]. Especially when adaptive and active material processes have to be
combined, a more straightforward model for growth is advantageous.

This thesis is based on the idea of coupling a realistic mechanical model for the con-
traction of SMCs in muscular arteries with a kinematic growth model which enables a
reliable description of mechanical fields in the arterial wall. For this idea to be realized
a couple of challenges have to be taken into account. A first challenge posed by the
combination of the active processes mentioned is the time scale. After excitation, the
contraction of SMCs occurs over a time range of several minutes and lasts up to a
few hours. In contrast, growth processes proceed several days and the corresponding
residual stresses are the result of growth over years. However, since the exact tracking
of the temporal progress of the growth process is not a primary concern of the numer-
ical simulations here, time-dependency can be considered as an abstract matter and
the numerical growth process can be accelerated. A second challenge results from the
dependency of both processes on the stresses and stretches of the material. The growth
process leads to a volumetric change of the material which includes an adjustment of
the stretches. A stretch of the SMCs results in a contraction of the tissue and, conse-
quently, a change of the corresponding stresses. Simultaneously, the growth model is
dependent on the stresses in the tissue and reacts correspondingly to the contraction
of the active material response with a modification of the growth process. To solve
this issue, one of both processes has to be heavily adjustable in the velocity while
the final result of the process remains unchanged. Since the time-dependency of the
growth process is only accounted for abstractly, the formulation of the growth model
is the preferred candidate for adjustments to enable the coupling of growth and active
response. Accordingly, simulations can be run in a realistic time frame for smooth
muscle contraction coupled with a simultaneous growth process which is highly accel-
erated but still sufficiently slow to enable the active response to react on corresponding
changes of the stretch.

However, when the coupling of growth and smooth muscle contraction results in simu-
lations which present realistic stress distributions, these simulations are not describing
the structural problem for the arterial wall appropriately. The resulting geometry at
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the end of the simulations has to match the geometry of a real artery. But the refer-
ential state of the geometry can change significantly during the growth process based
on the volumetric adjustments. A reliable prediction of the final state of the result-
ing geometry can only be achieved by knowing about the volumetric changes of the
reference geometry during growth phases and, therewith, a correct choice of the corre-
sponding reference configuration. This referential state can hardly be chosen manually,
but rather automatic by performing an optimization. An additional challenge comes
from the fitting of the material parameters. To optimize the material parameters to
describe the mechanical behavior of the arterial wall appropriately, mechanical exper-
iments are necessary to evaluate the deformation process of the arterial tissue under
a certain loading scenario. In these experiments, the arterial tissue contains residual
stresses that are often not considered in the simulations used to replicate the experi-
mental results. Accordingly, the results of simulations which apply the values of these
optimized material parameters are inadequate. The precision of the fitting of the mate-
rial parameters can be increased when the growth process of the geometry is completed
before the numerical replication of the experiments is performed.

Taking into account the discussed challenges, this thesis presents an optimization pro-
cedure that includes the simultaneous application of kinematic growth and smooth
muscle contraction to improve the mechanical description of the structural problem of
a muscular artery significantly. As a result of this optimization, the resulting state
of the geometry matches measurements of a real artery. Furthermore, the material
parameters are fitted to match experimental data after the growth process is accom-
plished. In consequence, computational simulations are able to describe the mechanical
behavior of a healthy muscular artery adequately which constitutes a significant step
towards improving treatment and diagnosis of cardiovascular diseases.

1.2 Structure of the Thesis

This thesis comprises twelve chapters which include theoretical background for model-
ing of muscular arteries from a biological and mechanical point of view and modeling,
simulation, and analysis of the contraction of vascular SMCs as well as residual stresses
by a growth model.

Subsequent to the introduction, Chapter 2 provides a general overview of the structure
of arteries and the functions of the tissue components. In particular, the mechanism
behind the contraction of vascular SMCs and associated intravascular reactions chains
are described. Furthermore, the growth process of different components of the arterial
tissue is characterized to outline the adaptation of the arterial wall. In Chapter 3,
basics of continuum mechanics are explained which cover kinematics, stress measures
in the context of finite strain theory, and balance equations. Afterwards, Chapter 4
presents the finite element method which is applied for mechanical simulations in this
thesis. A mechanical model for the contraction of vascular SMCs is described in Chap-
ter 5 which also contains an overview of the state of the art of numerical modeling of
vasoconstriction. The active material model includes the stretch-dependent stimula-
tion of membrane receptors which leads to an activation of contractile units in the cell.
Furthermore, the numerical implementation into FEAP is expressed in detail. Subse-
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quently, Chapter 6 contains the description of numerical simulations with the active
material model. The simulation results are presented which replicate experimental data
of a middle cerebral artery of a rat. In additional simulations, the contraction of the
arterial wall under intravascular pressure waves is investigated which mimics the pulse
pressure in the physiological state of the artery. In Chapter 7, a novel kinematic growth
model is formulated which bases on Cauchy stresses as driving forces for the growth
process. The chapter includes an overview of the state of the art of numerical modeling
of residual stresses in biological tissue as well as the influence on the balance equations
when changes of mass are possible in simulations. Furthermore, the implementation
into FEAP is expressed. The growth model is investigated in numerical simulations
with regard to the passive material response, in Chapter 8. The simulations are coupled
with an optimization procedure which allows a reliable description of the mechanical
properties and fits the geometry of an arterial ring after growth to experimental data.
It is shown that the proposed growth model does not depend on an exact run-time
for an optimal homogenization of stresses over the arterial wall. In Chapter 9, the
growth model is coupled with the active material model in numerical simulations. This
includes an adjustment of the optimization procedure to further improve the simula-
tions results. In consequence, a reliable mechanical description of a healthy middle
cerebral artery of a rat is obtained. The potential of the active and growth model is
further demonstrated in a simulation with a realistic geometry of an artery segment in
Chapter 10. A possible adjustment of the growth model is described and tested in a
simulation in Chapter 11 which enables separated growth of collagen fibers. Eventu-
ally, Chapter 12 finishes this thesis with concluding remarks and an outlook in which
possible expansions for the description of diseased arteries are suggested.
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2 Biological Basics for Characterization of
the Mechanical Behavior of Arterial Walls

The structure of the arterial wall is complex, it contains various different cell types and
protein networks which characterize its mechanical behavior. Moreover, depending on
its location and size, the structure of an artery varies considerably. The network of ar-
teries constitutes a system for pulmonary and systemic circulation where oxygen-poor
blood is transported to the lungs and oxygen-rich blood is delivered to body tissues,
respectively. To enable both circulations, the heart consists of four chambers: the
right and left atrium which receive the blood as well as the right and left ventricle
which pump the blood into lung and body. Chamber walls of the left ventricle are
substantially thicker than walls of the right ventricle and generate higher pressure.
The associated variation between systolic and diastolic pressure must be endured by
the aorta, the largest artery in the human body with a diameter of up to 3cm and a
wall thickness of 4mm [50]. Due to the load on the arterial wall, the aorta and other
large arteries are mostly elastic, with elastin and collagen fibers predominant in their
mechanical behavior. The farther an artery is from the heart, the higher the propor-
tion of SMCs in the tissue of the arterial wall. Accordingly, these medium and small
sized arteries are regarded as muscular arteries capable of considerable contraction.
The strongest contractions occur in resistance arteries, which include small arteries
with diameters up to 400 pm [33], and arterioles. Arterioles with diameters less than
100 pm [88], provide blood to the organs and are primarily composed of SMCs. The
smallest blood vessels are capillaries which transport oxygen and nutrients to cells of
the body. Capillaries contain no SMCs and are defined as vessels with diameters less
than 10 um consisting of one single layer of endothelial cells. Although the lack of
SMCs suggests that capillaries cannot contract, more recent studies demonstrate that
pericytes, spatially isolated cells at the capillary, can regulate blood flow physiologically
through neuronal activity [70]. However, for modeling the contraction of the arterial
wall, capillaries and their potential regulation by pericytes are not considered in this
thesis.

To enable a viable description of the mechanical behavior of the arterial wall, the fun-
damental constituents of the tissue must be identified and their functions investigated.
In this chapter, the different layers of the arterial wall are briefly introduced, and their
functions are discussed with reference to the latest biological and medical findings.
The focus is on the intracellular biochemical reaction chains in SMCs to describe the
various initiators of cell contraction. This is particularly important for comprehending
the contraction of resistance arteries which can narrow in response to increased blood
pressure. The contraction of SMCs in larger arteries can be addressed by more general
approaches that describe the nonlinear material behavior from a macroscopic perspec-
tive, which will be discussed in the state-of-the-art modeling of the active material
response in Chapter 5. However, even with a detailed description of the biochemical
reaction chains, experimentally quantifying the reagents and products at every step
is currently unachievable. Therefore, the most significant mechanisms of the active
contraction have to be identified to enable an applicable formulation of the model that
describes the mechanical reaction of the arterial wall reliably.
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Additionally, the growth behavior of the tissue, which is responsible for the resid-
ual stresses in the artery, is characterized. While collagen growth based on the activity
of cells such as fibroblasts has been well-known for decades [26], the significance of
different phenotypes SMC in the growth process has only been highlighted in more
recent publications. This chapter explains functions of these SMC phenotypes during
tissue growth.

2.1 Structure of Arteries

Elastic and muscular arteries, as well as arterioles, consist of three distinct layers: the
tunica intima, tunica media and tunica adventitia. While these layers are fundamen-
tally similar across different types of arteries, the structure and mechanical behavior
of the tissue vary significantly. These variations are related to the size and location
of the artery, its function, and the corresponding blood pressure. In a healthy hu-
man, systemic arterial blood pressure typically measures 110-120 mmHg systolic and
70-80 mmHg diastolic. The difference between systolic and diastolic blood pressure
is known as pulse pressure. The hyperelastic material behavior of the large arteries,
such as the aorta, significantly reduces the variation in pressure between contraction
and relaxation in the left ventricle of the heart resulting in a pulse pressure of ap-
proximately 40 mmHg. Generally, both, blood pressure and pulse pressure, decrease
as its distance from the heart increases [66]. Resistance arteries are the most efficient
regulators of blood pressure due to their ability to actively contract. Consequently,
blood flow through resistance arteries decreases the pressure from roughly 80 mmHg to
25 mmHg, protecting the capillary tissue from damage due to overstretching. To enable
the characterization of the mechanical behavior of the arterial tissue, the constituents
of the three layers and the differences between elastic and muscular arteries, as well
as arterioles and capillaries, are discussed in the following sections. The structure of a
typical elastic or muscular artery is illustrated in Fig. 2.1.

2.1.1 Tunica Intima

The tunica intima is the innermost layer of the arterial wall. In the majority of arteries,
the tunica intima consists of a single layer of endothelial cells attached to a thin basal
lamina. Uniquely, capillaries contain an addition cell type called pericyte which are
spatially isolated cells to control the contraction. Endothelial cells play several crucial
roles in maintaining the healthy and homeostatic state of the arterial wall which has
a combined surface area of 3000-6000 m? in the human body and comprises over 103
cells [103]. Endothelial cells are the first to build a new blood vessel during embry-
onic development. They also rapidly generate new vessels in response to tissue injury
or hypoxic conditions in mature arteries, through a highly orchestrated process called
angiogenesis [103]. The permeability of blood cells and macromolecules, such as fats
and proteins, through the tissue of an arterial wall is regulated by the structure of
endothelial cells. In elastic and muscular arteries, the permeability is very low, en-
suring a regulated blood transport. It increases slightly in arterioles and significantly
in capillaries to allow the supply of tissues with oxygen-rich blood and nutrients. In
cases of acute or chronic inflammation, cancer, or wound healing, vascular permeability
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Figure 2.1: Illustration of the structure of a common elastic or muscular artery. The arterial
wall consists of three basic layers: the tunica intima, tunica media and tunica adventitia.
Depending on size and location of the artery, the constituents differ in proportion, orientation
and structure. Especially the density of smooth muscle cells is substantially higher in the
media of muscular arteries than in elastic arteries. Illustration is adopted from HOLZAPFEL
ET AL. [80].

dramatically increases [125].

The shape of endothelial cells varies depending on the type of artery, but they are
generally elongated in the axial direction of the artery: measuring roughly 30-50 pm in
length, 10-30 pgm in width, and 0.1-10 um in thickness. The elongation of endothelial
cells enables them to sense shear stresses at the arterial wall exerted by flowing blood.
In consequence, the endothelial cells enhance the production of nitric oxide (NO) when
shear stresses are increased which is a well-known vasodilator. NO activity levels can
be determined in experiments investigating the impact of inhibitors of endothelial NO
synthase such as N(G)-Nitro-L-arginine methyl ester [111].

The exact reaction chain leading to the relaxation of SMCs based on higher levels
of NO is not completely understood yet. However, Kriippel-like factor 2 (KLF2) is a
mechanosensitive transcription factor in endothelial cells [42]. Its activation induces
endothelial NO synthase. NO is transmitted to vascular SMCs via myoendothelial
gap junctions which are channels that connect the cytoplasm of both cells types di-
rectly [37]. Consequently, NO activates soluble guanylyl cyclase, an enzyme that con-
verts guanosine triphosphate (GTP) into cyclic guanosine monophosphate (cGMP)
and pyrophosphate within SMCs. Pyrophospate leads to the phosphorylation of sev-
eral substrate proteins, though their identities are not completely established [110].
It is likely that the IP; R-associated cGMP kinease substrate decreases the release of
calcium ions (Ca?") from the sarcoplasmic reticulum [102], a membrane-bound struc-
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ture in muscle cells that stores ions. An additional function of KLF2 in endothelial
cells is the regulation of genes which participate in anti-thrombotic, antioxidant, and
anti-inflammatory activities [42]. Low blood flow and oscillatory flow inside of the
artery lead to lower shear stresses including a decreased activity of KLF2 which in-
duces a pro-inflammatory, pro-thrombotic state with high cell turnover and increases
the development and progression of atherosclerosis. This decreased activity of KLF2
is highly relevant for the disease of muscular arteries. However, in elastic arteries,
the basal activity of KLF2 and production of NO in endolethial cells are considerably
higher [111]. This suggests that higher activity helps prevent the stiffening of elastic
arteries, maintaining their blood pulse-smoothening properties, and protecting the tis-
sue of the arterial wall from dysfunctions. Consequently, the risk for atherosclerosis is
substantially higher in muscular arteries than in elastic arteries which makes the me-
chanical modeling of the characteristics of muscular arteries for improved diagnostics
and therapy even more important.

Nonetheless, based on the minor thickness of the tunica intima and the corresponding
negligible mechanical impact, simulations of the arterial wall mostly exclude the rep-
resentation of this tissue layer in the geometry, an approach also taken in this thesis.
Therefore, the mechanical properties are not further described. The role of endothelial
cells as producer of vasodilators and vasoconstrictors is more important. This process is
controlled by the magnitude of the axial shear stress at the inner surface of the arterial
wall. Next to NO, prostaglandin I, and endothelium-derived hyperpolarizing factor
act as less dominant vasodilators and endothelin-1 (ET-1) as vasoconstrictor which
collectively comprise four products from endothelial cells [59]. Especially ET-1 has a
significant impact on the contraction of SMCs [182]. However, distinguishing the influ-
ence of one product from the stimulation of another is highly difficult. Consequently,
the inclusion of the intima with the impact of endothelial cells on the contraction of
SMCs into the mechanical model is recognizably complicated and demands various ex-
periments which are not available at the current state of art. Furthermore, a reliable
consideration of the shear-stress-regulated production of vasodilators and vasoconstric-
tors requires the coupling of fluid and solid within of the mechanical simulation, an
approach that could be applied in the future but is not covered by the simulations in
this thesis.

2.1.2 Tunica Media

From a mechanical point of view, the tunica media is the most important layer of the
arterial wall. The tunica media is separated from the tunica intima by the internal
elastic lamina, a thin sheet of elastic fibers which is fenestrated for myoendothelial gap
junctions [151]. Furthermore, the tunica media consists of several layers, also called
lamellar units, with elastic fibers, collagen fibers, and SMCs which, themselves, are
separated by additional elastic lamina [133]. These additional layers are also called
medial lamellar units, they are 12 to 17 um thick, and their number depends on the size
of the artery ranging between 40 and 60 medial lamellar units in a human aorta [16].
The elastic fibers in the tissue of the tunica media are composed of bundles of elastin.
They build a connective structure for cells while not being organized parallelly, but in
the form of branching strands. Consequently, this constituent of the tissue builds an
elastic matrix that is modeled as the isotropic part of the passive material response of
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the media and is usually labeled as elastin.

The second part of the elastic material behavior is constituted by the collagen fibers of
the media tunica, the central load bearing components in the axial and circumferential
direction of the wall. Comparable to a string, collagen fibers are wavily embedded
into the tissue and, therefore, do not actively contribute to the mechanical behavior
of the arterial wall in an unstretched state. Depending on the growth process, stretch
levels at which the collagen becomes mechanically active differs from fiber to fiber.
In consequence, mechanical experiments show a high non-linearity for the stress-strain
relationship. Interestingly, mechanical experiments with arteries are usually conducted
ex vivo/in vitro, which leads to a relaxation of the tissue and alters its initial mechan-
ical response. As a result, a series of loading-unloading cycles has to be performed
to precondition the sample until the stress-strain response becomes repeatable [116].
Mechanical experiments of the tunica media in human coronary arteries [81], the hu-
man abdominal aorta [8], and the human carotid artery [163] indicate a lower stretch
in circumferential direction than in axial direction at the same stress level (see, e.g.,
Fig. 2.2a). This mechanical behavior aligns with the orientation of collagen fibers,
which are primarily aligned in the circumferential direction. However, studies of fiber
orientation in arteries of varying sizes and locations in the body show that fiber ori-
entation is strongly dependent on the specific artery. Generally, in larger arteries such
as the aorta [152], collagen fibers of the media tend to align in axial direction as well,
which could be connected to the elastic behavior of the tissue that leads to larger vari-
ations of the stretch in axial direction when blood pressure levels change. As opposed
to the aorta, the fiber direction of collagen in the common iliac artery [152] are more
closly aligned with the circumferential direction of the arterial wall. Studies of arteries
from the human brain, showed that the collagen fibers were nearly circumferential [54]
indicating that fibers in the media of muscular arteries have almost no axial align-
ment. It needs to be emphasized that the orientation of collagen fibers in the media
is dispersed, even though a clear tendency of the fiber direction can be determined.
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Figure 2.2: Illustration of stretch-stress curves from uniaxial tension tests of (a) the media
and (b) adventitia of pig upper thoracic aortas. Solid lines represent data from tension tests
in circumferential direction. Dashed lines indicate data from tests in axial direction. Data
originates from GIuDICI ET AL. [64]. SMCs cannot contract during the experiment. Data
from tests of the media indicate that collagen fibers are primarily oriented into circumferential
direction. Axial and circumferential material behavior of the adventitia is comparable.
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While modeling the collagen fibers as anisotropic part of the elastic material model
with two fiber directions is sufficient to replicate the data of mechanical experiments
with numerical simulations (see, e.g., in [8]), the inclusion of fiber dispersion into the
model could lead to more reliable results [96].

Another crucial mechanical constituents of the tunica media considered in the me-
chanical models are SMCs. The contraction of SMCs is governed by a network of
intracellular proteins and is affected by dozens of reaction chains initiated intra- and
extracellularly. Studies of distinct influences on the contraction allow some insights
into the functions of the cell which are discussed in Section 2.2.

2.1.3 Tunica Adventitia

Similar to the boundary between tunica intima and tunica media, the tunica adven-
titia is separated from the tunica media by an external elastic lamina. The tissue
of the tunica adventitia consists of fibroblasts, elastin, collagen fibers, macrophages,
and contains terminal nerve fibers. The adventitia plays a key role in vascular health
of the artery and its most obvious function is the integration of the artery into the
surrounding tissue. In larger arteries, the supply of the outer layers of the arterial
wall with oxygen and nutrients is ensured by vasa vasorum which are smallest blood
vessels within the adventitia. Furthermore, the nervi vasorum (vascular nerves) inside
of the adventitia innervate the SMCs of the media and partially regulate vasodilation
and vasoconstriction. From a mechanical point of view, the adventitia is significantly
less relevant than the media. A comparison between the passive mechanical behavior
of the media and the adventitia of pig upper thoracic aortas is illustrated in Fig. 2.2.
The adventitia is mainly composed of fibroblasts which, unlike SMCs, do not express
a-actin or myosin and, therefore, show a lower mechanical stability and no contrac-
tile mechanism. Consequently, the adventitia could rather be considered as connective
tissue than as an additional layer of the arterial wall. However, a recent study of
different elastic and muscular arteries from pigs, dogs, and cats demonstrated that,
depending on the type of artery, the structure of the adventitia should be more ac-
curately described as two-layered [189]. Especially in larger muscular arteries, a first
more compact layer with many collagen fibers oriented into longitudinal direction is
located next to the media. This compact layer is relatively thin in elastic arteries and
basically not existent in small muscular arteries. The existence and relative thickness
of this compact layer in different types of arteries could be explained by the mechanical
properties of the media. Collagen fibers in the media of elastic arteries are the predom-
inant mechanical component and partially oriented longitudinally [152]. Consequently,
the artery does not require a considerable mechanical influence from the adventitia.
However, collagen fibers and SMCs in larger muscular arteries are primarily aligned in
circumferential direction to enable a sufficient contraction of the arterial wall. Since
the pulse pressure in these arteries is still considerably high and displacements due to
body motion affect the tissue frequently, a further stabilization of the arterial wall in
axial direction by longitudinal collagen fibers in the adventitia is effective. In small
muscular arteries, the load in axial direction is less significant than in larger muscular
arteries and, hence, the adventitia in such arteries contains comparably less collagen,
leaving a compact layer unidentifiable.
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While fibroblasts may seem negligible in the mechanical description of the arterial
wall, their role in maintaining arterial wall health is comparable to that of endothelial
cells in the intima [183]. Firstly, under injury of the tissue, fibroblasts can differentiate
into myofibroblasts which have a similar contractile mechanism as SMCs and play a
crucial role in wound healing [35]. Furthermore, the production of NO in the adven-
titia is considerably higher than in the media of the arterial wall [99], even though
the main source of NO are endothelial cells of the intima. Experiments with fibrob-
lasts of the adventitia also demonstrated the release of ET-1 after a stimulation with
angiotensin II [6] which naturally occurs in the human body through the activity of
the angiotensin-converting enzyme. Consequently, the production of vasodilators and
vasoconstrictors in the adventitia may influence smooth muscle contraction. However,
as with many biochemical processes, the amount of NO and ET-1 which is directly
synthesized in the adventitia is challenging to quantify and the corresponding impact
of a changing concentration of NO or ET-1 on the contraction of SMCs requires further
investigation.

2.2 Contractile vascular SMCs

SMCs exist in all hollow organs of the human body and enable the contraction of or-
gans such as the urinary bladder, the uterus, or arterial walls. SMC tissues differentiate
into multiunit SMCs and single-unit SMCs, where arteries contain the single-unit type
which contracts simultaneously [149]. SMCs can adapt to their environment and ad-
just their functionality when inflammations or injuries of the tissue occur. Accordingly,
different phenotypes of SMCs exist and exhibit variations in structure and biochemi-
cal mechanisms. This section focuses on the vascular SMCs in their contractile state
and describes the contractile mechanisms which lead to an autoregulation of the blood
flow through muscular arteries. Note that the state of knowledge about intracellular
reaction chains which lead to a variation of the mechanical response of SMCs increases
every year. However, discovery of new details of certain biochemical mechanisms often
amplifies the complexity of cell functioning thereby raising many unanswered questions.
Consequently, results of experiments can lead to contradictory conclusions about the
predominant mechanisms which control the relaxation or contraction of vascular SMCs.
To avoid such contradictions, the recently published book by GA0O [59] is used as fun-
damental source that contains detailed illustrations and explanation for the current
state of knowledge of vascular SMCs.

In a healthy artery, vascular SMCs mostly exist in the contractile state being 50 to
200 pm long and 2 to 8 um wide. The SMC contraction is governed by several con-
stituents of the cell which include the cytoskeleton, the cell membrane with membrane
receptors and ion channels, the sarcoplasmic reticulum, and mitochondria. Mitochon-
dria are the power house of the cell and generate the majority of adenosine triphosphate
(ATP) which serves as an energy provider to drive and support processes in living cells.
Furthermore, mitochondria might play a crucial role in the migration of vascular SMCs
to the inner side of the arterial wall when tissue injuries occur, thereby enabling SMCs
to repair the ECM [126]. The cytoskeleton builds a protein network of microfilaments,
intermediate filaments, and microtubules inside the cell which shape the cell and en-
hance its mechanical resistance against deformations. The scaffold inside the cell is also
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involved in endocytosis, cell migration, and cellular division, and, most importantly,
contains the contractile units which are responsible for SMC contraction. Similar to
striated muscles, the contraction of SMCs is affected by the concentration of Ca* in
cytosol. This concentration can be regulated by the influx of calcium to the SMC
through open ion channels of the cell membrane and the sarcoplasmic reticulum. The
sarcoplasmic reticulum (SR) serves as Ca®" storage of the cell with a concentration up
to 2,000 times higher than in the cytosol. It is mostly located in the cell membrane
to directly influence the ion flow of potassium, sodium, chlorine, and calcium through
membrane channels. Especially the stimulation of membrane receptors can influence
the intensity of calcium influx, but also regulate the activity of enzymes inside the cell.
Stimulation can result from the extracellular binding of an agonist to the receptor,
but also includes a stretch-dependent activation of G protein-coupled receptors. While
studies of the arterial tissue include mostly ex vivo experiments, knowledge about in
vivo processes such as the interaction of blood vessels with the autonomic nervous
system remains scarce. However, it is known that the activity of the sympathetic
and parasympathetic nervous system leads to a release of norepinephrine, ATP, and
Neuropeptide Y which act as vasoconstrictors as well as acetylcholine and calcitonin
gene-related peptide (CGRP) which are vasodilators [161]. While the neurotransmit-
ters delivered from the varicosities interact with SMCs at the corresponding receptors
(such as «, § receptors, P1, P2 receptors, muscarinic acetylcholine receptors, CGRP1
receptors), they also stimulate receptors at endothelial cells which regulates functions
such as the production of further agonists of SMCs (e.g., ET-1). The autonomic ner-
vous system is able to increase the contraction of SMCs in the arterial wall under acute
stress, but also plays an essential role in maintaining physiological homeostasis. Home-
ostasis generally refers to coordinated physiological reactions that maintain most of
the steady states in the body. Nonetheless, for the mechanical modeling of the arterial
wall, the autonomic nervous system can only be considered as regulator of the basal
contractile state as the execution of in vivo experiments are crucial to determine the
variation of the mechanical response of the arterial issue as response to neural activity.

To explain the well-understood parts of the SMC contraction mechanisms, in the fol-
lowing segments of this chapter, structure and functionality of the contractile units of
vascular SMCs are represented. Furthermore, the influence of stimulated G protein-
coupled receptors in the cell membrane of SMCs and the resulting intracellular reaction
chains which lead to a change of the contractile state of the cell are described.

2.2.1 Contractile Unit of SMC

Contractile units of SMCs, also referred to as myofilaments, consist of thin and thick
filaments. Thin filaments are composed of double helices of actin monomers with a
width of 7nm which build the microfilaments of the cytoskeleton and are connected to
dense bodies. Actin occurs in SMCs in three different forms: a smooth muscle actin
accounts for 60%, (3 actin for 20% and v actin for another 20% [192]. Only « smooth
muscle actin is part of the contractile units. While ~ actin is mainly located in the cell
cortex and [ actin is associated with dense bodies, a smooth muscle actin filaments
span along the length of the SMC. Accordingly, SMC contraction affects primarily its
length which makes the orientation of the cell significant to conceive the mechanical
behavior of the arterial tissue. Furthermore, experiments demonstrated that the length
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of thin filaments could increase due to actin polymerization during the contracted state
of the SMC [14] which could lead to a higher contraction of the cell.

The thick filament of the contractile unit is formed by type II myosin molecules. Two
intertwined myosin heavy chains (MHCs) form a long double helical structure. At the
amino termini (end of the proteins), the chains build separate globular structures which
form two myosin heads. The lever arm of a myosin head contains binding domain for
a regulatory myosin light chain (MLC) and an essential MLC. The phosphorylation
of the myosin head, which is actually a phosphorylation of serine 19 at the regulatory
MLC, enables the myosin heads to build cross-bridges to the thin filament and per-
form power strokes which bend the attached myosin head and result in a contraction
of the cell [168]. While the role of the essential MLC is not entirely understood, the
interaction of the regulatory MLC with the helix-A of the essential MLC is supposed
to be significant for the phosphorylation process [173]. Thick filaments seem to be
relatively short in general, though their length and the associated number of myosin
heads vary [113]. However, just as for the thin filament, polymerization of monomeric
free myosin probably leads to an elongation of thick filaments which improves the con-
tractility of vascular SMCs [32]. Another important feature of the myosin heads is the
latch-bridge configuration. After a stimulation of the SMC which leads to a contrac-
tion, the rate of phosphorylation falls to a lower level. To avoid the relaxation of the
cell, myosin heads are able to stay attached to actin after dephosphorylation (latch
state) [145] which enables maintaining the stress state. As a result, SMCs can prolong
contractions without paying energetic costs of rapidly cycling cross-bridges. Generally,
the SMC physiology with the unique characteristics of cross-bridge cycling, allows the
cell to consume remarkably less energy and to sustain the contraction as opposed to
striated muscles. A scheme of the SMC contraction and mechanisms in the contractile
units is illustrated in Fig. 2.3.

2.2.2 Phosphorylation and Dephosphorylation of Myosin Heads

The phosphorylation of myosin heads and the corresponding ability to perform power
strokes is governed by activated myosin light-chain kinase (MLCK), an intracellular
enzyme whose activity is coupled to the concentration of Ca?* in the cytosol. Calcium
ions interact with calmodulin (CaM) which is a multifunctional intermediate calcium-
binding messenger protein and also influences the calcium flow from membrane channels
and the SR [100]. CaM has four EF-hand Ca*" binding sites and activates MLCK as
Ca?" /CaM complex. In consequence, the activated MLCK enzyme leads to a binding
of phosphate to serine 19 at the regulatory MLC. The concentration of MLCK in the
SMC is relatively low compared to the amount of myosin heads of thick filaments in-
side the cell. Therefore, the rapid phosphorylation of myosin heads after a stimulation
to contract the cell is remarkable. Surprisingly, studies using total internal reflection
fluorescence microscopy revealed that MLCK moves on actin bundles and stress fibers
of the SMC cytoskeleton by a random 1D diffusion mechanism [84] which increases the
ability to phosphorylate the regulatory MLC significantly. Another factor for the rapid
phosphorylation is the phosphorylation of MLCK itself. A substantial increase of the
cytosolic Ca?" concentration leads to an activation of Ca?*/CaM-dependent protein
kinase II which can interact with MLCK and cause a phosphorylation [17]. Phos-
phorylated MLCK exhibits a higher activity than non-phosphorylated MLCK and,
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Figure 2.3: Schematic illustration of vascular SMC and the contractile mechanism. (a) SMC
in relaxed and contracted state. Contractile units are mainly oriented in longitudinal direction
of SMC which results in a corresponding contraction of the cell. (b) Contractile unit and
interaction of myosin heads with actin filaments. Contractile units contain several myosin
filaments of different lengths. Myosin heads can attach to actin filament after phosphorylation
and perform power strokes which leads to the contraction. Adenosine triphosphate (ATP)
serves as energy provider. Dephosphorylated myosin heads are able to stay attached to actin
which is considered the latch state. Myosin heads in the latch state enable SMCs to maintain
the contracted state.

consequently, interacts faster with the regulatory MLC of myosin heads and resulting
in a stronger contraction of the cell.

Inflow and outflow of Ca?* is regulated by various channels in the SMC membrane
and the SR, a process detailed in TYKOCKI ET AL. [175] and thereby only briefly de-
scribed here. The basal intracellular Ca?* concentration of a SMC is 0.1 M at rest, it
can rise to 1.5 uM when maximally stimulated [97]. In contrast, the Ca®" concentration
is approximately 200 M in the SR and 2 mM extracellular [18] which is up to 20,000
times higher than in the SMC. For the contraction of the SMC, voltage-gated L-type
calcium channels (LTCCs) are the long lasting main Ca?" influx pathway. Voltage-
dependent T-type channels and transient receptor potential channels (TRPCs) play an
additional, but less significant role for the influx of extracellular Ca?* [138]. The open-
ing probability of voltage-dependent calcium channels is directly associated with the
membrane potential, that is the difference in electric potential between the interior and
the exterior of a biological cell. The electric potential of the SMC is primarily controlled
by the concentration of calcium, potassium, sodium and chloride ions in the cytosol.
A certain amount of LTCCs, but also store-opened calcium channels (SOCCs) [143]
are permanently open leading to a continuous Ca?* inflow. Consequently, a basic out-
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flow of cytosolic Ca*" by SR Ca?t-ATPase, plasma membrane calcium ATPases and
sodium-calcium exchangers (NCXs) is necessary to remain a homeostatic state of the
SMC. Furthermore, stimulation of inositol 1,4,5-trisphosphate (IP3) gated channels and
calcium-gated channels (ryanodine receptors; RyRs) of the SR play a crucial role in the
signaling chain for the inflow of Ca?" into the SMC which involves, e.g., calcium waves
through the cell as well as calcium sparks and calcium puffs leading to a local increase
of the Ca®" concentration [4]. Overall, numerous participants are involved in the inflow
and outflow of Ca?t and the corresponding system is complex. An illustration of the
described elements is shown in Fig. 2.4.

As a second crucial enzyme of the contraction mechanism of SMCs, active myosin
light-chain phosphatase (MLCP) regulates the dephosphorylation of myosin heads. For
this process, the phosphate at the regulatory MLC interacts with a water molecule, its
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Figure 2.4: Regulation of intracellular calcium concentration Ca?*t in vascular SMCs. Con-
centration of Ca?* in the extracellular space and the sarcoplasmic reticulum (SR) can be
several thousand times higher than in the cell. A certain proportion of voltage-gated L-
type calcium channels (LTCCs) and store-opened calcium channels (SOCCs) is opened even
without cell stimulation. Homeostasis of the basal concentration is maintained by outflow of
Ca?t by plasma membrane calcium ATPases (PMCAs), sodium-calcium exchangers and by
sequestration into the SR by SR Ca?* ATPase (SERCA). A stimulation of receptors (Rs) can
lead to a rapid increase of the Ca?* concentration which causes an activation of myosin light-
chain kinease (MLCK) by Ca®* /calmodulin (CaM) complexes. In consequence, an increased
phosphorylation of myosin light chains (MLCs) results in a contraction of the vascular SMC.
A proportion of the Ca?* inflow is achieved through the opening of voltage-gated calcium
channels and TRPCs of the cell membrane. In addition, the stimulated Rs lead to an ele-
vation of inositol inositol 1,4,5-trisphosphate (IP3) which open channels with corresponding
receptors of the SR. Simultaneously, RyRs are stimulated by the increased concentration of
Ca?* in the cytosol. The decrease of Ca?T in the SR is sensed by the stromal interaction
molecule which interacts with store-operated Ca?* channels. Illustration is based on GAO
[59].
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reaction resulting in a split of the phosphate from the myosin head. The activity of
MLCP can be changed by a phosphorylation of its myosin phosphatase target subunit
1 (MYPT1). However, depending on the phosphorylation site of MYPT1, the activity
can be increased or decreased which is especially important in context of the regula-
tion of the contractility of SMCs by vasodilators and vasoconstrictors [144]. Dozens
of phosphorylation sites of MYPT1 were found and investigated, but only for the mi-
nority a relevant functional impact to MLCP could be demonstrated [115]. One clear
inhibition of MLCP stems from phosphorylation at the phosphorylation sites Thr-696
and Thr-853 (human sequence) which is initiated, e.g., by an increased activity of
Rho-associated coiled-coil kinase (ROCK) in context of a stimulated vasoconstriction.
Contrarily, the phosphorylation sites Ser-695 and Ser-852 leads to increased MLCP
activity and decreased contractility [201].

Consequently, the rate of phosphorylation and dephosphorylation of regulatory MLCs
depends on various interactions of MLCK and MLCP with different elements of the
SMC and its cytosol. Especially the influences of MLCP in the contractile mechanism
was not recognized until the beginning of this century while the interaction of MLCK
and the cytosolic Ca?"-concentration was significantly better understood. Many of the
interactions with MLCK and MLCP need further study, however, it is certain that the
stimulation of G coupled-protein receptors plays an important role in the initiation of
intracellular reactions chains which are associated with the activity of both enzymes.

2.2.3 Stretch-Dependent Stimulation of GPCRs

G protein-coupled receptors (GPCRs) consist of seven alpha-helices spanned through
the cell membrane, the amino terminus and three transmembrane connecting loops
positioned extracellularly as well as the carbody terminus and three transmembrane
connecting loops located intracellularly. GPCRs can be stimulated by the binding of an
agonist extracellularly or by a stretch of the cell membrane which leads to comparable
yet not equal reactions. The receptors exert their effect by G proteins inside the cell. G
proteins can be divided into two types: monomeric small G proteins and heterotrimeric
G proteins where the latter is bound to GPCRs. Heterotrimeric G protein consists of
the a-subunit tightly associated with the fvy-subunit dimer. Due to a stimulation of
the GPCR, the a-subunit replaces guanosine diphosphate (GDP) with GTP followed
by a dissociation of the a-subunit from the {~v-subunit. Subsequently, the signaling
proteins inside the SMC that directly depend on the a-subunit are activated.

Based on their effects after stimulation, G proteins are classified into four subclasses
where only the G proteins which activate phospholipase C-f enzymes (G proteins; also
referred to as Gq 11 or Gg/11/14 /15) and the G proteins which activate guanine nucleotide
exchange factors (GEFs) for RhoA small GTP-binding protein (Giz/13 proteins) are im-
portant for the contraction of SMCs [188]. A crucial feature of the GCPRs with G, and
G12/13 proteins is the stretch-dependent activation which leads to several intracellular
signaling pathways (see Fig. 2.5). The corresponding contractile mechanism of SMCs
was already identified in 1902 by BAYL1SS [12] and constitutes one of the most crucial
instruments for resistance arteries to adjust their diameter to autoregulate the blood
flow.
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Figure 2.5: Schematic illustration of signal transduction pathways from stimulated recep-
tors to phosphorylation of myosin leading to a contraction of SMCs. Signaling pathways on
the left are initiated by stimulated G protein-coupled receptors leading to an activation of
conventional PKC (cPKC) through PLCg-DAG signaling pathway, followed by phosphory-
lation of CPI-17 and an inhibition of MLCP activity. Furthermore, Ca?* inflow increases
through the SMC membrane by activated cPKC and DAG as well as the SR by a binding of
IP3 on the IP3-receptors which results in an activation of MLCK. The left signaling pathways
control primarily the basal contraction of SMC and can protect from overstretch after a sud-
den increase of the intravascular pressure. A stimulation of Gig/13 protein-coupled receptors
triggers the right signaling pathways including the RhoA-ROCK signaling which increases
phosphorylation of CPI-17 and MYPT1 at MLCP. As a result, a considerable inhibition of
MLCP activity is obtained which leads to a long term contraction of the SMC. Tllustration
is based on DIMOPOULOS ET AL. [44].

The first detected mechanosensitive GCPR was the angiotensin II receptor of type
1 which is part of the GPCRs with G, protein [165]. When G, protein is bound to
GTP, phospholipase C-f is stimulated to increase conversion of phosphatidylinositol
4,5-bisphosphate into IP3 and diacylglycerol (DAG) [71]. A binding of IP3 on the IP3-
receptor of the SR leads to a release of Ca** from the SR. Furthermore, DAG and an
increased concentration of cytosolic Ca*™ activates the protein kinase C (PKC). Both,
DAG and PKC are responsible for the opening of TRPCs which either release Ca?* di-
rectly into the cell or influence different ion channels to increase the Ca®* inflow [146].
Activated PKC is also involved in various other reaction chains, through interactions
with the contraction of the SMC are not clear yet [49]. Additionally, the phosphory-
lation of the C-kinase potentiated protein phosphatase-1 inhibitor (CPI-17) might be
involved which leads to an inhibition of MLCP and, therewith, a higher phosphoryla-
tion of regulatory MLCs [51]. In consequence, the activation of G, proteins increases
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the contraction of SMCs via various signaling chains which primarily initiates an inflow
of Ca®*, but is also involved in the downregulation of the dephosphorylation of myosin
heads.

While stretch-sensitivity of GCPR in correspondence with G, has already been es-
tablished for decades based on the fundamental knowledge about the correlation of
Ca?* concentration with the cell contraction, studies have only been focusing on the
involvement of activated Gia/13 proteins into the contraction process of SMCs over the
last two decades [36]. The activation of Gy /13 proteins includes an activation of RhoA
(Ras homolog gene family, member A) which is bond to the GTP at the a-subunit of
the Gig/13 protein. RhoA increases ROCK which leads to a phosphorylation of Thr-
696 and Thr-853 at the MYPT1 of the MLCP inhibiting the activity of this enzyme.
Furthermore, the activity of ROCK might also involve a higher phosphorylation of
CPI-17 [44]. However, the exact functionality of the intracellular reaction chains which
led to an increased contraction of the SMC clearly depended on the location of the
artery, the type of SMC, and the species which was investigated. This is probably con-
nected to varying contributions of PKC in the excitation-contraction coupling which
lead to controversy over its role in SMCs [51].

Important for the inclusion of GPCRs into mechanical models for the mechano-chemical
coupling is to determine at which stretch value the receptors are activated. In vitro
investigations of posterior cerebral arteries of rats have shown that the cytosolic con-
centration of Ca?" primarily increases during changes at low pressure levels and less
significantly when the pressure rises further to high values [131]. Accordingly, the stim-
ulation of GPCRs with G proteins seems to be more dominant to regulate the basal
contraction of the SMC by influencing the activity of MLCK due to a control of the
concentration of Ca?*. Furthermore, measurements in experiments with middle cere-
bral arteries of rats have demonstrated that the phosphorylation of MYPT1 increases
mostly when the pressure rises from a normal state to higher values [94]. Therefore, it
can be assumed that the activation of GPCRs with Gig/13 proteins and the correspond-
ing inhibition of MLCP is predominant for the contraction of the SMCs at high body
activity which is significant for the mechanical modeling of small muscular arteries in
vivo [36].

2.2.4 Mechanical In Vitro Experiments for SMC Contraction

With the knowledge acquired about intracellular reaction processes with regard to the
contraction of vascular SMCs and the corresponding stimulation or inhibition of extra-
cellular sources such as binding of agonists to GPCRs or stretch of membrane receptors
and ion channels, an extensive mechanical model could be created. However, represen-
tation of the actual contraction of the SMC can only be adequate when all considered
intermediate reactions are quantified appropriately. This requires knowledge about in-
tracellular reactions which can currently not be established in such detail. As a result,
the available data has to be taken into account as good as possible to enable the for-
mulation of a reliable mechanical model.

While in vivo real-time imaging such as Cine MRI advances from year to year, the res-
olution of this procedure is restricted and only appropriate for imaging of larger organs
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such as the heart. Another possible imaging method of the movement of arteries could
be ultrasound which is similarly limited in the quality of the image. However, non-
invasive measurements of contracting arteries are possible as shown by BLUM ET AL.
[20] with imaging of the arteries inside the eye. Nonetheless, additional information
with regard to intracellular reaction chains cannot be obtained. The most detailed
measurement of the contraction of arteries is obtained from arteries extracted from the
body and, consequently, in vitro. These experiments are primarily performed when
certain parts of intracellular reaction chains of SMCs or agents for the development of
new antihypertensive drugs are investigated which mostly involves arteries of rats or
mice.

In JOHNSON ET AL. [94], the impact of ROCK and PKC inhibitors on the contrac-
tion of middle cerebral arteries of rats were examined. The middle cerebral artery is
located in the brain, it is the largest branch of an internal carotid artery. It constitutes
a medium sized muscular artery with a diameter of 3 mm in humans [68]. As described
in the previous sections, ROCK and PKC are crucial components in the intracellular
reaction chain which decreases the activity of MLCP after GPCRs with Gjz/13 of the
cell membrane are stimulated. Accordingly, arteries with inhibited ROCK and PKC
should show a suppressed contraction. One difficulty of in vitro experiments, which
involve active material reactions, is maintaining the viability of the cells. SMCs can
be tested for activity by applying potassium chloride into the solution around the ar-
teries which influences the membrane potential of the cell and leads to an inflow of
calcium ions. As a reaction, the increased intracellular calcium concentration results
in a contraction of cells which is visible by a decrease of the diameter of the artery.
To investigate the mechanical behavior of middle cerebral arteries in JOHNSON ET AL.
[94], the arteries were fixated on cannulas of an arteriograph with nylon threads which
is illustrated in Fig. 2.6a. Inside the arteriograph, the arteries were surrounded by
normal Krebs solution which contains (in mmol™!): NaCl 120, NaHCO3 25, KCI 4.8,
NaH,PO4 1.2, MgSOy4 1.2, glucose 11 and CaCly 1.8. Due to the cannulas, a distinct
intravascular pressure value can be applied to the arterial wall. An increase of the
intravascular pressure stimulates the stretch-dependent GPCRs and leads to a time-
dependent contraction of the cells. The corresponding adjustment of the diameter of
the artery is measured by the arteriograph. In the referred experiment, a sequence
of intravascular pressure with increasing pressure values from 10 mmHg to 120 mmHg
was applied where every pressure value was held over a time span of 300s. In addition,
this procedure was performed in three different scenarios for every artery in which the
surrounding solution was varied to obtain different mechanical responses:

1. Solution with no variation - results in fully active material response,

2. Solution includes Y27632, H1152, GF109203X or G66976 - inhibition of ROCK
or/and PKC which results in suppressed contraction,

3. Extraction of Ca?" from the solution - no contraction which results in passive
material response of the artery.

Results for three different arteries are illustrated in Fig. 2.6b-d. The graphs of the active
material response show a significant contraction caused by the increasing intravascular
pressure. Especially in the diagrams in Fig. 2.6b and 2.6d, the final diameter of the
artery at 120 mmHg is considerably smaller than at a pressure value of 10 mmHg. The
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Figure 2.6: In vitro experiments for the active contraction of middle cerebral arteries of
rats by JOHNSON ET AL. [94]. (a) Illustration of an arteriograph with artery fixated on
cannulas [1]. Artery is surrounded by normal Krebs solution. Intravascular pressure can be
applied and diameter of artery is measured. (b)-(d) Three different middle cerebral arteries
are investigated in three different scenarios: active, passive and active with inhibited ROCK-
/PKC by inclusion of Y27632, G66976 (G6) or GF109203X (GF) into surrounding solution.
Intravascular pressure is increased from 10 mmHg to 120 mmHg over time. Each pressure
value is held for 300s. Active contraction of arterial wall is demonstrated and therefore
clearly mechanosensitive. Inhibition of ROCK/PKC reduces the contraction of the artery
which proves the significance of MLCP in the mechanical behavior of SMCs.

difference of the diameters between fully active and passive material response is over
50%. The graphs, which illustrate the contraction of arteries with suppressed contrac-
tion caused by inhibition of ROCK and PKC, display notable higher diameter than
for the fully active artery which confirms a substantial decrease of the cell contraction.
This proves that the inhibition of the enzyme MLCP is crucial for the contraction of
SMCs.

It has to be noted that the execution of in vitro experiments excludes the influence
of the autonomic nervous system or vasoconstrictors and vasodilators such as NO
and ET-1 in the investigation of the contraction of the arterial wall. However, the
mechanosensitivity of the SMCs is clearly displayed by the experimental results which
enables a quantification for the modeling of the contraction mechanism and thereby
the coupling of chemistry and mechanics.
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2.3 Adaptation Processes of the Arterial Wall

The arterial tissue is able to adjust through growth of proteins which passively stabi-
lize the arterial wall and through migration and proliferation of cells such as vascular
SMCs, endothelial cells and fibroblasts. As a consequence, residual stresses in the
tissue are created which balance the mechanical load on the healthy artery over the
entire wall thickness. To maintain the healthy state of the tissue, growth processes
regulate the replacement of all constituents with minimal changes of the overall mass,
the composition of the tissue, or its mechanical properties. Next to the binding of
agonists on cell receptors, the growth processes are also controlled by mechanical stim-
ulation. The preservation of a healthy mechanical state of the tissue is understood
to be mechanical homeostasis [48] where homeostasis generally refers to coordinated
physiological reactions that maintain most of the steady states in the body. The study
by MATSUMOTO AND HAYASHI [118] indicates that tissue growth during hypertension
leads to a significant thickening of the arterial wall but does not affect the number of
lamellar units (tissue layers separated by elastic lamina). Correspondingly, longitudinal
sections of the aortic wall for rats with different systolic blood pressure are illsutrated
in Fig. 2.7. Pace of growth processes varies depending on the constituent. While 0.02%
of endothelial cells and 0.06% of SMCs are renewed per day, the half-life of collagen
fibers ranges from a couple of weeks to months [86]. Elastin, on the other hand, is
a long-living protein that degrades slowly in healthy tissues and carries a half-life of
about 70 years [184]. Especially in elastic arteries, the growth behavior indicates that
the mechanical behavior of the tissue is mostly sustained during aging by adding col-
lagen and considerably less elastin. Nevertheless, some articles report that the ratio of
elastin to collagen increased in aging muscular arteries which might be connected to
the higher density of SMCs and their ability to synthesize elastin [73].
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Figure 2.7: Illustration of longitudinal sections of the aortic wall in rats with a systolic
blood pressure of (a) 145 mmHg, (b) 200 mmHg, and (c) 240 mmHg. The increased blood
pressure results in a significant thickening of the artery. However, the growth process does

not change the total number of lamellar units of the arterial wall. Illustration is adopted
from MATSUMOTO AND HAYASHI [117].
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Naturally, tissue regrowth is also required in healing processes when the tissue is injured
or inflamed. In such cases, cells migrate to the injured tissue and are stimulated to
increase the synthesis of mostly collagen which serves as scar tissue. Furthermore, cell
proliferation and transitions to different phenotypes occur enabling the cells to fulfill
their purpose more productively. However, especially when infectious pathogens inflict
an inflammation of the tunica intima, the healing process can also cause atherosclero-
sis [108]. Due to the lower production of basal NO and the flow properties of blood in
smaller arteries which simplify the interaction of the pathogens with the tissue of the
wall, plaque develops mainly in small muscular arteries. The formation of fibrofatty
tissue and calcifications involves, next to macrophages, also different phenotypes of the
SMCs.

To understand the basic growth mechanisms of the arterial tissue and possible dif-
ferences of growth processes in elastic and small muscular arteries, the synthesis of
elastin and collagen is explained in the following sections. Furthermore, the transitions
of fibroblasts and SMCs into different phenotypes in case of injury or inflammation of
the tissue and changes for growth processes based on these phenotypes are described.
Firstly, the current state of knowledge does not allow for a prediction of the growth
process of a diseased artery precise enough to allow for a reliable estimation of the de-
velopment of the health of the patient over the upcoming years. This is also connected
to the possibility that some phenotypes are not detected yet. Secondly, age-dependent
changes of large elastic arteries are decently investigated so that predictions of growth
process are possible [92] and growth models can be involved in numerical simulations.
Relevant data is presented at the end of this section.

2.3.1 Protein Synthesis

The synthesis of elastin and collagen is a multi-state process which starts intracellularly
and finalizes extracellularly. An important component of involved eukaryotic cells is the
rough endoplasmic reticulum (RER) which is responsible for the folding and modifying
of proteins [24]. This is not restricted to elastin and collagen. The RER is also in charge
of the maintenance of the cytoskeleton of the cell which includes, e.g., actin filaments
in SMCs. The surface of the RER is covered with ribosomes giving it a rough structure
and leading to the name of this part of the endoplasmic reticulum (ER). Ribosomes
are crucial in the synthesis of collagen. In addition, cells contain a smooth endoplasmic
reticulum (SER) which consists of proteins comparable to the RER, yet the SER has
a smooth surface without ribosomes. In contrast to the RER, functions of the SER
include synthesis of carbohydrates, lipids, and steroid hormones as well as detoxification
of medications and poisons. Furthermore, the SER can be specialized to store calcium
ions for the regulation of intracellular reactions as the contraction of SMCs in which case
the SER is called sarcoplasmic reticulum. Due to its functions, the RER is primarily
located at the inside of the cell next to the nucleus. Moreover the SER is a meshwork of
fine distinct tubular membrane vesicles and part of a continuous membrane organelle
within the cytoplasm of cells. In the following paragraphs, syntheses of elastin and
collagen are described separately.
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Elastin Synthesis The general structure of elastic fibers changes with the age of
a human being. In fetal and postnatal stages of fiber organization, microfibrils pre-
dominate which serve as physical extracellular scaffold for alignment of tropoelastin
monomers. In mature tissues, the fibers consist mostly of amorphous elastin (cross-
linked tropoelastin monomers) [101]. While microfibrils are probably synthesised by
fibroblast [47], the building of elastic fibers, which consist mostly of elastin, is governed
by the synthesis of tropoelastin (see Fig. 2.8).

Synthesis of tropoelastin begins with the transcription of insoluble polymerized elastin
gene in the nucleus of the cell [184]. Transcription describes the process of copying a
segment of the DNA into ribonucleic acid (RNA). Subsequently, the mature messenger
RNAs (mRNAs) move from the nucleus into the cytoplasm of the cell and are trans-
lated in the ribosomes of the RER into amino acid chains which build tropoelastin.
Tropoelastin consists of two domains which can be categorized as either hydrophobic
or hydrophilic (cross-linking; lysyl oxidase) based on their functionality and amino
acid content [132]. Inside the RER, tropoelastin interacts with elastin-binding pro-
tein (EPB). Afterwards, tropoelastin is packaged into membrane-bound vesicles for
transportation in the golgi and secreted to the cell surface for self-assembly. There are
three possible assembly pathways reported for tropoelastin [101]. In the first pathway,
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Figure 2.8: Schematic illustration of elastin synthesis. Synthesis begins with transcription of
elastin gene in the nucleus. Tropoelastin interacts with elastin-binding protein (EBP) and is
folded inside of the rough endoplasmic reticulum. After being packed into membrane-bound
vesicles in the golgi, the complex of EBP and tropoelastin is transported to the cell surface.
Tropoelastin deposits onto the microfibril scaffold after separation from EBP. Mature elastic
fibers can form in presence of lysine oxidase (LOX) after cross-linking. Illustration is adopted
from WANG ET AL. [184].
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tropoelastin dissociates from EBP and deposits onto the microfibril scaffold. Based on
the function of the hydrophilic domains, tropoelastin cross-links and eventually forms
mature elastic fibers which is illustrated in Fig. 2.8. In the second pathway, tropoelastin
is already partially cross-linked at the cell surface before it interacts with microfibrils.
Thirdly, assembly and cross-linking can occur within a membrane-limited intracellular
compartment and cross-linked elastin is then secreted inside of vesicles and interacts af-
terwards with microfibrils. Consequently, elastic fibers, generally termed elastin for the
mechanical modeling of the arterial wall, are built out of microfibrils and cross-linked
tropoelastin.

Collagen Synthesis While there are 28 different types of collagen in the human
body, over 90% of it is collagen type I. Consequently type I synthesis is primarily in-
vestigated and presented here. The process of collagen I synthesis and extracellular
maturation is illustrated in Fig. 2.9. Note that in arteries also type III collagen ex-
ists [79]. The synthesis of collagen I fibers contains more steps in concerning the RER,
but the basic pathway is comparable to the synthesis of elastin. It begins with the
transcription of the collagen I gene inside the nucleus which comprise the collagen I a1
chain and the collagen I a2 chain [130]. Subsequently, the mRNA is translated into
polypeptide in the ribosomes of the RER where the polypeptide is folded and modified
to propeptide based on enzyme activity. Two folded a1 chains assemble with one a2
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Figure 2.9: Synthesis and maturation scheme of collagen I. After transcription of the collagen
gene in the nucleus, several processing steps are performed in the RER including (1) cotrans-
lational prolyl-4- and lysyl-hydroxylation of the nascent collagen polypeptide chain, (2) gly-
cosylation and prolyl-3-hydroxylation, (3) folding of the C- and N-terminal propeptides and
(4-5) forming of the triple helix nucleus. Subsequently, the collagen triple helices are trans-
ported via golgi-network into the extracellular space. Maturation is performed by (7) cleavage
of propeptide, (8) auto-assembly of collagen fibrils, and (9) cross-linking. (10) Mature colla-
gen fibers can be damaged and degraded by extracellular proteases. Illustration is adopted
from ONURSAL ET AL. [130].
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chain and form the triple helix nucleus in a zipper-like fashion. In comparison, type III
collagen is built out of three identical a1 chains. The triple helix is transported via
golgi network and secreted into the extracellular space. After a subsequent cleavage of
the N- and C-terminal propeptides, the collagen fibrils assemble to collagen fibers and
stabilize by cross-linking which is catalysed by the enzyme of the lysyl oxidase.

2.3.2 Arterial Adaptation by Different Phenotypes of SMCs

SMCs of healthy arteries are primarily in the contractile state. However, the possibil-
ity to investigate biological tissue in more and more detail revealed an insight into cell
transitions and enabled the discovery of biological markers which allow the identifica-
tion of different phenotypes. Up until recently, vascular SMCs were only differentiated
into the contractile or synthetic (dedifferentiated) type. In this section, the pheno-
types of vascular SMCs from YAP ET AL. [195] are presented and their function in the
growth process is described. In total, six different phenotypes are considered which are
illustrated with the corresponding transitions in Fig. 2.10. Nonetheless, the discovery
of additional phenotypes of the SMC can be expected in future studies.
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Figure 2.10: Schematic illustration of the transitions of different phenotypes of vascu-
lar SMCs. In healthy arteries, SMCs are primarily in the contractile state. Other phe-
notypes have a reduced contractility. After injury of arterial tissue, contractile vascular
SMCs can switch to a mesenchymal-like state which constitutes the fundamental phenotype.
Mesenchymal-like as well as fibroblast-like SMCs provide an increased tissue production and
proliferation. SMCs in macrophage-like, osteoblast-like or adipocyte-like state can contribute
to the development of atherosclerosis. Illustration is based on YAP ET AL. [195].
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Contractile vascular SMC The main feature of the contractile SMC is the con-
traction via thin and thick filaments which was described in Section 2.2. However,
contractile SMCs are the most reliable producer of elastin and collagen in the phys-
iological state, especially in small muscular arteries where SMCs are abundant. The
production of the proteins of the ECM can be increased considerably by the binding
of transforming growth factor 8 (TGF-§) to specific, heteromeric complexes at the
cell membrane that includes types I and II kinase receptors [67]. The production of
TGF-f occurs primarily intracellularly which includes vascular SMCs themselves, but
also fibroblast and endothelial cells. During the synthesis of TGF-£, latency asso-
ciated peptide (LAP) binds the mature TGF-8 dimer with high affinity during the
processing in the RER building together the small latent TGF-3 complex. As long as
TGF-g is bound to LAP, it is not active and cannot connect to receptors of the SMC.
Furthermore, the small latent TGF-3 complex connects with a single latent TGF-3
binding protein to form the large latent complex (LLC). This LLC is then secreted
from the cell and fixated at the ECM by connecting to proteins such as fibronectin
fibres or fibrillin microfibrils. There are several activators for TGF-£ which liberate it
from LAP. For the purpose of simplicity, the activators are not discussed in detail here,
but can be reviewed in [147]. It has to be emphasized that stretch of the tissue plays
a considerable role for the activation of TGF-3 [76] which occurs naturally when the
artery is injured or overstretched. Consequently, the synthesis of elastin and collagen in
contractile SMCs is increased by the release of activated TGF-/ from the ECM which
might lead to a higher proportion of elastin in small aging muscular arteries [73| since
other phenotypes of the vascular SMC produce substantially more collagen than the
contractile type. Furthermore, the growth of aortic aneurysms in patients with Marfan
syndrom is clearly connected to the TGF-/ hyper-activity due to mutations in the gene
FBN1 [28]. This gene encodes fibrillin-1, a glycoprotein which is the main constituent
of the microfibrils of the ECM. In consequence, the reduced and abnormal fibrillin-1
leads to tissue weakness of the ECM and an increased activation of TGF-5. Further
growth of weak tissue results in building of an aneurysm. Connected to this issue, the
stimulation of GPCR (see Section 2.2.3) transactivates TGF-/ receptors [29]. There-
fore, treatment of patients with Marfan syndrom with antihypertensive drugs might
not only have a positive effect through decreasing blood pressure, but also through an
inhibition of the GPCR activity which leads directly to a reduced activation of TGF-/3
receptors.

Mesenchymal-like vascular SMIC The mesenchymal-like vascular SMC is the fun-
damental phenotype enabling the transition into further states. Consequently, contrac-
tile SMCs can only switch into the mesenchymal-like state which overlaps biologically
with mesenchymal stem cells with the capacity to differentiate into multiple lineages
such as bone, cartilage, and fat cells [176]. The mesenchymal-like vascular SMC is char-
acterized by the ability to proliferate and self-renew and comprises a reduced amount of
contractile proteins in comparison to contractile SMCs. Switch of the phenotype from
a contractile to a mesenchymal-like state is driven by the increase of the transcription
of Kriippel-like factor 4 (KLF4), the key initiator for all transformations of vascular
SMCs [53]. Increased transcription of KLF4 is directly connected to injury of the
artery which enables the spread of platelet-derived growth factor BB (PDGF-BB). As
described by the name, PDGF-BB is secreted by thrombocytes (blood platelets) which
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flow through the body in the blood. Accordingly, the PDGF-BB can reach SMCs when
the intima of the wall is injured which makes the structure of the endothelial cells per-
meable. The binding of PDGF-BB at corresponding membrane receptors expresses the
transcription factor stimulating protein-1 which regulates the expression of KLF4 in
SMCs [43]. This induced transformation of contractile SMCs into the mesenchymal-like
state can only be suppressed by a high concentration of TGF-4 and by miR-143/145.
MiR-143/145 is a micro RNA which is most common in cardiovascular development
and disease [181]. Both, TGF-5 and miR-143/145, decrease the release of KLF4. In
the physiological state, SMCs in the mesenchymal-like phenotype reside in the media
and adventitia of the artery. An injury of the wall tissue leads to a migration of the
these cells into the media and even the intima to support tissue repairs which possibly
results in neointimal thickening connected to the proliferation of the mesenchymal-like
SMCs. However, for the crucial production of collagen fibers the vascular SMC has to
switch into another phenotype which is called the fibroblast-like vascular SMC.

Fibroblast-like vascular SMC The fibroblast-like vascular SMC is also referred to
as myofibroblast-like vascular SMC or fibromyocyte. Similar to the activity of fibrob-
lasts and connected phenotypes, fibroblast-like SMCs are efficient producers of collagen
fibers which serve in case of injury of the arterial wall as solid scar tissue. The increase
of collagen synthesis is caused by a high activity of the RER. Furthermore, the active
RER reveals an enhanced release of genes involved in adhesion, ECM organization and
cellular proliferation. The fibroblast-like vascular SMC is the only synthetic phenotype
which was observed in thoracic aortic aneurysms of mice with Marfan syndrome [137].
The deposition of collagen is considered the hall-mark for aneurysm formation in the
aorta caused by aortic fibrosis and stiffness. The switch of mesenchymal-like vascular
SMCs into the fibroblast-like state is connected to a further rise of KLF4 in the cell.
However, the ER unfolding protein response (UPR) can lead to phenotype switching
as well [30]. The cholesterol level is normally low in the ER. An accumulation of free
cholesterol in the ER induces membrane dysfunction and ER stress (disruption of the
protein folding process) which activates a signaling network called UPR [156]. In conse-
quence, the UPR increases the biosynthetic capacity of the secretory pathway through
upregulation of ER chaperone and foldase release. While UPR promotes the fibroblast-
like vascular SMC, it is also connected to the switch to the macrophage-like state of
SMCs which is associated with developing atherosclerotic plaques in the artery.

Macrophage-like vascular SMC Macrophages recruit other immune cells for the
immune response to clear debris and combat pathogens [129]. Therefore, they are
indispensable in all stages of inflammation and healing processes. The exposure of
vascular SMCs to low-density lipoprotein (LDL) increases the release of KLF4 [27].
In combination, the transition into the macrophage-like vascular SMC phenotype is
induced. Just as real macrophages, the transformed SMC clears the vascular wall of
oxidized LDL which becomes part of the cytosol. In consequence, the macrophage-
like vascular SMCs develop into foam cells which plays a role in the fibrofatty lesions
of atherosclerosis [142]. The development of macrophage-like vascular SMCs can be
inhibited by a high concentration of high-density lipoprotein (HDL) in the blood which
is responsible for the efflux of cholesterol from the cells and its transport into the
liver. In this context, high blood pressure patients with high LDL concentrations
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receive prescriptions for statins which decrease the production of cholesterol in the
liver, subsequently, lower the LDL concentration, and prevent the development of foam
cells which would lead to atherosclerosis.

Osteoblast-like vascular SMC Osteoblasts and chondrocytes are responsible for
the maintenance of bones and cartilage in the skeleton of the human body. Both cell
types are of mesenchymal origin and share a common precursor. Mesenchymal-like
vascular SMCs can transform into the osteoblast-like phenotype which also comprises
SMCs with features of chondrocytes. A deposition of calcium phosphate, but also an
exposure to bone morphogenetic protein, which is a member of the TGF-f family,
can cause the phenotype switch. Osteoblast-like vascular SMCs are responsible for
calcification in atherosclerosis plaque but can also cause calcification inside the media
of the artery which leads to stiffening of the wall [45].

Adipocyte-like vascular SMIC The adipocyte-like vascular SMC was only reported
once in a scRNA-seq study as content of atherosclerosis plaque [31]. Based on their bio-
logical markers, these SMCs were classified as beige adipocytes which regulate thermo-
genesis by producing heat when burning fatty acids. Further investigation to determine
the impact of this phenotype on plaque is needed.

2.3.3 Arterial Adaptation by Fibroblasts and Myofibroblasts

In general, all connective tissue cells, which are able to produce connective tissue sub-
stance such as collagen, are considered fibroblasts. They are distributed in the entire
human body and maintain the homeostasis of the ECM by protein synthesis. Fibrob-
lasts belong to a vastly heterogeneous group of mesenchymal cells which are able to
self-renew and exhibit multilineage differentiation. Based on their basic structure, the
identification of a cell as fibroblast is rather difficult. All molecular markers of fibrob-
lasts are also expressed in SMCs and endothelial cells. Consequently, only exclusion
criteria can be employed to distinguish fibroblastic cells from other common tissue cell
types such as the absence of o smooth muscle actin which is a marker of SMCs [199].
With regard to the arterial wall, fibroblasts are primarily located in the adventitia.
Mesenchymal stem cells (MSC), which reside in the adventitial connective tissue layer
as well, are sometimes also considered as fibroblasts of the arterial wall. While both
share certain similarities with regard to the tissue generation, MSCs are able to differ-
entiate into multiple different cell types [120]. When the tissue of the arterial wall is
damaged, fibroblasts can be activated which actually means that these cells transition
into myofibroblasts and migrate into the inner layer of the wall to support the repair
mechanism by releasing collagen. A schematic illustration of this transition is shown
in Fig. 2.11. Myofibroblasts are comparable to fibroblast-like vascular SMCs. While
fibroblasts are rather negligible for the mechanic behavior of the tissue, myofibroblasts
are larger and develop a smooth muscle actin which builds a protein network inside
the cell and enables active contractions [46]. Using contractions, myofibroblasts can
stabilize the damaged tissue and lead to an initial closure of the wound.

Transition of fibroblasts into myofibroblasts is initiated and enhanced by several fac-
tors which are explained in detail in YOUNESI ET AL. [200]. The first trigger for the
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Figure 2.11: Illustration of the transition of fibroblasts into myofibroblasts. The differentia-
tion is activated by increased concentration of TGF-$5 and conformational changes of integrins
based on stiffening of the ECM. An intermediate stage is known as proto-myofibroblast with
increased proliferation, migration, and protein synthesis. Only the mature myofibroblast
contains « smooth muscle actin which enables the active contraction of the cell. Illustration
is based on TAI ET AL. [171].

transition is an increased concentration of TGF-/ in the extracellular space. Similar to
the increased production of collagen from contractile vascular SMCs, TGF-£ can bind
to the corresponding receptors of the fibroblast and increase the protein synthesis of
the cell. As described in the previous section, TGF-$ has to be released from the LAP,
which is bound to the ECM, before the growth factor is available for the receptors.
The release of TGF-/ is increased during a stretch of the ECM which naturally occurs
when the tissue of the arterial wall is damaged and loses stiffness. In addition to the
production of & smooth muscle actin [158], the collagen production of the fibroblastic
cell is significantly increased in the RER which leads to scar tissue development to
repair the damaged tissue. Another factor for the transition of fibroblasts into myofi-
broblasts is related to the stiffness of the ECM which can be recognized by integrin of
the cell. Integrins are cell adhesion receptors which are anchored in the cell membrane
and bound to proteins of the ECM or adjacent cells. Stiff tissue leads to a confor-
mational change of the molecule which starts a recruitment cascade of structural and
signaling proteins to the cytoplasmic portion of integrins and results in the formation
of contractile units. In addition, GPCRs are stimulated by the cell stretch which leads
not only to an increase of Ca?* in the cytosol and a rise of the MLCK activity as
well as an inhibition of MLCP, thereby enhancing the contraction of the cell. The
stimulation of GPCR leads to an increased actin polymerization by regulating actin
monomer-binding and polymer-binding proteins.

For a long time, myofibroblasts were considered to be the terminal state of fibrob-
lasts resulting in apoptosis (programmed cell death) as soon as the damaged tissue is
fully recovered [139]. However, it is clear now that myofibroblasts can remain in the
tissue for a long time, mainly caused through maintaining of increased tissue stiffness
and high concentration of TGF-/ which leads eventually to tissue fibrosis [128].



32 2.3 Adaptation Processes of the Arterial Wall

2.3.4 Age-dependent Adaptation of the Arterial Wall and Con-
clusion for Mechanical Modeling

The previous sections layed out the fundamental mechanisms for growth processes
on the cell level. With this biological knowledge, assumptions can be made for the
microstructural changes of the tissue. While adjustments from growth processes are
distinctly driven by mechanical triggers, e.g., the release of TGF-f from stretched LAP
or the conformational change of the integrins of fibroblastic cells based on stretched
(stiff) ECM, cause and effect relations of the tissue are not quantifiable. Therefore,
it cannot be included into the mechanical modeling of growth processes without a
considerable amount of uncertainty. A more reliable approach for a plausible growth
model can be pursued with reasonable assumptions about the growth processes from a
macroscopic point of view. One such assumption is that maintaining of the mechani-
cal homeostasis of the tissue corresponds to maintaining of a homogeneous mechanical
field (stresses or stretches) in the entire arterial wall. This hypothesis enables a vari-
ety of growth models, and is also the foundation of the proposed model in subsequent
chapters of this thesis. To ensure that the results from simulations with new growth
models are not only reliable in the homogeneity of mechanical fields, but also compara-
ble to biological observations, data from several publications can be taken into account.

To describe the growth of an artery from a macroscopic point of view, changes of
its geometry over the years must be considered. Corresponding data for small mus-
cular arteries is scarce and studies with age-dependent information on this topic are
unknown. Therefore, data for larger arteries is taken into account. JADIDI ET AL.
[91] studied the superficial femoral artery (SFA) and the popliteal artery (PA) of 125
human subjects in the age of 13 to 92 years. SFA and PA constitute large muscular
arteries where the SFA is positioned in the hip and upper leg (femoral) and the PA
is the corresponding elongation of the SFA from the knee downwards. However, re-
garding their size, the mechanical properties are rather comparable to elastic arteries
such as the aorta than to the considerably more contractive resistance arteries. Since
the age range included in the study is comprehensive, corresponding assumptions for
the age-dependent adjustments of the geometry are feasible. As an addition, the study
identified the stage of diseases such as atherosclerosis inside of arteries. Naturally, the
geometry of the artery is directly affected by the disease. However, the stage of the
disease increases corresponding to the age of the subjects and can, therefore, rather
be considered as normal age-related development of the artery. Based on the acquired
data, the general tendency of quantities such as the wall thickness and the inner and
outer radius (r;, 7,) were calculated. Since residual stresses inside of the tissue of the
arterial wall lead to observable deformations when the artery is cut open, measure-
ments were not only performed for the load-free state of the artery, but also for the
so-called stress-free state. Results from the study are shown in Fig. 2.12a-c. The label-
ing of the corresponding quantities is illustrated in Fig. 2.12d. As can be seen in the
first diagram, the wall thicknesses h (load-free) and H (stress-free) of the SFA and PA
significantly increase over the age span of a human being. This indicates that growth
in radial direction occurs to maintain the homeostasis of the tissue. The graphs in
Fig. 2.12b for the outer radius r, of the load-free state of the artery match this ten-
dency. However, also the inner radius r; rises notably with the age of the subjects.
This can hardly be explained by uniaxial growth in radial direction. If radial growth
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Figure 2.12: Evolution of geometric characteristics of (a) the wall thicknesses h (load-free)
and H (stress-free), (b) the inner and outer radii r; and r,, and (c) the opening angles «
and [ after axial cuts through the arterial wall for the superficial femoral artery (SFA) and
popliteal artery (PA). Data is adopted from [91]. Tendencies of the geometric quantities were
determined based on measurements of arteries from 125 human donors in the age of 13 to
92 years. (d) illustrates the labeling of the quantities in the load-free and stress-free state.
(e) shows additional data for the axial Ay of abdominal aortas (AA) from [85]. Increase of the
wall thickness h and H by age of subject demonstrates growth in radial direction. Additional
rise of inner radius r; indicates growth in circumferential direction. Decrease of the axial
prestretch A, shows growth in axial direction. The opening angles a and [ suggest more
dominant growth at the inner side of the wall which advances for older humans.

would be considered as only growth direction, the thickening would primarily appear
at the inside of the wall, where the largest stresses occur, leading to a decrease of the
inner radius. In consequence, it can be assumed that the growth process leads also
to extensions of the tissue in circumferential direction which increases the inner and
outer radius. In the third diagram, the opening angles of the artery are illustrated for
axial cuts through the artery. The angle o describes the opening angle of the artery
in circumferential direction. Bending of an axial strip of the artery is determined by
the angle 3, which is lower than 360° when the strip bends towards the outside of
the arterial wall as pointed out in Fig. 2.12d by the red (inside) and blue (outside)
colors. Both angles are commonly positive which is expected since stresses of a hollow
cylinder under pressure without residual stresses lead generally to higher stress in axial
and circumferential direction at the inner side of the wall. Consequently, the tissue at
the center of the artery requires more growth for a homogenization of the stress over
the entire wall thickness. Furthermore, the graphs show that both angles increase over
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the age of the subjects. For the angle «, this could be connected to the thickening of
the wall which might lead to more significant differences in the residual stresses at the
inner and outer side of the wall to remain homeostasis. In contrast, an increase of the
angle [ describes a homogenization of the axial residual stresses over the wall which
are exactly equal when 8 = 360°.

An additional point of interest is the axial prestretch which is calculated based on
the difference in length of the artery in situ and ex vivo. Especially larger arteries in
the extremities or, e.g., carotid arteries in the neck have to sustain stretches primarily
in axial direction caused by body movement. The stretches can lead to considerable
changes of the stresses in axial, but more importantly, in circumferential direction. Sev-
eral publications have shown that a basal axial prestretch leads to smaller variations in
the stresses [163]. To describe the changes of the axial prestretch over the life span of
humans, the publication by [85] is taken into account. Here, abdominal aortas of male
tissue donors in the age of 10 to 91 years were investigated. The resulting evolution
of the axial prestretch A, is illustrated in Fig. 2.12e by a regression curve. The axial
prestretch A, is substantial with values over 1.4 for abdominal aortas of humans under
the age of 20 years. Tissue growth leads to a notable decrease of the prestretch over
the human life span. Abdominal aortas for donors over the age of 70 years showed
exclusively axial prestretches under 1.1. This indicates that the growth process does
not maintain the axial stretch and, therefore, the stress in axial direction might not be
predominant for the mechanical homeostasis of the tissue. Other publications confirm
these findings. For iliac arteries of donors aged between 52 and 87, an average axial
prestretch A, of 1.07 was measured [157]. Investigations of carotid arteries of donors
with average age of 77.6 years determined an axial prestretch A, of 0.98 for the intima
and media of the artery [163].

Overall, the data validate a three-dimensional growth process in radial, axial and
circumferential direction which was already suggested in HOLZAPFEL ET AL. [82].
Consequently, a reliable growth model has to consider all three directions in mechan-
ical simulations. In addition, data for stretches in axial and circumferential direction
identify considerable differences in the corresponding growth processes and associate a
stronger impact of mechanical changes in circumferential direction on the tissue gen-
eration than caused by mechanical changes in axial direction.
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3 Continuum Mechanical Basics

Conceptually, in continuum mechanics, the material of a physical body is described as
a continuous medium. This concept allows for the analysis of the mechanical behavior
of a body based on homogeneous field quantities. In consequence, deformations and
stresses can be approximated without considering the exact microstructure of the mate-
rial which is actually not continuous but specified by a certain arrangement of atoms.
In this chapter, a brief overview of the underlying continuum mechanics is given to
describe the mechanical fields of a deformable body and the material model for the
anisotropic microstructure of the tissue of the arterial wall which is able to perform
growth processes. Furthermore, balance equations are discussed which form the fun-
damental laws of continuum mechanics. Several textbooks deal extensively with this
topic, they are the foundation for the information presented here, see e.g., HOLZAPFEL
[78], BASAR AND WEICHERT [13], ALTENBACH [3] and WRIGGERS [191].

3.1 Kinematics

Kinematics is the basis of continuum mechanical considerations and describes the ge-
ometrical aspect of the position and motion of material points of a body over time.
In the initial state, the undeformed body B C IR? is a set of continuously distributed
material points at the time ¢t = t3. The corresponding position of a material point of B
is defined by the position vector X . This configuration is considered as the reference,
material or Lagrangian configuration and is mainly applied to describe solid bodies.
Load or surface displacements of the body lead to a deformation and possibly also rigid
body motions. The transformation of a material point into the deformed state at the
time ¢ is described by the invertible mapping ¢(X,t) : B — S. Each point X € B of
the reference configuration is mapped onto its counterpart € S which is considered
the current, spatial, or Eulerian configuration. The Eulerian configuration is primarily
used in fluid mechanics where the formulation of the mechanical fields as function of
the current coordinates of @ is advantageous. The associated displacement vector u of
a point from the reference into the current configuration is defined as

u(X,t)=x—- X, (3.1)

which is illustrated in Fig. 3.1. For the description of all tensors in this chapter, an
orthogonal Cartesian basis is assumed for both configurations. However, base vectors
of the reference configuration are denoted as E; while base vectors of the current con-
figuration are e;. Accordingly, letters and indices which are related to the reference
configuration are expressed by capital letters. Small letters correspond to the current
configuration.

The deformation of an infinitesimal environment in the current configuration is de-
scribed by the deformation gradient F' as

F = Grad[p(X, 1)) = g—; . (3.2)
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Figure 3.1: Motion of a body from the reference configuration B into the current configura-
tion S at the time t. The position of a point of the body is changing from the vector X at the
referential state to the vector @ in current state which is described by the displacement wu.
Base vectors Ej and e; of the reference and current configuration, respectively, are assumed
as orthogonal Cartesian.

Corresponding to the definition of the base vectors, this second-order tensor can be
expressed in index notation as F' = Fj;e; ® E;. The consideration of the correct
base vectors of tensors is particularly important for the execution of mathematical
operations which can only be performed between base vectors of the same configuration.
In relation to the displacement vector w, the deformation gradient F' can also be
expressed as

ou
F=I+—=1+H, 3.3
X (3-3)
where I is the second-order identity tensor and H is the displacement gradient. To
secure invertibility of the mapping between reference and current configuration, the

inverse of the deformation gradient as

0X

F_l = grad[X] = %

(3.4)

has to be guaranteed. Consequently, the determinant of F', which is referred to as
Jacobian J, must be strictly positive

J = det[F] > 0. (3.5)

This becomes even more clear, as the determinant of F' quantifies the volume change
of an infinitesimal volume element dV into the current configuration dv by

dv = JdV. (3.6)

A negative value of J would correspond to a negative volume after deformation of dV.
Similarly, the deformation gradient F' describes the relation between an infinitesimal
line element dX to its state in the current configuration dx as

do = FdX . (3.7)
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Furthermore, F' can be applied to describe the deformation of an area element by the
formula of Nanson
da=nda=JF "NdA=JF 'dA. (3.8)

The transformations of infinitesimal line, area and volume elements are illustrated in

Fig. 3.2.

The deformation gradient F' comprises the local stretch and rotation of each mate-
rial point of the continuum. By performing a unique right polar decomposition, the
stretch and rotation can be separated into

F =RU, (3.9)

where R is the orthogonal rotation tensor with R~' = R"' and U is the symmetric
right stretch tensor. Comparably, a unique left polar decomposition can be used to
separate the deformation gradient into

F =R, (3.10)

where the rotation tensor R remains unchanged but is now on the right side of the
product, and v is the symmetric left stretch tensor.

With regard to material modeling, it is advantageous to formulate the strain measure in
one configuration and thereby use a symmetric tensor. Therefore, one universally used
strain tensor is the right Cauchy-Green tensor C' which is based on the deformation
gradient as

C=F"F=(RU)'RU=U"R'RU =U?= (U;,)’E;® E;, (3.11)

resulting in a symmetric tensor in the reference configuration excluding the rotation
of the material point. Similarly build, the left Cauchy-Green tensor b is symmetric in
the current configuration with

b=FF"=vR(wR)" =vRR"v" = v = (v;)%e; ® ¢,. (3.12)

Nl dA p(X,t)==
B
b

Figure 3.2: Deformation of infinitesimal line element d X, area element dA and volume
element dV from the reference configuration B into the current configuration S. Deformation
of an infinitesimal environment can be described by the deformation gradient F'.
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As mentioned above, for solid mechanics the Lagrangian configuration is preferred
and, consequently, the right Cauchy-Green tensor C' is applied to formulate material
models of the arterial wall. For this purpose, the strain energy density function ¥(C') =
U(1Iy, I3, I3) of an isotropic material dependens on the principal invariants I;, I and
I3 calculated from C. Principal invariants can also be expressed directly using the
eigenvalues of C' given by the square of eigenvalues \; of F' = Zf’zl Ain; ® Ny with
eigenvectors n; in the current configuration and the eigenvectors IN; in the reference
configuration. This results in

3
C=> NN ®N, (3.13)

i=1

for the right Cauchy-Green tensor. With known C or eigenvalues of F' (or C), the
principal invariants can be determined by

L =tr[C] = A2+ X2+ 22,

1
I = §(tr2[0] —tr[C?)) = N]AS+ AIAS + M50, and (3.14)
I; = det[C] = A2A2\2

Since the tissue of the arterial wall comprises collagen fibers and SMCs with an orien-
tation, two mixed invariants are considered additionally,

19— C MY and 19— c?oMO) (3.15)

where the concept of structural tensors M) = a'f) @ a'¥) [22] is applied to address
the anisotropy of the material. Thereby, a fiber direction (f) of collagen or SMCs
at a material point is regarded by the vector al/). It is worth mentioning that the
invariant [5 is not polyconvex on its own. However, polyconvexity is crucial to ensure
the existence of minimizers and material stability [7]. Therefore, a combination of I,
I4 and I5 can be used to express the highly non-linear material behavior of collagen
fibers with

KY) =1 — 1 (3.16)

which fulfills the polyconvexity condition [155].

As an additional aspect, time derivatives of the kinematic quantities have to be con-
sidered. Widely used for fluid mechanics is the spatial velocity gradient I with

0@

1= 2%
ox’

(3.17)
which describes the local changes of the velocity & = dx/0t at the material point in
the current configuration. The spatial velocity gradient I can also be directly expressed
depending on the time derivative of the deformation gradient F' since

) (6:13) o0& 0% Om

=5 \ox) = ox ~awox — T (3.18)
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which results in '
l=FF". (3.19)

Furthermore, the time derivative of the Jacobian J is introduced for the following
discussion of the balance equations as
. 0J 90J OF

= = -T p_ n -1 T diula
=5 =3F & JF F = Juw[FF~] = Jtrll] = Jdiv]z] . (3.20)

3.2 Stress Measures

An external force exerted on a physical body leads to an internal loading state. This
state is grasped by the concept of stress which is defined as force per unit area. Stress
associated with an arbitrary cutting plane can, e.g., be expressed by a stress vector t =
df/da where f is the force vector to the current cut surface area a. The stress vector ¢
contains a normal component in the direction of the unit normal vector n and two
perpendicular shear components. Consequently, the three dimensional stress state,
which consists of three normal and six shear components, is not fully covered by the
stress vector t. Therefore, the Cauchy stress tensor o is introduced. With regard to
the stress vector ¢, the Cauchy theorem can be applied:

t=on. (3.21)

Cauchy stress is used to express the final stress state of a body as o = 0;;e; ® €;
describes the current force per unit area in the current configuration which is considered
as true stress. Based on the balance of angular momentum, Cauchy stress is symmetric
which will be briefly outlined in Section 3.3.3. However, in continuum mechanics it is
often advantageous to formulate quantities in respect to the reference configuration.
A stress vector with regard to the forces per unit area of the reference configuration
is expressed as T = df/dA. Furthermore, the first Piola-Kirchhoff stress tensor P
relates to T' by

T=PN, (3.22)

where IN is the unit normal vector on the cutting plane in the reference configuration.
As the incremental force vector df for the calculation of ¢ and T is the same, the
expression

TdA = PNdA = tdA = onda (3.23)

is fulfilled. With the conversion of the normal vectors of the cutting plane in dif-
ferent configurations nda = Jo F~TINdA, the following relation between first Piola-
Kirchhoff stress and Cauchy stress o holds:

P:Ja'FfT:JUZ-kF,;]Tei®EJ:PZ-JeZ-®EJ. (324)

Consequently, the first Piola-Kirchhoff stress tensor describes the current force per unit
area in the reference configuration. Associated with this, first Piola-Kirchhoff stress
is not necessarily symmetric. Therefore, another mathematical advantage is obtained
using the second Piola-Kirchhoff stress tensor S which can be expressed as

S=F'P=JF 'oF " =JF,'ouF;"Er® E; = S;;E;® Ej, (3.25)
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resulting in a symmetric stress tensor. The second Piola-Kirchhoff stress S does not
have a physical interpretation. Nonetheless, S can and will be used to describe the
principles of the finite element method in Sec. 4 and the material model of the arterial
wall.

3.3 Balance Equations

To satisfy characteristics of the real world, fundamental physical observations have to
be fulfilled in our calculations. The relevant physical laws are expressed by the balance
equations of mass, the linear momentum, the angular momentum, and the first and
second law of thermodynamics. Subsequently, these balance equations will be discussed
for a closed system which is sufficient for most basic mechanical simulations including
simulations with active contraction of an arterial wall. However, later in this thesis,
growth will be considered which requires an open system where mass can be generated
or reduced. Necessary changes to balance equations are discussed in the corresponding
chapter for growth in Sec. 7.2.1.

3.3.1 Balance of Mass

A physical body occupies a particular volume which can be observed as a closed system.
The corresponding mass of the physical body can be obtained by considering its mass
density. Mass density is not necessarily constant over all times since deformations of
the body can lead to changes of the volume. Accordingly, the mass of the infinitesimal
element is defined by

dM = ppdV and dm = pdv (3.26)

in the reference and the current configuration respectively, with pg as mass density in
the referential state and p as mass density in the current state. The balance of the
mass states that the mass of a closed system does not change over time such that

m = /p(:c,t)dv — const. and 1 =0. (3.27)
S
Applying the Reynolds-Transport-Theorem (RTT), the derivative of the mass over time

can be reformulated to

. dm d (RTT) ap . ) !
== S,o v /5 <8t +div[px] | dv =0 (3.28)

Consequently, the balance of mass is fulfilled in a closed system if

dp ) o
2% +divjpx] =0 (3.29)

is satisfied for any current mass element, which is considered the local form of the bal-
ance of mass. Furthermore, the first and second term of Eq. (3.29) can be transformed
with dp/0t = dp/dt — grad[p] -  and div]p&] = grad[p] - & + pdiv[z] deriving to

p+ pdivie] =0, (3.30)
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which is the continuity equation of mass.

3.3.2 Balance of Linear Momentum

The linear momentum p of a physical body is defined as mass times velocity integrated
over all material points. Due to the balance of linear momentum, the time derivative
of the linear momentum p must balance all forces f which act on the body. The linear
momentum and its time derivative are defined by

p:/Sp(:c,t) z(x,t)dv and p:%p:/sg(p(w,t)ﬁ(m,t)dv). (3.31)

To solve the time derivative over all terms, the integral over the current configuration
is exchanged with an integral over the reference configuration including dv = JdV. In
this context, the time derivative of V is zero and the time derivative of J is known
from Eq. (3.20) with J = Jdiv[&] resulting in

p:/(p:bJ+p:%J+pd:Jdiv[a':])dV:/paﬁJdVJr/ (p+pdiviz])z JdV . (3.32)
B B B

Since the continuity equation of mass from Eq. (3.30) shows that p + pdiv[&] = 0, the
time derivative of the linear momentum can be reduced to

p= / poddV (3.33)
B

including the transformation of mass density into the reference configuration by p =
po/J.

For the forces acting on the body, external forces on the surface of the body f; as
well as volumetric forces f;, have to be considered. Consequently, the forces f are

described by

f:/pbdv+/ tda, (3.34)
S y 8Sf

where b is the volume acceleration and ¢ is the traction vector acting on the surface 0S
of the body. Transforming the forces to the reference configuration to enable the
comparison with the time derivative of the linear momentum presented in Eq. (3.33)
and applying the Gauss divergence theorem, the equation can be expressed as

f= / pobdV + / Div[P]dV  with / tda = /div[a] dv = / Div[P]dV .
B B a8 S B
(3.35)
Eventually, the balance of linear momentum is described by

/ poddV = / pobdV + / Div[P] dV (3.36)
B B B
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which can be reduced to the local form

pod = pob+ Div[P]. (3.37)

3.3.3 Balance of Angular Momentum

Similar to the balance of linear momentum, the balance of angular momentum states
that the time derivative of the angular momentum h of the physical body equals the
resulting momentum from forces acting on the body. The angular momentum h is in
reference to the origin of the coordinate system and defined as

h = /Sp(m,t) x x z(x,t)dv, (3.38)

in the current configuration. Using the product rule to form the time derivative of h
and inserting the local form of the balance of mass from Eq. (3.30), h can be expressed

as
d

— —h = —
dt dt Js
The resulting momentum of the forces acting on the body include the volumetric

forces f, as well as the forces on the surface of the body f;. Accordingly, the resulting
moment on the body is characterized by

h pwxdzdv:/pwx:i:dv. (3.39)
S

M = /,0:1: x b(x,t)dv +/ x X t(x,t)da, (3.40)
S as

where b and t are acceleration of a point and the traction vector on the surface 9S.
Applying a modified version of the Gauss divergence theorem to formulate M without
reference to the body surface 0S, M can be reformulated to

M = / (pz x b(xw,t) +x xdiv[e"]| + T xo")dv. (3.41)
s

Consequently, the balance of angular momentum states that h — M = 0 which results
in

h—M:/[azx(p:'i:—pb—div[aTD—I~xaT]dv:O, (3.42)
S ~ Vo

J

=0

where p& — pb — div [O'T} = 0 is the local form of the balance of linear momentum in
the current configuration. The local form of the balance of angular momentum can be
expressed as

I - xe"=0 (3.43)

and be used to demonstrate that the Cauchy stress tensor o as well as the second
Piola-Kirchhoff stress tensor S are symmetric and, consequently,

oc=0" and S=S8" (3.44)

is satisfied at all times.
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3.3.4 Balance of Energy (First Law of Thermodynamics)

Due to the balance of energy, also known as the first law of thermodynamics, the change
of internal and kinetic energy of a physical body has to equal the work performed on it
which is considered as the mechanical and thermal work here. Accordingly, the balance
of energy can be expressed by the equation €+ K =P + Q where & is the mechanical
energy of the body, I is the kinetic energy of the body, and P and Q are the mechanical
and thermal work, respectively. The inner energy of the body is described by

Ez/epdv, (3.45)
S

where e is a variable for the specific inner energy per unit reference mass. For the time
derivative of £, the product rule has to be applied in the reference configuration which
results in

5’:/ [épJ—i—ep'J—{—epJ] dV:/ [ép—l—e(p+pdiv[:b])}JdV:/épodV
=0

‘ (3.46)
considering the balance of mass from Eq. (3.30). Similar to &, the derivative of the
kinetic energy can be built by including the balance of mass as well after the execution
of the product rule where I is reformulated to

/C:E/B[p;i;-a':Jera':-a‘:J+p:i:-:bJ+p;b-;tJ}dv
1
:—/ [g'c-m'(p+pdiv[m'])+2pd:-¢}Jdvz/,oom'-idv (3.47)
2 B S—— B )

1
with IC:—/p:'c~:bdv.
2 /s

The mechanical work includes the volumetric forces as well as the forces acting at the
surface dS of the body which are again included by the body acceleration b and the
traction vector t. Applying the Gauss divergence theorem to include the mechanical
work P in the volumetric form of the current configuration, P can be expressed as

Pz/pi-bdv%—/ :b-tdv:/(pm'-b+div[am'])dv. (3.48)
S as S

Furthermore, the equation can be transferred into the reference configuration and,
subsequently, reformulated with Div [PT w] = Div[P]-@& + P - F into

P= [ (poi-b+Div [PTa])av = [ & b+ DivIP) +P - Flav
B sl X g ,

=po & (3.49)

:/B[poa’rs'évLP-F}dV,

where po b + div [P] = po & is the local form of the balance of linear momentum from
Eq. (3.37). Finally, thermal energy comprises the inner heat source r per unit reference
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volume and the inward heat source g per time which enters the physical body across the
surface 0S. Converting thermal energy into the reference configuration by including
the Gauss divergence theorem, Q is described by

Q:/Srdv—I—/aSqnda:/S(r—div[q])dv:/(To—DiV[QO])dva (3.50)

B

with the normal vector n on an infinitesimal area element of the surface 9S.

Taking all four parts of the balance of energy into account, the final equation over
the entire body can be expressed as

/épOdV+/p0:'c-d§dV:/(:i:-pozi:+P-F>dV+/(To—DiV[(IO])dV
B B B B

B B

This equation is also fulfilled when every material point of the body satisfies the local
form

(3.51)

épo =P - F 4 ry — Div]qy, (3.52)

Which can also be formulated in respect to the second Piola-Kirchhoff stress S with P -
F=FS-F=S-F'F=1/28-C resulting in

1 .

3.3.5 Balance of Entropy (Second Law of Thermodynamics)

As fundamental physical observation, it is known that heat is transported exclusively
from warmer to colder regions of a system. Furthermore, heat can be produced by
mechanical energy and increase the thermal energy of an isolated system, but not the
other way around. To satisfy these observations, the entropy of an isolated system can-
not decrease over time. In particular, the entropy remains unchanged for an idealized
reversible process, but increases for irreversible processes. In consequence, the balance
of entropy states that the total production of entropy per time cannot be negative.
The time derivative of the entropy S of the physical body can be expressed as

S:/<ps+pé+psdiv[dz]>dv:/pédv with S:/psdv, (3.54)
S ~—— S s

where the local form of the balance of mass is applied, and s is the specific entropy
per unit reference mass. Including the rate of entropy into the equation, the balance
of entropy can be formulated in terms of the Clausius-Duhem inequality as

1
/péde/fdv—/ —q-nda, (3.55)
S st as 0

where the first term on the right side is the inner entropy source and the second term
is the entropy flux over the surface of the closed system. Furthermore, r is the inner
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heat source per unit reference volume and q is the inward heat source per time which
enters the physical body across the surface S as defined for the thermal energy Q
in the previous section. Using the Gauss divergence theorem, the entropy flux can be
transformed into the volumetric form. Consequently, the balance of entropy can be
expressed in the local form of the reference configuration as

D= pyé— 2 4 Div

7 [(IO

0:| -7 ( )
where D is defined as the internal dissipation.

For the next step, the balance of energy is again taken into account. Here, the variable
for the specific inner energy per unit reference mass e can be split into the stored en-
ergy U per unit reference mass and the potential for dissipation by e = ¥ — @ s. This
leads to the local form of the balance of energy from Eq. (3.53) as

2 - 1 .
<\I/ — 6’3) po = §S - C + 1o — Div|qo], (3.57)

where 6 s is the time derivative of the term # s. Dividing this equation by the temper-
ature 0, it can be reformulated to

r 1/1 . z .
Inserting Eq. (3.58) and Div [£] = 1/6 Grad [#]-qo+1/6 Div [qo] into Eq. (3.56) results
in
11 . Lo 1

D:§ §S-C—p0<\ll+95>—gGrad[G]-qO =>0. (3.59)
For many applications, it can be assumed that the change of the temperature of the
physical body is negligible. Consequently, processes can be approximated to be isother-
mal which results in a constant temperature § = 0 and no heat flux over the surface of
the body g = 0. In this case, the equation can be reduced to

D:%S-C—\on, (3.60)

where W is the stored energy per unit reference volume, also known as the free Helmholtz
energy or the strain-energy density function. Assuming that the free Helmholtz en-
ergy is a function of the right Cauchy-Green tensor C, the time derivative ¥ can be
formulated with the chain rule as

0T 9C  ov

YO =56 “ac

C. (3.61)

Inserting this derivative into Eq. (3.60) leads to

1 ov .
iy = —— > (. .
(25 ac) C>0 (3.62)
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To satisfy any process in which C is arbitrary, the term inside the bracket has to equal
zero. This is the standard argument of rational continuum mechanics, also known
as Coleman-Noll method, which results in the following constitutive equations for the

stresses: PR
S=2—. 3.63
5C (3.63)
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4 Finite Element Method

Based on the balance equations described in the previous chapter, the deformed state
of a physical body under surface or volumetric load can be determined. In principal, an
analytic solution is feasible for simple mechanical problems. However, more complex
problems require a computational approach which enables a reliable approximation of
body displacements. Here, the finite element method (FEM) is a robust and adaptable
approach and therefore universally applied in the field of engineering. In total, three
steps have to be performed to determine the final equations for FEM with regard to
finite strain theory. The balance of linear momentum describes the relation between
the position of a point in the current configuration and the corresponding stresses and
is, therefore, the starting point. In the basic form, it constitutes a complex system of
nonlinear partial differential equations. As a first step, the balance of linear momentum
is replaced by a weak form which changes the vectorial equation into a scalar form.
This enables the solution of problems with discontinuous variations of variables such as
changes in the material. Furthermore, the nonlinearity of the equations, which is caused
by the nonlinear material behavior and the geometric nonlinearity with large displace-
ments, makes an analytic solution generally improbable. Therefore, the application of
an incremental solution technique as the Newton-Raphson method is beneficial which
requires a consistent linearization of nonlinear problems. Consequently, as a second
step, a linearization of the weak form of the balance of linear momentum is derived.
As the final step, the complex geometry of the physical body is discretized into a finite
number of elements. These elements are defined by a set of individual points (also
known as nodes) and associated connections. The mechanical fields, such as the dis-
placements, can then be interpolated between the nodes by the usage of preselected
shape functions. Furthermore, discretizing the body into elements and corresponding
shape functions allows to solve volume integrals by Gauss point integration. In the
following sections, the three steps to derive the classical finite element method, which
is applied in this thesis, are summarized. However, more complex examples can be
found in literature, e.g., WRIGGERS [191], ZIENKIEWICZ, TAYLOR, AND FOX [204]
and BATHE [11].

4.1 Variational Problem

To determine the displacement field of a deformed body based on a corresponding load,
the balance of linear momentum has to be considered, which was derived in the local
form as

Div[P] + po[b— #] = 0, (4.1)

see Section 3.3.2. Furthermore, boundary conditions and initial conditions for motion
are necessary to satisfy the equation. Accordingly, the surface of the physical body 9B
can be decomposed into disjoint parts with

u=ugc on 0B, and PN =1Tzc on JB,, (4.2)

where the displacements ugc of the surface part 9B, are Dirichlet boundary conditions
and the surface traction Tgc of the surface part 0B, defines Neumann boundary condi-
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tions. To enable the approximation of the displacement field w using FEM, the strong
form in Eq. (4.1) is multiplied with the vectorial test function du. This test function du
can be considered as arbitrary virtual change of the displacement w (variation of w)
independent of the real displacement. Subsequently, the integral over the entire body
is formed which leads to the weak form

G:/(DiV[P]+p0 b—]) - dudV =0, (4.3)

where G is the scalar value of the virtual work. To include the Neumann boundary
conditions and separate them from the internal stresses, the divergence Div[PTdu] is
used to replace the term P : Grad[du]. Furthermore, the Gauss divergence theorem is
applied which results in

G:/P:Grad[éu]dV— TBC-(SudA—/pO(b—ii:)-(SudV
B B

0Bs
with Div[P"éu] = Div[P] - du + P : Grad[du] (4.4)
and / Div[PTdu]dV = P'Su-NdA = Tac - dudA.
B 0Bs 0B,

From a physical point of view, this formulation of the weak form can be split into the
internal virtual energy G and the external virtual work G®, corresponding to the
virtual displacement dw, which leads to

G:=G™ -G =0, with
G = / P : Grad[du]dV and G = Tpe - dudA + / po(b—&)-oudV .
B B

(4.5)

0Bs

Subsequently, the inner virtual energy of the weak form of the balance of linear mo-
mentum can be transformed into a term which depends on the second Piola-Kirchhoff
stress S. This transformation allows a connection of the equations in this section with
later chapters, since S and the right Cauchy-Green tensor are primarily used for the
material modeling of the arterial wall. As a first step, it can be shown that

OF = ¢ (Grad[u] + I) = Grad[du], (4.6)

since dGrad|u| = Grad[du]| and the second-order identity tensor I do not change for
a virtual variation of du and, therefore, 0I = 0. Furthermore, P = F'S can be
used to exchange the first Piola-Kirchhoff stress tensor P with a term including the
symmetric second Piola-Kirchhoff stress tensor S. In consequence, P : Grad[du] can
be reformulated into

P :Gradju]| = P:0F =FS :6F =S : F'0F =S :sym [F'6F]
=5 % (F"6F +6F"F) =S : %50. (4.7)

—5C
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Consequently, the transformed version of the weak form of the balance of linear mo-
mentum is expressed by

c%:/s:%%mv— Z&Cﬁu¢4—/pﬂb—@-&mv. (4.8)
B B

0Bs

An alternative determination of this equation can be achieved by applying the prin-
cipal of stationary potential energy where the potential energy of the system II is
obtained by the sum of the internal energy II'™ and the external energy II®*. The
unknown deformed configuration can be found when the total potential energy of the
system is stationary. This is satisfied when the first variation of II with respect to the
displacement wu is zero which leads to

OTT = OTT™ + STI* = 0 with

. 1
5H1“t:/S:§§CdV and I = — TBC-(SudA—/po(b—i)-(SudV.
B

0Bs B
(4.9)

4.2 Linearization

As the application of finite strain theory and the nonlinear material behavior increase
the difficulty to solve the mechanical problem, the Newton—-Raphson method is applied.
Based on this method, a linearization of the weak form of the balance of linear momen-
tum is build for a displacement field which is assumed to be close to the real solution.
The linearization leads to an update of the displacement field which can be reused
in a new linearization. Consequently, this can be performed as an iterative process
which converges quadratically as long as it starts close enough to the final solution.
To ensure that the assumption for the displacement field is reasonable, the total load
is subdivided into load steps as a consequence of which the final value of the load is
not applied at once, but increases over time. Accordingly, even simulations for static
problems, which are time-independent, are executed by considering a virtual timespan
in which the load is raised in every time step. The corresponding linearization Lin G
of the weak form is given by

LinG =G+ AG =0, (4.10)

where AG is incremental virtual work which can be considered as the difference of the
virtual work G’ between two consecutive iterative steps n+1 and n, such that (AG),,,, =
Gni1 — G,. Since the virtual work is only dependent on the displacements w, the
term AG can also be expressed as

AG(u) := gAu. (4.11)

Furthermore, it can be assumed that the Neumann boundary conditions are indepen-
dent from displacements. Therefore, the incremental virtual work AG only bases on
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the internal virtual energy G™ and can be calculated by applying the product rule
such that

: 1 1 1
AG:AG““:A{/?S’:(SCdV} :/ﬁAS:cSCdeL/ES:AéCdV. (4.12)
B B

B

According to the definition of AG, the increments AS and AJC' are obtained by
building the derivation in respect to w and multiplying by Aw. Since the second Piola-
Kirchhoff stress tensor S only depends on u via the right Cauchy-Green tensor C', an
intermediate step can be performed by

s
- dcC

ds

AS E7

1
AC = 5@ :AC with C=2 (4.13)
where C is considered as the tangent modulus. Subsequently, the increment of C' as
well as the variation of C' can be expressed by the product rule with regard to the

deformation gradient F' such that

AC=A(F'F)=AF"F+ F'AF and

4.14
§C =6 (F"F)=0F"F+ F"F. (4.14)

Since 0 F = Grad[du] does not depend on the local displacements w, the increment of
the variation of the right Cauchy-Green tensor AdC' is built by

ASC = A (JF'F + F'6F) =6F"AF + AF')F . (4.15)

For the final version of the linearization of G considered in this thesis, inertia and grav-
ity are assumed to be negligible in comparison to acting surface forces. Consequently,
AG can be formulated as

1 1 1 1
LinG = / S:-0CdV— TBC-(SudA+/ -oC : C: —AC’dV+/ S:-AcCdV,
B 2 0B, JB2 2 o Js 2 )
—AGH:, =Gy
(4.16)

where AGYY, refers to the material part of the increment AG and AGYE, to the geo-
metric part.

4.3 Discretization

The main idea of FEM is to subdivide the geometry of the investigated object into a
mesh with a finite number of elements. These elements are defined by nodal points.
As a result, the infinite number of material points from the continuum mechanical
formulation is reduced to a finite number with only nodal values for the unknown
displacements of the body. Combining these nodal values with shape functions allows
an interpolation of mechanical fields at any point of the element. Several different
formulations can be applied for the shape functions. However, linear and quadratic
shape functions are primarily used. The quality of the resulting approximation of the
geometry and the mechanical fields is highly dependent on the number of elements
and the degree of the polynomial (see, e.g., Fig. 4.1). Generally, it can be expected
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oB

Figure 4.1: Tllustration of two examples of finite element approximations B" for a two-
dimensional body B. Quality of the approximation increases significantly with the number
of elements.

that the accuracy of the mechanical fields computed by a FE simulation increases with
a higher number of elements which were generated for the geometry. This property
is considered mesh convergence. Nonetheless, certain element types might add an
artificial stiffness or show no mesh convergence behavior which was, e.g., identified for
tetrahedral elements with linear shape functions. Since the number of elements can
increase the calculation time of FE simulations substantially, the desired accuracy of the
mechanical problem has to be taken into account to limit the computation resources.
In the following paragraphs, the general formulation of the equations for FEM with
respect to the discretization of the body is derived. This formulation is independent
from the number of elements and assumes polynomial shape functions which allows the
application of an isoparametric mapping.

Approximation and Isoparametric Concept The corresponding approximation
B" of the body B can be expressed as the union of all elements

Tele

B~B"=|]B°, (4.17)
e=1

where nge is the total number of elements. Furthermore, the surface 9B of the body B
is approximated by the boundary of the finite element mesh dB". The position vec-
tors X and x for a material point in the reference and current configuration can be
approximated as

szh(g):ZN,(g)X, and w%wh(é):ZNI(f)a:I, (4.18)

where N7 is the value of a shape function at the position &€ = [£;£:&3]" of the isoparam-
eteric element and X as well as x; are the nodal positions corresponding to this shape
function. As an example for a two-dimensional case, Fig. 4.2 illustrates a quadrilateral
element which can be mapped to the isoparameteric element. This allows for applicat-
ing equal shape functions associated with the isoparametric element for every single
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(—1.0, —1.0)

Figure 4.2: Illustration of isoparametric mapping for a quadrilateral element. Shape func-
tions Ny(&) are efficiently defined for the isoparametric element. Mapping j and J between
the isoparametric element B and the reference B¢ or current configuration S¢ of the element
enable the application of the shape functions in mechanical equations. Additionally, the lo-
cation and weight factors of integration points of the isoparametric element are known which
allows an approximation of the integral of a function over the volume of the element.

element of the mesh. Shape functions are formulated to equal one at their respective
nodes. In addition, the sum of all shape functions at any point of the element equals
one. The components of the vector & are generally defined on the interval [—1, 1] for
the isoparametric element. A transformation between the physical representation of an
element and the isoparametric element can be executed by the Jacobi matrices which
are defined as

0X Ox
J=— and j=—. 4.19
o€ I= % (4.19)
The displacement vectors at any point of the element are equally approximated as
the position vectors. Consequently, the approximation u” of the displacement u and
the corresponding mapping of the referential nodal position X; to the current nodal

position x; are formulated as

’U,%’u,h:ZN[d[ with $]:X[+d], (420)

I=1

where the discretized nodal displacement is denoted as d;. Similar to the displace-
ment wu, the variation du and the increment Awu are defined as

dumdu" =) Nydd, and Aur~Au"=>» N/ Ad, (4.21)
I=1

I=1

in the discretized form. To improve legibility in the following equations, the super-
script o" for the approximation is subsequently not included anymore.
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The gradient of the displacements Grad|u| has to be described in the discretized form
as

Grad[u] = Grad

i N]d[] = i Grad [N]] d[ s (422)

I=1 =1

where the gradient of the shape functions Grad [N/] is

0N 96 40N,

(4.23)

To enable the formulation of every coefficient of terms related to the right Cauchy-
Green tensor C', the partial derivative u; ; of a component of w in direction of X is
noted here as

n

ON 0
wy =3 (Ni1j) ZNI][] with Njj =5t and  Grad[u] = a; ei®e;
=1 =1 J )
(4.24)
which can be equally applied for the gradient of du and Aw such that
6161'7]‘ :ZNI:j(SIj and A’LLL]':ZNLJ' AI] (425)

I=1

Accordingly, coefficients of the variation §C in the term AG™ . of Eq. (4.16) can be
reformulated as

n

1 1 1
5501] = 5 [5uk7i ij + F; 5uk7j] ~~ Z 5 (N],iij + N]J' sz’) odry (426)

I=1

assuming the transformation 6C = (Grad[du])” F+FTGrad[0u] (see Eq. (4.14)). This
shows that the virtual nodal displacement dd;, can be separated from the rest of the
term which will be demonstrated subsequently for all terms of the linearization of the
weak form.

Application of Voigt Notation To improve notation of symmetric tensors of sec-
ond and higher order, the Voigt notation is applied here. As a result, a second-order
tensor such as the virtual right Cauchy-Green tensor 6C' or the second Piola-Kirchhoff
stress tensor S can be expressed as

5C = [6Cy1 6Cyy 6Cs3 28Ch, 26Ch; 28Ch5)" and

T (4.27)
§=[511 Saya Sz S12 Sa3 5'13] )

where the factor 2 in the non-diagonal components of §C' has to be added in the Voigt
notation for the discretization in later steps but not for S. Applying the new notation,
the components of the virtual right Cauchy-Green tensor éC' as well as the related



54 4.3 Discretization

increment AC' can be formulated as

3

1 & 1
50C = > B,éd; and 5AC =) B Ady, (4.28)
I=1 I=1
where the B-matrix to the corresponding node I is
Fi1Np 1 Fo1 Ny 1 F31 N1 1
FiaNy o Fy Ny o F33N7 o
Fi3Ny 3 Fa3Ny 3 F33Np 3

4.29
FiyNp o+ FigNpw ForNpo+ FooNp 1 F31Np 9 + F3oNp 4 ( )

FioNp 3+ FigNp o FooNp s+ FogNp o F3aNp 3+ F33Np o
| F1iN1 3+ FisNr 1 Fo1Np3+ FosNyp 1 F31Np 3+ F33Np |

In consideration of one single element, the virtual and incremental right Cauchy-Green
tensor can also be expressed as

N —

1 - e e - e e
§5Q:;§16d[:§ 6d° and AQ:;QIAdjzﬁ Ade.  (4.30)

The corresponding virtual and incremental displacement vectors in Voigt notation dd°®
and Ad° as well as the B-matrix B° for the element can be noted as

od, Ad,
ody Ad,

fde=1| 7|, Ad°=| . and B°=[B, B, ... B,]. (4.31)
éd, Ad,

This procedure can also be executed for the virtual and incremental displacements such
that

du=» N;dd;=N%d° and Au=>» N;Ad;=N°Ad (4.32)
I=1 I=1

with the elemental matrix notation of N and an associated diagonal matrix of the
shape function N; represented as

N, 0 0
N°=[N, N, ... N,] and N,=|0 N; 0]. (4.33)
0 0 N

Discretization of Linearization at Element Based on the formulations so far,
the internal virtual energy G*™ of an element e can be expressed in Voigt notation
as

. 1
Gemt :/ S: 00V %/ S B6d°dV =6d°™ | B°TSAV, (4.34)
e e Be
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where the virtual displacement vector dd® can be moved outside the integral as it is
not dependent on the position within the element. This can be executed similarly for
the external virtual work G*®* of an element e with

Goot — [ Tyo-oudAn [ Tao- N°od®dA — sdeT / NeTTyedA. (435)
B 0B 0B5

For the increment of (G, also Ad® has to be considered. Furthermore, the symmetric
fourth-order tensor C has to be brought into Voigt notation which results in a 6 x 6
matrix. Consequently, the first term of the increment AG%™ for an element e can be
formulated as

1

AGe,int o
e 2

mat T

1
0C: C: ZACAV ~ / (B°dd°) - (CB°Ad") dV
‘ (4.36)
:5deT/ EeTgﬁedVAde,

where Ad°® is moved outside the integral. To apply the discretization of the last term
of the linearization Lin G which is termed as AGYY, in Eq. (4.16), the expression 0 F =

Grad[du] from Eq. (4.6) is applied which can be also used to build AF = Grad[Awu].

In consequence, the index notation of the coefficients of the term

1 1 n n
EA(SCU = 5 (5uk,iAuk7j + Auk7i5Uk7j) = Z Z 5d[kN]7iNJ7jAdJk (437)

I=1 J=1

e, int

o for an element e of the body as

can be applied to express AG

) 1 n n
AGgégﬁ: — / S . §A5C dV ~ Z Z 5d1k/ SijNI,iNJ,j dVAdJk
& EEE (4.38)

=6dt [ G°AVAde .
Be

Here, the matrix G° summarizes the derivatives of the shape functions and the coeffi-
cients of the second Piola-Kirchhoff stress tensor S in the following manner

Qll QIQ ce an
Gy O 0
QQl Q22 ce Q2n
Qe = . . i . with QIJ: 0 G[J 0 and G[J:SijN]’iN‘],j.
. . . . 0 0 GIJ
in QnQ co an

(4.39)

Elemental Stiffness Matrix and Residuum Based on the separation of the vir-
tual and incremental nodal displacements dd® and Ad° at the element e from the rest
of the terms, the linearization of the weak form of the balance of linear momentum can
also be written in the discretized form as

Lin G° = §d°Tr® + 5d°T K*® Ad° (4.40)
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with the element residual vector

r¢= [ B°TSdV — Ny dA (4.41)
Be oBe

and the element stiffness matrix K¢ as combination of the material and geometric
part

K¢ = Ko™t 4 Ko — / BTCB°dV + | G°dV . (4.42)
e Be

Global Expression To express the set of equations for the entire mechanical prob-
lem, the virtual and incremental nodal displacements are gathered in global vectors
as

0d = [6d" 6d> ... §d™<]" and Ad=[Ad' Ad> ... Adre]' . (4.43)

According to these global vectors, the residual vectors of the elements as well as the
element stiffness matrices are assembled to the global versions r and K with

Nele Nele

r=Ar" and K=/ K°. (4.44)
e=1 e=1

Consequently, the final version of the discretized weak form can be expressed as
LinG = dd" (r + KAd) =0. (4.45)

This equation holds as long as the term in the bracket equals zero and, hence, when
the equation

KAd = —r (4.46)

is satisfied. Since the Newton-Raphson method is performed, the resulting incre-
ment Ad is used to update the nodal displacements of the iterative step n+1tod, 1 =
d, + Ad, ;. As described in the beginning of this chapter, the final solution of the
mechanical problem is found when the virtual work G equals zero. From a computa-
tional point of view, this occurs as soon as the global residual vector r is lower than a
predefined tolerance value in an iterative step.

Gauss Point Integration The calculation of residual vectors and stiffness matrices
includes integrals over the volume which can usually not be computed analytically.
Therefore, the Gauss point integration is applied which substitutes the actual integral
with a sum over a finite number of integration points. These integration points, also
known as Gauss points, can be determined for the isoparametric elements. To deliver
high accuracy, weighting factors corresponding to every Gauss point are crucial in this
approach. Accordingly, the integral of a function g(X) over a brick element e can be
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approximated by

/e )dv = /Bﬁjg ¢) det[J (&) ddD = /H/H/H )det[J(&)] d€

np (4.47)
~ Z 9(&p) det[J (&) wy ,

l

where n, is the total number of Gauss points and w, represents the weight factors
at the corresponding integration point p. The Jacobi matrix J(&) is included for the
transition between the referential state of the element and the isoparametric element
with parameter space BZ. Values of the function g(&,) and J(&,) are evaluated at each
Gauss point p. In the following chapters, three-dimensional hollow cylinders, which
are rotationally symmetric, are used to illustrate the functionality of the proposed
material models for muscular arteries. These hollow cylinders are approximated with
meshes of quadratic, 20-node brick elements. In consequence, the rotational symmetry
of the geometry is maintained by the defined mesh. According shape functions and
positions of Gauss points with corresponding weight factors can be found in LAPIDUS
AND PINDER [107] (pp. 142-144). In Chapter 10, a more realistic geometry of an
artery is investigated. This geometry qualifies by using tetrahedral elements such that
quadratic, 10-node tetrahedrons build the corresponding mesh. Information on the
corresponding shape functions and Gauss points can be found in WRIGGERS [191] (pp
120-122).
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5 Numerical Modeling of the Contraction
of Vascular SMCs

In this chapter, a mechanical model for the contraction of vascular SMCs in combina-
tion with the hyperelastic, passive material response is proposed. The formulation of
active material model was already published in UHLMANN AND BALZANI [177] and
is described in more detail here. To define the active modeling, biochemical reactions
in SMCs and their stretch-dependent stimulation are taken into account which were
described in Section 2.2. While many intermediate steps of the intracellular reaction
chains are known based on numerous experiments, quantification of reactants and prod-
ucts in such intermediate steps along the entire reaction chain is difficult to achieve.
That is why obtainable data for the chemomechanical process has to be considered in
advance of the definition of the mechanical model. As shown in Section 2.2.4, in vitro
mechanical experiments for middle cerebral arteries of rats were able to identify the
stretch-dependent contraction of SMCs based on measurements of the time-dependent
change of the diameter of the arterial wall after an increase of the intravascular pres-
sure [94]. Furthermore, arteries were investigated with the same experimental load
protocol, but adjusted chemical environment, in two additional scenarios. In the first
scenario, ROCK and PKC inhibitors were added into the surrounding solution of the
artery and the following decrease of the arterial contraction evaluated. In the second
scenario, the passive material response was investigated by excluding the access of
SMCs from Ca?t. While data for the intermediate reactions is not collected, it is pos-
sible to identify the major components of the reaction chain: a stretch of GPCRs and
mechanosensitive calcium channels of the cell membrane and the resulting contraction
of the SMCs based on increased activity of the enzyme MLCK as well as suppressed
activity of the enzyme MLCP. Consequently, the proposed mechanical model includes
the stretch-dependency of the contraction mechanism. This will be achieved by for-
mulating evolution equations for the activity of MLCK and MLCP which contain the
stretch A of SMCs as a variable. For MLCK in particular, the evolution equation is
expressed for rapid change of cytosolic Ca?" after a stretch of the cell. However, this
mechanism is modeled in direct connection to the cell stretch and does not include mod-
eling the membrane potential which would require the consideration of other cytosol
ions such as potassium and sodium. Since the suppression of the activity of MLCP and
the subsequent reactivation are significantly slower than for MLCK, a more complex
system of equations is required to capture the time-dependent regulation sufficiently.
In consequence, two coupled evolution equations influencing each other are defined.

The first part of this chapter gives a state-of-the-art overview of mechanical modeling of
vascular SMCs. This includes chemical as well as the mechanical aspects of modeling.
Subsequently, the proposed model is presented. For the active material part, a model
of cross-bridge phosphorylation by HA1 AND MURPHY [69] is applied as foundation
for the chemical description of contractile units. The inclusion of the aforementioned
stretch-dependent evolution equations enables the modification of the chemical model
as mechanosensitive. Furthermore, a phenomenological approach by MURTADA ET AL.
[122] is adjusted for the mechanical description of contractile units. For the passive,
hyperelastic material behavior of the arterial wall, a polyconvex model by BALZANI
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ET AL. (8] is adopted. In the last part of this chapter, the numerical implementation
is presented in detail which includes solutions for the evolution equations as well as the
equations for the computation of the second Piola-Kirchhoff stresses and the numerical
approximation of the tangent modulus.

5.1 State of the Art: Vascular SMCs

One of the first well-known models for muscle shortening was published by HILL [74].
In this approach, the mechanical behavior and heat production during the shortening
of muscles is described as a system of two components which includes a visco-elastic
element and a contractile element arranged in series. Accordingly, the mechanical be-
havior of the elastic part of the material is considered by the visco-elastic element
and the contractile part describes the muscle contraction. An extension of this model
was described in FUNG [57] which is also known as the three-element Hill muscle
model. In addition to the series of the visco-elastic and contractile part of the model,
a third component is added parallelly to the series representing the elasticity of the
muscle tissue while no muscle contraction occurs. Hill’s and Fung’s approaches consti-
tute one-dimensional characterizations of the mechanical behavior of the muscle tissue.
The foundation for the chemical part of most mechanical smooth muscle model was
formulated by HA1 AND MURPHY [69]. As presented in Section 2.2, the contraction
of SMCs is controlled by contractile units in the cell consisting of actin and myosin
filaments (thin and thick filaments). The intensity of the contraction of the contractile
units depends on the proportion of myosin heads which are able to perform power
strokes. For this purpose, the myosin heads have to be phosphorylated and build
so-called cross-bridges to the thin filaments. The model of HAT AND MURPHY [69] de-
scribes the transformation of myosin heads by a system of evolution equations making
the calculation of the fraction of active myosin heads possible. This kinetic model for
cross-bridge phosphorylation is well-accepted and has been applied as chemical compo-
nent in various chemomechanical models for smooth muscle contraction over the last
two decades (see [122], [123], [193], [23], [167]).

In MURTADA ET AL. [122], a phenomenological approach is used to develop a new ma-
terial model for the contraction of vascular SMCs. For this purpose, the three-element
Hill muscle model was applied and combined with the chemical model of HAI AND
MURPHY [69]. Furthermore, the model for cross-bridge phosphorylation is defined as
dependent on the cytosolic Ca?" concentration. The Ca®" concentration is not formu-
lated as adaptable quantity, but set as input parameter to the model. Correspondingly,
the model by MURTADA ET AL. [122] captures the influence of the chemical model
on the mechanical behavior of the SMCs reliably (which is considered as the chemical-
mechanical coupling here) and is, therefore, adopted for the mechanical description of
smooth muscle contraction in this thesis. However, the influence of mechanical quan-
tities on the chemistry (mechanical-chemical coupling), such as the increased inflow of
Ca?* from sacroplasmic reticulum and through the cell membrane when the SMC is
stretched, is not included. An extension is required to capture the contractile behavior
of muscular arteries sufficiently which will be presented in the following sections of this
chapter. In addition, several adjustments for the model of MURTADA ET AL. [122]
were published which aimed for an improved mechanical description of the contraction



5 Numerical Modeling of the Contraction of Vascular SMCs 61

mechanism. In MURTADA ET AL. [123], the model was extended by the definition of
an overlap between myosin and actin filaments. This filament overlap was defined as
a function of the cell stretch which influences the degree of active contraction. This
approach fits well when skeletal muscles are considered where the overlap of the thin
and thick filaments increases directly with the level of muscle shortening based on the
structure of their sarcomeres [186] in which long protein filaments of actin and myosin
are parallelly arranged. However, this feature is missing in contractile units of SMCs.
In a study by Liu ET AL. [113], the length of myosin filaments of SMCs is reported
as widely varying and relatively short. Nonetheless, a certain increase of the overlap
between myosin and actin can be expected also in SMCs. As described in Section 2.2,
in the study by CHITANO ET AL. [32], the concentration of monomeric free myosin in
the cytosol of the SMC was measured for different states of muscle stretch. It was found
that the concentration of monomeric free myosin decreases in stretched SMCs. While
monomeric free myosin has no direct influence on the mechanical behavior of the cell,
it is likely that the monomeric myosin is consumed for polymerization which extends
the myosin filaments. In consequence, an elongation of the myosin filaments leads to
an increase of the overlap between thin and thick filaments. However, the influence
of this mechanism on the contraction of SMCs is rarely considered in biology papers
which investigate the corresponding intracellular reaction-chains. The consideration
of the stretch-dependency of GPCRs is noticeably more dominant. Nonetheless, the
model extension, which includes the filament overlap into the mechanical model part,
leads to a match between results of numerical simulation and experimental data. In
this regard, the definition of the filament overlap is a sufficient extension to include
the stretch-dependency of SMCs to fit the observed experiments. Further publications,
which take this approach for the modeling of smooth muscle contraction into account,
are [72], [124], and [166].

Since it is well-accepted for decades that the cytosolic Ca?t concentration plays an
important role during SMCs contraction, numerous publications included this cellular
mechanism in their modeling approaches. An early cell model from 2003 is described
in YANG ET AL. [193], where an elecrochemical model is included which combines
a Hodgkin-Huxley-type membrane model [77] with models of the fluid compartment.
This model describes a detailed approach to include the inflow and release of Ca?*
into the cell, however it requires a detailed amount of experimental data for a reliable
fit of the model parameters. An extension of the model for the entire vessel can be
found in YANG ET AL. [194]. In BOL ET AL. [23], a time-dependent calcium func-
tion was formulated to investigate the impact of the change of the cytosolic Ca?* on
the contraction of the cell. Based on this straightforward approach, numerical simu-
lations included calcium waves without a direct definition of the mechanical-chemical
coupling. Another promising approach for the description of the smooth muscle con-
traction can be found in STALHAND ET AL. [167]. Based on a modification of the
model for cross-bridge phosphorylation from HAT AND MURPHY [69], the influence of
the mechanics on the chemical state of contractile units was taken into account. In
particular, this modification included a stretch-dependent formulation of the reaction
rates which describe the velocity of the transformation of myosin heads into different
chemical states resulting in an enhanced contraction for stretched SMCs. However, the
formulations for the reaction rates enabled their values to become negative which is
non-physiological. In addition to models for vascular SMCs, the publications by SHAR-
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IFIMAJD ET AL. [160] and SEYDEWITZ ET AL. [159] describe the contraction of SMCs
in uterus and urinary bladder. These models include the membrane potential for the
influx of Ca?* through voltage-gated L-type calcium channels. While this approach
coincides with the biological state of the art for the dominant mechanism of Ca?* in-
flux into the SMC, the inhibition of MLCP based on stimulated GPCRs is not included.

An additional model, which is described in YOSIBASH AND PRIEL [196], included
the impact of vasoconstrictors onto the contraction of SMCs. The model is based on
experimental data from WAGNER AND HUMPHREY [182], who investigated the in-
fluence of different concentrations of ET-1 on the contraction. In consequence, the
strain-energy density function of the model was defined as dependent on the concen-
tration of ET-1 and the stretch of the SMC. The considered experimental data were
matched by results of numerical experiments. A further extension of this model was
studied in GILBERT ET AL. [63] which took into account the diffusion of the vaso-
constrictor through the tissue. While this modeling approach is promising looking
at the inclusion of the impact of vasoconstrictors and vasodilators into the mechani-
cal model, chemical mechanisms which comprise mechanosensitivity are not considered.

For a promising representation of the bio-chemo-mechanical aspect on the cell level,
a very recent publication has to be mentioned. In FLANARY AND BAROCAS [55], a
detailed connection between extracellular activators and intracellular reaction chains
is considered. This includes the production of nitric oxide and ET-1 from the endothe-
lial, stress and agonist activation of angiotensin II receptors of the SMC membrane,
stress-activated integrins as well as stretch-sensitive membrane channels. The even
more complex signaling network of IRONS AND HUMPHREY [89] was adapted as foun-
dation for this modeling approach. In the subsequent publication of FLANARY ET AL.
[56], simulations for three-dimensional geometries were implemented. In the first step,
experimental data from WIN ET AL. [187] were obtained to validate the model param-
eters on the cell-scale. These experiments used traction force microscopy with biaxial
load scenarios to investigate the mechanical behavior of single SMCs. In the second
step, simulations with entire arterial rings were investigated. To acquire data for com-
parison, mechanical experiments for the contraction of rings of murine thoracic aortas
were performed. In these experiments, two pins were located inside the lumen of the
arterial ring which were used to stretch the tissue by increasing the distance between
the pins. The resulting contraction force of the arterial ring on the pins was measured
and applied to compute the traction stress inside of the tissue. The mechanical data
from simulations were comparable to experimental measurements. Consequently, the
proposed model is promising for the inclusion of the biochemical reactions towards
changes of mechanical quantities into the description of the mechanical behavior of
SMCs in the arterial wall. Nonetheless, the contractile behavior of the aorta is signif-
icantly less intense than the contraction of muscular arteries with higher proportion
of SMCs in the tissue in which the diameter can even decrease as a reaction to an
increase of the intravascular pressure during higher body activity. The replication of
this mechanical behavior of muscular arteries has not been presented yet.

In summary, the majority of publications merely consider the calcium-dependent part
of the intracellular mechanism for the modeling of the contraction of vascular SMCs.
The mechanical-chemical coupling of the contraction mechanism, which is well-accepted
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in biological publications, is only included in a minority of mechanical models. Fur-
thermore, simulation results, which correspond to the contractile behavior of small or
medium-sized muscular arteries, are not represented in any known publication of other
research groups. Therefore the following sections describe the proposed model for the
contraction of vascular SMCs of this thesis and demonstrate corresponding simulation
results for the replication of the contraction of muscular arteries.

5.2 Mechanical Model of the Arterial Wall

For the description of the mechanical behavior of the arterial wall, three components
are considered in the model. Next to the active contraction of SMCs, elastin and
collagen fibers are included for the passive, hyperelastic material response of the ar-
terial tissue. The active material model is presented in two steps which capture the
mechanical-chemical coupling and, subsequently, the chemical-mechanical coupling.
Here, the mechanical-chemical coupling is used as a term to describe the dependency
of variables of the chemical model on changes of mechanical quantities. Furthermore,
the chemical-mechanical coupling corresponds to the impact of the chemical variables
on the mechanical response of the SMCs. In consequence, the connection between
chemistry and mechanics in the model allows the description of self-regulation of the
mechanical response of vascular SMCs in arteries. In the end of this section, the active
material model is combined with the passive model part in a strain-energy density
function W.

5.2.1 Mechanical-Chemical Coupling

The model by HAT AND MURPHY [69] describes the phosphorylation and regulation
of the latch state of myosin heads in contractile units of SMCs and is therefore adopted
for the chemical part of the proposed material model. In particular, HAT AND MURPHY
[69] classify four functional states for myosin heads: (A) detached and dephosphory-
lated, (B) detached and phosphorylated, (C) attached and phosphorylated, and (D)
attached and dephosphorylated. Myosin heads in state C are able to perform power
strokes which lead to a contraction of the cell. Furthermore, reaction rates are de-
fined to describe the transformation of myosin heads from one state into another which
includes the phosphorylation of myosin heads (k; and kg), the dephosphorylation of
myosin heads (ko and ks), the attachment of myosin heads to an actin filament (k3), and
the detachment of myosin heads from an actin filament (k4 and k7). Since only phos-
phorylated myosin heads can attach to actin filaments, the transformation of myosin
heads from state A to state D does not exist. A schematic illustration of the model
is shown in Fig. 5.1. The corresponding kinetic model of the four myosin states is
described by four ordinary differential equations as the following

hA —kl kg 0 k7 na
le _ kl —kg - kg k’4 0 ng (5 1)
’flc 0 k’g —1{34 — /{35 ]{?6 ngc ’ ’

hD 0 0 k’5 - k?@ - k?7 np
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Figure 5.1: Schematic illustration of the model by HA1 AND MURPHY [69]. Four function
states are defined for myosin heads in SMCs: A detached and dephosphorylated, B detached
and phosphorylated, C attached to actin and phosphorylated, and D attached to actin and
dephosphorylated. Myosin heads can transform from one state to another which is described
by the reaction rates ki to k7.

where the proportions of myosin heads in the respective state are expressed by na, ng,
nc and np. As natural constraints for proportions, the following equations have to be
satisfied at all times

na +ng+nc+np =1, with na,ng,nc,np € [0;1]. (5.2)

Based on the advantageous formulation of the linear system of ordinary differential
equations in Eq. (5.1), the constraints are fulfilled at all times as long as the reaction
rates are values between 0 and 1. The dependency of the chemical system on the me-
chanical state of SMCs is applied by the definition of equations for the reaction rates k;
and kg as well as ky and k5. This does not include the attachment and detachment
of myosin heads to/from actin filaments which is considered a steady process. Conse-
quently, the reaction rates ks, k4 and k; are constant input parameters for the chemical
model.

Based on biological knowledge described in Section 2.2, the contraction of SMCs can be
manipulated when the cell membrane is stretched. This stretch A leads to a stimulation
of GPCRs and an additional opening of stretch-sensitive ion channels. In this regard,
two different subclasses of GPCRs have to be considered which contain G4 or Gia/13
proteins at the intracellular side of the membrane receptor. A stimulation of GPCRs
with G, proteins leads primarily to a rapid but brief increase of the cytosolic Ca**
concentration. Based on the interaction of Ca?™ with CaM, the activity of the enzyme
MLCK increases with the Ca?* inflow from ECM and the sarcoplasmic reticulum which
leads to an increase of the phosphorylation of myosin heads. In addition, the stimu-
lation of receptors with Giy/13 proteins inhibits the enzyme MLCP mainly caused by
an increased activity of ROCK. This results in a decreased long-lasting dephosphory-
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lation of myosin heads predominant for the additional contraction of SMCs at high
body activity. In consequence, the reaction rates for phosphorylation (k; and kg) and
dephosphorylation (ky and ks) have to be defined depending on the stretch A of SMCs.
Since SMCs are long in shape and contractile units are oriented in this direction of the
cell, A is considered the stretch in longitudinal direction of the cells. With regard to
the following sections, the correct notation of A would be A to define the stretch in
the direction (f). However, since only one single fiber direction is considered in the
following equations, the index (f) is skipped to avoid overcomplicating the notation.

Phosphorylation For the phosphorylation of myosin heads, the reaction rates k;
and kg are not directly defined as functions of A, but include the cytosolic Ca®* con-
centration. Based on a suggestion in BLUMENTHAL AND STULL [21], ky and kg are
defined as
[Ca* P2
kijs =1 2112 5
[Ca?+]2 4 (Casp)

where [C'a®"] constitutes the intracellular Ca?* concentration, Cas is the half-activation
constant and 7 is a parameter which defines the highest achievable rate for the phos-

phorylation k; and kg. As described in Section 2.2.2, the inflow and release of Ca?* is

regulated by a complex system of channels in the cell membrane and the sarcoplasmic

reticulum which can be activated by stretch, but more importantly, by a change of
the membrane potential. To capture all components of the system, an electro-chemical
model such as an extended version of the Hodgkin-Huxley-type membrane model [77]

is necessary which also involves the ions of potassium, sodium, and chloride. For an ad-

equate description, the necessary system of evolution equations requires a dependency
on the membrane stretch of the cell and the activity levels of DAG and PKC as well as

a modeling of the concentration of [P3. While a reduced version of such a model might

be sufficient to include the adjustment of the Ca?* concentration in SMCs, the general
mechanism might be already captured by a time-dependent formulation for the Ca?*

concentration dependent on the cell stretch A. Accordingly, the equation for the Ca?*

concentration is defined as

(5.3)

[Ca*](A) = (A = Xo)?, (5.4)

where v, is a material parameter, the stretch of the SMC in longitudinal direction can be
calculated by A = (I17)1/2 and the Macaulay brackets are defined as () = T(e+]e]).

Note that the fourth invariant I if ) is based on the deformation in fiber direction a'f)
as described in Eq. (3.15). Based on the definition in Eq. (5.4), the rapid increase
of cytosolic Ca? concentration is described as instantaneous process when the SMC
is stretched. This can be considered sufficient for numerical simulations, since the
time frame for the increase of [C'a®*] is under 100 ms. For the considerably slower
release of Ca®", a virtual stretch variable ), is introduced which is changing over time.
In this regard, it is assumed that the Ca*" concentration inside the cell will balance
at a certain stretch of the SMC to a constant value after enough time. Reaching this
constant value of [C'a®"] can be considered the homeostatic state of Ca?* concentration
and, therefore, is the target value for [C'a®T]. This target value [Ca* |, ()) is defined
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as dependent on A by
/\2
2+ N =y
[CCL ]tar( ) 73 )\2 + ()\507(:)2 P

where 73 is a material parameter and Asg . constitutes the half-activation stretch. The
difference between the current Ca?* concentration and the target value can be expressed
as A[Ca*"] = [Ca®T]iar — [Ca®T]. As long as the current calcium concentration is not
equal to the target value, the virtual stretch variable ), is adjusted in the model. For
this purpose, an evolution equation for the time-dependent change of ). is formulated
as four-parameter sigmoid function by

(5.5)

241\ . C, max ¢, min
)\C(A[CCL ]) - )‘C,mln + 1 + e’yz(A[CaQﬂ*Tc) ) (56)
where j\c’min and )L\C,max constitute the change rate of . at A[Ca?"] = —oo and
A[Ca**] = oo, respectively, and 7, is a material parameter. The behavior for pa-

rameter changes of v, or 5\67 min and S\C, max 18 illustrated in Fig. 5.2. Furthermore, the
parameter 7. is set as

j\c min — j\c max
T.=1n ( — : — 1) (—y2)7 1, (5.7)

AC, min

as a consequence of which the change of A, equals zero as long as A[Ca?*] = 0. Based
on the described set of equations, the activity of MLCK is included in the model by
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Figure 5.2: Illustration of different sigmoid functions. (a) Impact of changes of the param-
eter v, on sigmoid functions where the function value at —oo is set to e, = —1 and the
function value at +00 to ep.x = 1; * corresponds to the indices 2, 4 and 6, see Eqgs. (5.6),
(5.8), (5.11). (b) Impact on sigmoid functions ,,;;, and ey,,x are changed where @1, and e,
constitute the change rate of e when the input value is —oco and +00, respectively; input value
corresponds to A[Ca®t], AX, and Aky s, see Egs. (5.6), (5.8), (5.11).



5 Numerical Modeling of the Contraction of Vascular SMCs 67

a dependency on the cytosolic Ca?t concentration which is stretch-dependent. This
mechanism is considered the initial contraction mechanism which protects the tissue
of the arterial wall from overstretching.

Dephosphorylation For the description of the change of dephosphorylation, a simi-
lar approach is applied. The intracellular reaction chain, which leads from a stimulated
GPCR with G153 protein to the increased activity of ROCK and phosphorylation of
CPI-17 to a decreased activity of the enzyme MLCP, is reduced to a system of equa-
tions which formulates a coupling of the stretch of the SMC to a time-dependent change
of the dephosphorylation of myosin heads. However, it is more crucial to capture the
time-dependency of this process in the model than of the process of phosphorylation.
The decrease of dephosphorylation is considerably slower after a stretch of the SMC
already. The subsequent recovery process to reach the homeostatic value for the de-
phosphorylation is even more delayed. In consequence, the time-dependent change of
the dephosphorylation is directly defined by an evolution equation as dependent on
the longitudinal cell stretch A. This includes the introduction of a virtual stretch vari-
able )\, with difference A\, = XA — ), to the current stretch A\. The corresponding
evolution equation is described by the four-parameter sigmoid function (see Fig. 5.2)
as . .

k2/5,max - k2/5, min

1+ 674(A5‘p_7'p)

/%2/5(A5\p, /{2/5) = /'{2/57mm (1 — 6741’62/5) + , (5.8)
in which the change rate of ky/5 at A;\p = —oo and ijp = 400 is defined by I%Q /5, min
and ks /5, max, Tespectively, and ~,4 is a material parameter. Since the dephosphorylation
of myosin heads inside of the SMC cannot be negative, the constraint e~“*2/s with the
penalty parameter (; is included in the evolution equation which ensures that ky/s5 is
always larger than zero. Furthermore, the change of the dephosphorylation is assumed
to be zero when ijp = 0. For this purpose, the parameter is set to be

kg /s, min — K
r —In 2/5,m'1n 2/5,max 1 — -1 59
p Y ’

k2/5,min

which can be obtained by rearrangement of the condition ks /5(A5\p =0) = 0. Assuming
that the rate of dephosphorylation ky/5 reaches a constant value after enough time at
a certain stretch of the SMC, the target value ko5 (o is introduced as

A
(i) 510

o+ A

with the half-activation stretch A5y , and the material parameter . A rapid stretch of
the SMC leads to a decrease of ky/5 with smaller value than the target value ko5 ar at
the current stretch A. For the adjustment of ky/5 to the target value ky/5 tar, the virtual
stretch variable 5\p is also defined as evolution equation dependent on the difference
between current value of ky 5 and the target value ko5 tar by Akoss = koss tar — koys.
Using the formulation of the four-parameter sigmoid function (see Fig. 5.2), the corre-
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sponding evolution equation is expressed as

N N 5\ ,max _5\ , min N —Co(AXn—ANn 1
Ap(Akas, Adp) = Ap,min + 1 :)— e%(Akz/z—Tk) = Ap,max € FEN TN i) (5.11)

where );\p7min and /L\p, max constitute the change rate of Xp at Aky)s = —oo and Aky)s =

00, respectively, and 75 is a material parameter. Since the condition /_\p(AkQ 5=0)=0
has to be satisfied, a reformulation of the Eq. (5.11) leads to the following expression
for the parameter 7 such that

T = ln ()\p,mi;n - )\p,max _ 1) (_,}/5)—1 ) (5‘12)

)\p, min

An additional point is addressed in Eq. (5.11) by the last term. The decrease of the de-
phosphorylation of myosin heads after a stretch of the SMC is long-lasting and recovers
very slowly. To include this into the model, the constraint term 5\p, max € $2(AAp=AXp, min)
with the penalty parameter (, ensures that the difference between the the cell stretch
A and the virtual stretch value A, cannot be larger than the value A\, yin. In conse-
quence, the increase of the reaction rates ky/5 is notably inhibited in the corresponding
evolution equation ko /5(A5\p, kas5). It has to be noted that this process cannot be val-
idated in the mechanical model since experimental data for the relaxation process of
the arterial wall is not available. The corresponding parameter A/_\p7 min 1S manually
adjusted. However, the system of equations enables a sufficient description of the time-
dependent change of the dephosphorylation of myosin heads after a stretch of SMCs
and a corresponding contraction of the artery which will be shown in the simulation in
Section 6.1 and following.

5.2.2 Chemical-Mechanical Coupling

For the modeling of the mechanical part of the active material response, the approach
by MURTADA ET AL. [122] is adopted as foundation. In their model, the stretch A(/) =
AP AP of SMCs is additively split in an elastic part AP which constitutes the
elongation of the SMCs based on the mechanical load of the arterial wall, and the
active part )\éf ) which describes the stretch of the cell based on the active contraction.
Since significant elastic strains may be reached, the additive split of the stretch can
result in negative values of the active stretch AP which is non-physical. Therefore,
a multiplicative decomposition of the stretch is assumed in this thesis which is more
appropriate for the application of finite strain theory and leads to
AW = AN

a (S} ?

(5.13)

where the index (f) denotes the longitudinal direction of the SMCs. This approach
coincides with the classical multiplicative splits of the deformation gradient which is
applied for materials with plasticity in LEE [109]. For the modeling of the contraction
of the SMC, the execution of power stroke from phosphorylated myosin heads inside of
the contractile units (which leads to the shortening of the cell) has to be described by

a mechanical quantity. This is achieved by introducing the driving stress PY which
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characterizes the potential of the power strokes to contract (shorten) the SMCs of the
tissue of the arterial wall. The actual mechanical stress, which is stored inside of the
cells of the tissue, is expressed by PY. As long as the driving stress P s larger than

(f)

the mechanical stress P,”’, the SMCs contract further over time. Contrarily, the cells

relax while the active stress Péf ) is greater than the driving stress Pc(f ) which means
that the power strokes of the myosin heads cannot hold the current contractile state
of the tissue. In correspondence to the relationship between Pc(f ) and Pa(f ), the active
stretch AY) has to be changed over time which is considered the shortening velocity.
This shortening velocity can be described by using Hill’s equation for tetanized muscle
contraction in KATz [98] which can be better understood in the execution of quick-
release experiments in which the shortening velocity of the tissue is investigated for

different afterloads. The equation can be expressed as
(F+a)(v+0b) = (Fo+ a)b, (5.14)

where F' constitutes the isotonic afterload, Fj is the isometric force at which the quick-
release is performed, v is the muscle shortening, and a and b are fitting parameters
for the process. To include the equation in the model, F' can be considered the actual
stress in the tissue P/ ), Fy corresponds to the driving stress pY ), and the shortening
velocity v is expressed by the time-derivative AP Including a rearrangement of the
equation, the evolution equation for the active stretch )\;f ) in direction (f) of the tissue

is obtained as
P _ pi)

Py + B

where the material parameters are described with §; and (5. As described in Sec-
tion 3.3.5 for the second law of thermodynamics, the second Piola-Kirchhoff stresses S
of the material can be received from the constitutive equation by building S = 20V /0C
which is the derivative of the strain-energy density function with respect to the right
Cauchy-Green tensor C This procedure can be executed similarly for the 1D first
Piola-Kirchhoff stress P/ by the derivative P = owl/ / OAY). In this context, the

material behavior of the SMCs is described by the strain-energy density function \Ilgf )

which is defined as Jia
W) = 1 (00 +n)) (A0 = 1)? (5.16)

A = g, (5.15)

with the material parameter p,, the elastic stretch of the SMCs A , and the propor-
tions of myosin heads in state C and D as ng and nD . Here, all myosin heads which
are attatched to the actin filaments are 1ncluded based on their contribution to the
stability of the cells. For the derivative rY = oul / oAU, the elastic part of the
stretch AY) in Eq. (5.16) has to be substituted with AP = )\(f)/)\(f) In consequence,

the active stress Péf ) is obtained as

_ Ha nt) (f)
R~ 2 o i) 00 o)

The driving stress of the SMCs pY depends only on the myosin heads which are able

to perform power strokes. Therefore, only the proportion ng ) is included into the
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equation which leads to
PP = knl (5.18)

C

where x constitutes the highest achievable driving stress. Based on the dependency of
the active and driving stress Pc(f ) and Péf ) on the chemical state of the myosin head,
chemical-mechanical coupling is included.

5.2.3 Inclusion of the Passive Response and Formulation of the
Total Strain-Energy Density Function

In the previous sections, the active material model was described in consideration of one
fiber direction (f). To obtain the general description of the three-dimensional material
behavior of the arterial wall, the passive material behavior is included and the number
of fiber directions for SMCs as well as collagen is considered. For hyperelastic, passive
material response, the polyconvex model by BALZANI ET AL. [8] is adopted. Based on
the three-element Hill muscle model from FuNG [57] which is adopted in MURTADA
ET AL. [122] and also included here, the elastic and active material components are
understood to act parallelly. In this regard, the coupling between ECM and SMCs
is assumed weak. In consequence, an additive split of both material components can
be applied to the total strain-energy density function W. The location of the artery
and their type influences the specific fiber orientation significantly. Furthermore, the
orientation of embedded fibers in soft biological tissues is generally dispersed and,
therefore, can be arbitrarily complex. In consequence, a suitable simplification of the
fiber direction has to be considered in the mechanical model. In various publications,
the fiber direction of SMCs is considered uniquely circumferential which can be an
appropriate approximation in small arteries such as resistance arteries, but is less re-
liable for the description of larger muscular as well as elastic arteries. With regard to
collagen fibers, the assumption of two fiber directions in a material point resulted in
a successful replication of data from mechanical experiments with numerical simula-
tions. In this regard, two fiber directions for collagen as well as SMCs are considered in
the proposed material model which follows similar approaches as can be found in the
literature, see [72]. It is assumed that the two fiber families have a weak interaction,
which allows a further additive decomposition of the formulation of the strain-energy
density function W. Accordingly, the mechanical behavior of the tissue is defined by a
strain-energy density function W(C, M) which can be decomposed as

2 2
U=+ 3 UL+ 00, (5.19)
f=1 f=1

()
p,ti
the material behavior of collagen fibers in the direction (f) and yf) represents the
active material behavior of SMCs oriented in the direction (f). The isotropic energy
part W, it constitutes the material behavior of elastin as matrix material which is
described in a neo-Hookean formulation that excludes the dependency on I,. The
resulting equation is expressed as

where W, v describes the isotropic part of the passive material, W constitutes

\I[p,isot = <Il~[3_1/3 — 3) + a2 (I?B + ]37(13 - 2) y (520)
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in which the material parameters are restricted to oy > 0, a > 0 and a3 > 1. The
invariants Iy, I3, and K3 for the anisotropic component are defined in Section 3.1
(see Egs. (3.14), (3.16)). This part of the strain-energy density function includes the
penalty function as(I5® + I3 ** —2) which punishes deviations from the incompressible
state in which I3 = 1. Biological tissue has been considered incompressible for decades
and material models are adjusted in various ways to realize this material behavior.
However, experimental studies showed that the tissue of the arterial wall is up to 6%
compressible, see [197] and [198]. Accordingly, it is sufficient to express the tissue as
nearly incompressible as applied here. The material behavior of the collagen fibers is
described by

v = a, <K§f> - 2> ", (5.21)

where the material parameters are assumed to be oy > 0 and a; > 2 and the Macaulay
brackets are defined as (o) = 1 (e+ |e|). Based on the application of the invari-
ant K3, this definition of the anisotropic material part fulfills the polyconvexity condi-
tion [155].

5.3 Numerical Implementation

The proposed model for the mechanical description of the arterial wall was imple-
mented into FEAP using a multilevel Newton scheme. In the this section, the applied
methods to compute solutions for the evolution equations of the model as well as the
tangent modulus are explained. Furthermore, the algorithm for the calculation of sec-
ond Piola-Kirchhoff stresses and the tangent modulus at a material point is described.

A common approach to solve evolution equations relies on using the Euler integra-
tion scheme. A usual evolution equation can be expressed as y = f(y(t)). With regard
to the Euler integration scheme, a direct integration of the evolution equation over

time is performed such that
to+h to+h
[ = [ e, (522

to to

where h is a perturbation from the point in time ¢y. In consideration of the time steps
which are applied in the finite element method to enable the convergence of the Newton-
Raphson method, the boundaries of the integral in Eq. (5.22) can be exchanged with
the times t¢,, and ¢, 1. Here, t,, constitutes the last point in time for which the solution
of the FE problem is already known and, therefore, also the solution for the variable y,
at the observed material point. The current time is described by t,.1, at which the
new solution y,+1 has to be found. In consequence, the integrals of Eq. (5.22) can be

rewritten to
tnt1 tn+1
/ jdt = / Fly())dt . (5.23)
tn tn

Furthermore, a linear approximation is considered which leads to

Yn+1 — Yn = fAt, (524)
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where At =t,.1 — t, is the size of the time step. In this form, the function f(y(t)) is
substituted by the term f which expresses an approximation of f (y(t)) at a certain time
point ¢. The quantity y in function f(y(¢)) can be replaced by different approaches. The
most common versions are the substitution by either y,, or y,,1, which constitute the
forward (explicit) and the backward (implicit) Euler integration scheme, respectively.
A comparison of the forward and backward Euler method is illustrated in Fig. 5.3.
Generally, the application of the forward Euler method is straightforward, since the
value g, at the last time step is already known and, therefore, fn = f(yn) can be
calculated directly to solve the problem. However, the explicit Euler method can
lead to stability issues for the numerical solution of the FE problem. Especially in
this material model, where several evolution equations are coupled, the application of
the explicit Euler method can result in oscillations for the quantities of the chemical
model part. Furthermore, the limits, which are set for ky/5 and A, in the evolution
equations (5.8) and (5.11), can be overstepped when the value of the derivative of the
last time step is assumed. Therefore, the evolution equations of the material model are
solved by the backward Euler integration scheme, which can be rearranged to

0= Yn+1 — Yn — fn-‘rl At = g(yn-i-l) ) (525)

where an constitutes the approximation of f(y,y1) at the current time ¢,.;. Equa-
tion (5.25) lays the foundation to further describe the solution of the evolution equa-
tions of the material model. The solution is presented in order of the implementation.
An illustration for the solution algorithm is shown in Fig. 5.4 at the end of this chapter.

Yn+1

?]n+ 1
Yn

(a) tn thrl t (b) tn thrl t

Figure 5.3: Comparison of (a) forward and (b) backward Euler method for the approxi-
mation g,y1 of the variable y,4+1 at t,41. Slope of the function decreases over time. For
the forward Euler method, the time-derivative at the last time step is assumed for the lin-
earization. Consequently, the slope is overestimated with forward Euler which results in an
overvalued approximation ¢,41. On the contrary, the time-derivative at the current time is
assumed for the linearization in the backward Euler method which underestimates the slope
and leads to an undervalued approximation ¢,41.
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Numerical Solution for the Phosphorylation The equations, which describe the
phosphorylation of the myosin heads, depend on the stretch in longitudinal direction
of the cells )\;]21. The value )\2’21 can be calculated at the material point from the
intermediate solution of the Newton iteration of the global finite element problem.
Therefore, the target value [C’a”]gg,n 41 for the calcium concentration can be obtained
directly. Subsequently, the evolution equation for the virtual stretch Xifz 41 has to
be solved by the backward Fuler integration scheme. For this purpose, the Newton-

Raphson method is applied. In correspondence to Eq. (5.25), the function ¢, (Xﬁfi 1)
can be formulated as

~(f) ~ () ~(f) 3 j‘C max j\c min
)‘cn ):)\C” _Acn_ Amin—" y : — At =0.
g1 ( ,n+1 ,n+1 , [ c, 4 372 ([Ca2+]gf;),n+1—’Yl<>\£ﬁ1—>\gl+1>2—%>
(5.26)
In the Newton-Raphson method, this problem is solved iteratively by formulating a

linearization of the function gl()\g}1 +1) at a value for X‘(szl 41 which is close to the solution.
A new intermediate solution can then be found where this linearization is equal zero.
In this context, the linearization can be expressed as

5N r () ~ (N 5~
0= (A1 (/\c, n+1,i) + 91 (>‘c, n+1,i> [/\c, n+1l,i+1 /\c, n+1,ii| ) (527)

where the index ¢ corresponds to values for the solution of the last iterative step

3 ()

and 7 4 1 is the notation for the solution of the current step. Furthermore, gll Aent1) =

0g1/ ('ﬁg,)l expresses the derivative of the function g; <)\£f7)l +1> with respect to Xifi 41

which can be represented as
r(~()
g1 <)‘c,n+1> =

~(f
1+ 271</\7(7Q1 - /\i, 1)1+1

c,max )\c, min

(; 5 )ew([cw]ﬁ;‘?,n“v1<A£321Aifi+1>27c)
) At .

< 2
|:1 672([Ca2+]gr)7n+171<)\££21)\g31+1>27_c>:|
(5.28)

Accordingly, the solution at the current iteration of the Newton-Raphson method can
be obtained by

o (X( ) )

~ () ~ () ¢, n+l,1

)\c,n+1,i+1 = )\c,nJrl,i T =\ (529)
1 (Ac,n—i-l,i)

As a suitable assumption, the initial value Xifi +1,0 18 set to the known solution of the

last time step Xif; The application of the Newton-Raphson method is stopped as soon

as the absolute value of the difference Xile Y1t ngzl +1,; is smaller than a predefined

tolerance value. Subsequently, the updated value for the reaction rates k6,41 can be
calculated.
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Numerical Solution for the Dephosphorylation For the solution of the system
of equations which describe the dephosphorylation process of the myosin heads, the

application of the backward Euler integration scheme is crucial. The first step consti-

(f)

tutes the calculation of the target value of the reaction rates k, 75, tar, nt1

depends on the known value of the stretch /\fﬁl in fiber direction. In the next step,

the evolution equations (5.8) and (5.11) have to be solved to obtain the new values for

the virtual stretch 5\1()]214_ éj/té,nﬂ‘

for the backwards Euler method (see Eq. (5.25)) can be expressed as

which only

; and the reaction rates k The corresponding equations

3 () (f) _1.(N )]
92 <)‘p,n+1 ) k2/5,n+1) - k2/5,n+1 - k2/5,n

- k o1 — e_Clké%,nﬂ + k2/5,max - k?2/5,min
2/5, min NN
1+ 674 n+1" p,n+17 TP

(f) Y (f) _ Y& Y
93 <k2/5,n+1 ) /\p, n+1> - )‘p,n+1 B )‘1(3{21

At, and

_ - . - _@(Ag) _S\(f)n —AXp, min) )\p,max - )\p,min
)‘p,mln—")‘mmaxe e ’ + (k(f) k) - ) A
1+ 675 2/5, tar, n+1_ "2/5 nt1 " Tk
(5.30)

which both depend on the unknown values 5\1% nt1 and k5,41 at the current time
step. Consequently, they are treated as system of equations for the application of the
Newton-Raphson method which leads to

() (f) (1.5 « (Y ()
_ | Apntio B nii 92 \Kajs,nri) 92 (Apnsi [kéj;;,nﬂ,iﬂ - kéj/?)nﬂz]
N ) ) " (1. « (Y () ) N ()
93 \ K35 ne1,i0 Ap i 93 (Fays,ns1,i) 93 \Aponiri Ap i1 ™ Ap gt
(5.31)

éj/c% il i denotes the derivative of the function e
(f)

and the superscript * = 0 o /85\10’ il

where the superscript o = 0 e /Ok

f)
2/5,n+1,i

the function e with respect to Xg 21 +1,;- Building these four derivatives results in the
following equations

with respect to k is the derivative of

; / _ ()
gQ <ké]/c<)57n+1,i> =1 k2/5,min Cl e C1k2/5,n+1 At7
N () <k2/5’max B k2/5,min) V4 e </\£Ql_;‘i>{>n+1_7'p)
g; (Ap,nﬂ,i) =

At ,
RORE R b
1 —|—€M< n+1 " p, n+l Tp)

(f) (f) ) <5'32)

<5‘p max 5\p min) vs e <k2/5’mrv"+1_k2/57"+1_n‘

2
€D (f)
|:1 + 675 <k2/5, tar, n+17k2/5, n+1Tk>:|

! f
93 <ké/%,n+l,i> = At, and

)\ 3 " 5 _
g; <)\}(3‘T2l+1,1> - 1 - )\p7 max CQ 6_42()\n+1_>\P, n+1_A>‘p,mln) At '

and S\;f ) +1,i+1 0 the Newton-Raphson itera-

An intermediate solution for k%) n

2/5,n+1,i+1
tion can be obtained by reformulating the system of equations in (5.31) which requires
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the formulation of the invariant of the matrix of derivatives such that

-1

N AC)) x () 3 () ()
[kégéinﬂ’iﬂl B [ké?’)jn-&-l,i] N kyjsniri) 92 (Apnsni 92 \Aon1is K5 mini
I\ A ! f « (Y (f f N
)\p,n+1,i+1 /\p,n+1,i 93 ké/;nH?i 93 /\I(),Zzﬂ,i g3 ké/é,muv )‘é,)nJrl,i
(5.33)
The iteration is stopped as soon as the absolute value of the improved values ké];% Al il
and 5\;{ )n 41,441 In comparison to the previous iterative step is smaller than a predefined

L)

5/5,n41,0 and 5\1()]21“’0 are set to their solution at the last

tolerance. The initial values
time step n.

Numerical Solution for the Kinetic Model of the Myosin Heads Since the
reaction rates ki%n 41 and kg/c%n 1 are obtained, the values of the proportions of the
myosin heads in their corresponding state can be calculated. Applying the backward
Euler integration scheme to the kinetic model (5.1), which describes the transformation
of the myosin heads between four different states by four ordinary differential equations,

the following system of equations is obtained

n:(i)n-&-l ng,)n _kgr)w-l ké{?z—i—l 0 k7 nt(ﬁf,)n—kl
”1(3{)n+1 . ”1(3f)n _ ’fﬁ)«bﬂ —kgiﬂ — ks k4 0 ng)nﬂ At
”(Cf,)nﬂ ”(Cf)n a 0 ks —ky — ké{cr)wl kgfm ”g,)nﬂ 7
n](Df,)n-i-l n](Df,)n 0 0 k5{£7)l+1 —kgng1 — k7 ”J(Jf,)nﬂ
IR NG = —nf),

(5.34)
(f)

in which the notation for the vectors n,/; and nY) as well as for the matrix with
reaction rates K is introduced. This system of equations can be rearranged to receive
the values ng)n 1 n](3f )n 1 n(cf )n 41 and ng )n ., at the current time ¢,,; which can be
expressed as

) =n[1-KAH . (5.35)

Here, 1 constitutes a 4 x 4 diagonal matrix with ones as components in the diago-
nal and [o]_l represents the inverse of the resulting 4 x 4 matrix. Consequently, the
backward Euler method can be solved without iterative solution scheme.

Numerical Solution of the Active Stretch The calculation of the active stretch

)\gf 2L 41 remains as a last step, before the second Piola-Kirchhoff stresses S and the tan-

gent modulus C can be computed for the current time step ¢,.,. Based on the known

)

ni1s the value for the driving stress PC(,Q 41 can be obtained directly and

value of ng

inserted into the evolution equation )ng ) from Eq. (5.15). Since the active stress Paff )
depends on the active stretch )\gf ), a replacement of the quantity P;’z "
lution equation for )\éf ) is required by considering Eq. (5.17). This equation contains
the elastic stretch which can be described as /\gzlJrl = /\1(521 A;QLH (see Eq. (5.13)).

According to Eq. (5.25), this leads to the following equation when the backwards Euler

, in the evo-
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method is applied
g4 (Aa’,?m) = /\a{?z—i—l - Aé%
~1
5 Ha ()‘g{1)1+1> ( g)n+1 + nl(Df,)nH) (Aﬂl/)\ﬂﬂ - 1) - PC(,QH
— b1

- At .
Ha <)\§:7f21,+1> <ng,)n+1 + nl()f,)nﬂ) <)\$L{21/A£(1{‘1)1+1 - 1) + B2

(5.36)

As for the other evolution equations, the Newton-Raphson method is used to receive
the numerical solution. Following the description for the numerical calculation of )\C ntl
(see Eq. (5.27) and (5.29)), the current value of the active stretch )\37 741 can be obtained
by iteratively solving
( N )
a,n+1,%
() —\

Ao, i41 = Aa, 7)1+1,z‘ - W - (5.37)

9y a,n+1,1

For the expression of the derivative g, = 0g4/ 8)\;{ 21 +1, the numerator of the fraction
in g4 is defined as u and the denominator is defined as v. The terms u and v as well as
their derivatives @ = J e / (9/\a ne1 can be formulated as

f) (f) ML 1 f)
U = g (nC,n+1 + nD,n+1> < n 2 )\(f) - P7n+1 )
)\a n+1) a,n+1
NG )
V= flg (”g,)ml + ng)n+1> ntl + By, and (5.38)

. . . !
The corresponding derivative g, can be expressed as

/ uv—uv
g =1-75 — At . (5.39)
One issue in this application of the Newton-Raphson method constitutes the equilib-
rium between the active stretch Agf ), the elastic stretch Aﬁf ) and the total stretch A,

Since the total stretch )\n 1 at the current time ¢, is already known, the equilib-
rium as defined in Eq. (5.13) is not fulfilled anymore as /\n {1 F /\a nAéf n- Accordingly,
either )\gf 21 or Aéf 7)1 has to be adjusted to satisfy the equilibrium before the evolution

equation AY) can be solved to obtain the new value for the current active stretch )\éf 21 1

In this regard, changes from AP to )\gﬁl are considered to be based on changes of the

boundary conditions (displacements; load scenario) or mechanical properties of the
model during the time step At. This results for the passive material part in adjust-
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ments of the stresses. Consequently, the active material part should react equally.
Since the active stress Pa(f ) depends on the elastic stretch )\gf ), which describes the
elongation of the SMCs, and not on the active stretch A ), the adjustment of the

stretches is accomplished by defining an intermediate value for the elastic stretch by

(f)

>~

(f)x — Zntl
)\e,n = /\éf%' (5.40)

By applying this approach, the value )\éf ) from the last time step t, can be set as
first assumption for iterative step ¢ = 0 of the Newton—Raphson method. The iterative
procedure is stopped as soon as the change of )\a n+1,i41 o the previous iteration is
smaller than a tolerance value. Subsequently, the current value of the elastic stretch

can be calculated by )\S?LH = Ale/AQ{LH.

Calculation of the second Piola-Kirchhoff stresses The second Piola-Kirchhoff
stress tensor S is calculated based on the derivative of the strain-energy density func-
tion U with respect to the right Cauchy-Green tensor C' (see Eq. (3.63)). For this
purpose, the chain rule is applied in which the derivative of ¥ with respect to their
invariants is multiplied with the derivatives of the corresponding invariant with respect
to C. Consequently, the second Piola-Kirchhoff stresses S can be expressed as

a\Ilp, isot % 8\I/p, isot %
oI, oC 0I; 0C

+22: (awff{l a1, a\pp Lo oul) o ) 2 oo azi”]

oL, oC azi” oc " 9rth oC — 1) OC

S=2

(5.41)

The corresponding derivatives of the invariants with respect to the right Cauchy-Green
tensor C' can be formulated as

on, o, oy
o =1 =LC™,

a[(f)
90 =MD and 4

ol _ ) )
3G : 5o =CMYrMYC.
(5.42)

Furthermore, the derivatives of the strain-energy density function W with respect to
the invariants are obtained for the passive isotropic part as

ov ,isot —-1/3 ov ,isot —4/3 ag— —a3—
3;[1:@1[3 2, GL[?,:_?A[ Pt on (sl —asl7) L (5.43)

Furthermore, the derivative of U with respect to the principal invariants can be

p, ti
expressed as

8\11 as—1
MWl _, s (KD —2)" (5.44)
oI,

and the derivative with respect to the mixed invariants is
a\p(f ).

as—1 . as—1
p.ti _ agasly <K§f) . 2> ° 7 p.ti — O <K§f) N 2> > . (5‘45)
o1
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The active part of the strain-energy density function \Ifgf ) depends only on the mixed
invariant [ if ). The corresponding derivative can be formulated as

owlh) . A
o= (J’;; (ngﬂ +n§3f)> (— - 1) . (5.46)
a1 AP A A

Note that this derivative was performed based on A) = /I if ),

Calculation of the Tangent Modulus The calculation of the tangent modu-
lus C = 2dS/dC can be obtained by building the derivative of the second Piola-
Kirchhoff stress S with respect to the right Cauchy-Green tensor C'. For the proposed
material model, the formulation of the analytic tangent modulus is not straightfor-
ward since all evolution equations which depend on the right Cauchy-Green tensor C
via invariants or stretch A) have to be considered. Therefore, the tangent modulus
is calculated numerically. One approach for the numerical formulation would be the
approximation of the derivative by the finite difference scheme which can be expressed
for the function f(x) as

f o)~ L0 h; f(@). (5.47)
where h constitutes a perturbation from the point x. This approximation improves
mathematically the closer h is to zero. However, in the computational implementation,
the rounding error in the term x + h increases the smaller h is. Therefore, the complex-
step derivative approximation (CSDA) is applied here which was published by TANAKA
ET AL. [172]. In this approach, the perturbation is accomplished along an imaginary
axis such that the approximation of the derivative f'(x) can be reformulated as

oy Sf(e+ k)

f(z) ~ : , (5.48)

wherein i constitutes the imaginary unit and, therefore, i = —1, and the operator 3fe]
results in the value of the imaginary part of the term e. For the tangent modulus of
the material model, this approach leads to the approximation

& |:S[J (C+ ihC(K)(L)):|
Criuyw) =2 . . (5.49)

Based on the right subsymmetry Cjjxyr) = Cryryx), six perturbations steps are
sufficient to approximate six coefficients of the tangent modulus C per perturbation.

*
Correspondingly, the term C'xy(r) can be expressed by Kronecker’s deltas dr; in Voigt
notation such that

Cioyny = [Broduny dem)dany Saodawy 0.501m)021) 0.5030)031) 0.5810)0r)] " -
(5.50)

As already mentioned in the beginning of this Section, the solution algorithm for the
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numerical implementation is illustrated in Fig. 5.4.

Input : F
Compute C, [, I3 Eq.(3.11), (3.14)
loop over all fiber directions (f)
Compute Lif), Iéf), Kéf), A = \/@ Eq.(3.15),(3.16)
Calcium-dependent contraction mechanism
Update [Ca2+]g?7 il Eq.(5.5)
Compute XEQH using backward Euler Eq.(5.6),(5.4)
Update k§J/cé,n+1 Eq. (5.3)
Calcium-independent contraction mechanism
Update kgl . Eq. (5.10)

Compute ké% npq and S\g Zl 41 simultaneously using backward Euler

Eq.(5.8),(5.11)

Chemical model of Hai and Murphy
()

Compute n,; using backward Euler Eq.(5.1)
Mechanical model

Update )" =AY /aY), Eq. (5.40)

Compute \) | using backward Euler Eq.(5.15),(5.17), (5.18)

| Update Ag}lﬂ = )\fﬁl//\gzm Eq.(5.13)

Compute stresses S = 20V /0C Eq. (5.41)

Compute tangent modulus C using CSDA Eq. (5.49)

Figure 5.4: Algorithm to calculate the second Piola-Kirchhoff stresses and the tangent
modulus at a material point from the proposed material model. All quantities have to be
computed for all fiber directions, separately.
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6 Numerical Simulation with Active Mate-
rial Response

In this chapter, the execution of numerical simulations with the proposed material
model for the active contraction of SMCs in arterial walls is presented and the results
are discussed and analyzed. The analysis and simulation results have been previously
published in UHLMANN AND BALZANI [177]. For the validation of the proposed model,
the results from the mechanical experiment of JOHNSON ET AL. [94] are replicated
with simulations in which all three scenarios of the experiment are considered (see
Section 2.2.4). In these simulations, an axial segment of the artery is described as
hollow cylinder with suitable geometry. For the inclusion of residual stresses, the
mechanical model is not combined with a growth model in this chapter. Instead,
the opening angle method is applied which constitutes a straightforward approach to
considered circumferential residual stresses [34]. To investigate the mechanical model
with validated material parameters, additional simulations are performed in which
intravascular pressure waves are applied to an arterial ring. These pressure waves
constitute an approach to create a load scenario which is more comparable with the
in vivo pulse pressure created by the difference between systolic and diastolic blood
pressure. The identical protocol is used in two additional simulations with arterial
rings in which the material model is modified to exclude either the activity adjustment
of MLCP or even the entire stretch-dependency to the contraction mechanism. The
comparison of these three simulation results will demonstrate that the proposed model
is advantageous to describe the behavior of muscular arteries which are able to decrease
their diameter after an increase of the intravascular pressure.

6.1 Model Parameters: Adjustment and Validation

In the experiments by JOHNSON ET AL. [94], the contraction of a segment of a middle
cerebral artery of a rat was investigated. Middle cerebral arteries constitute medium
sized muscular arteries. A sequence of intravascular pressure with increasing pressure
values was applied to the arterial segment. During this sequence, the adjustment
of the outer diameter was measured over time. The corresponding pressure protocol
is illustrated in Fig 6.1c. As described in Section 2.2.4, this sequence of intravascular
pressure was repeated three times, in which the surrounding Krebs solution was altered
to obtain three different mechanical responses:

1. Fully active response,
2. Suppressed contraction by blocking the stretch-dependent inhibition of MLCP,
3. Passive material response.

All three data sets of these experimental scenarios are considered for the validation of
the proposed material model. From the three presented results in Section 2.2.4, the
data from Fig. 2.6b is taken into account for the validation of the material model. To
enable a suitable comparison of the numerical simulations with the experimental data,
the experimental setup was replicated in a boundary value problem in FEAP. During



82 6.1 Model Parameters: Adjustment and Validation

= 120
%D 100 -
g 80 —
a® a)  E 60
(]
5 40
£ 20
a
0+ T T T T T \
0 3 6 9 12 15 18
(b) (C) Time in 100s

Figure 6.1: Visualization of the mesh with (a) the opening angle to apply residual stresses,
(b) the fiber angles in the plane of longitudinal and circumferential direction, and (c) a
diagram of the pressure profile, which was used in experimental data and applied for the
parameter adjustment of the proposed model. The red square in (a) marks the node which
is used in Fig. 6.4 to plot the evolution of mechanical and chemical quantities over time.
Mlustration is adopted from UHLMANN AND BALZANI [177].

the experiments, the cerebral artery is fixated on the cannulas of the arteriograph with
nylon threads which prevents the artery from movement in axial direction. Further-
more, no axial prestretch is applied before the fixation of the artery. In consequence,
Dirichlet boundaries at the axial ends of the artery are applied in which the axial dis-
placements are set to zero during the numerical simulations. Moreover, the mesh for
the arterial ring includes only one element in longitudinal direction to minimize compu-
tation time. With four elements in radial direction and 72 elements in circumferential
direction, the mesh consists of 288 quadratic, 20-node brick elements in total. The
geometry of the unloaded artery is not described in JOHNSON ET AL. [94]. According
to measurements in [58], the ratio between wall thickness and inner radius is 0.21 for
middle cerebral arteries of mice which is assumed for the creation of the geometry of
the same artery type of rats here. Since residual stresses are applied in simulations of
this chapter by the opening angle method [34], the radius of the stress-free geometry
is still decreasing during the closure of the arterial ring (see Fig. 6.1a). Therefore, the
inner and outer radius of the unloaded and stress-free state of the arterial ring was
set to 92 and 112 pm, respectively. For the modeling of the fiber direction, two fiber
families are defined in the material model which are oriented in between circumferen-
tial and longitudinal direction of the arterial wall (see Fig. 6.1b). The orientation of
SMCs is considered equal to the orientation of collagen in the numerical simulations.
This assumption bases on a deficiency of data for the actual orientation of SMCs. A
frequently used alternative approach for numerical simulations with SMCs constitutes
their orientation in circumferential direction which can be regarded as less realistic.
Measurements of the fiber directions in larger human arteries by SCHRIEFL ET AL.
[153] showed that the orientation of collagen is considerably closer to the circumfer-
ential direction at the inner side of the wall than at the outer side. In consequence,
the fiber direction is dependent on the radial position inside of the wall here. The
corresponding angle between fiber and circumferential direction begins with 10° at the
inner side and increases linearly to 40° at the outer side of the arterial wall.
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6.1.1 Optimization of the Model Parameters

For the fitting of the parameters of the mechanical model to the experimental data,
an optimization was implemented into Python which is based on the library mystic.
The used optimization tool in mystic constitutes a mixture of evolution strategy and
gradient methods. For every newly generated set of parameters from mystic, the Python
script calls FEAP as a subprocess to solve the described boundary value problem with
the corresponding parameter set. Based on the parallelization of mystic, 40 children
parameter sets can be analyzed simultaneously. For the validation of the parameter
set, the following objective function is formulated

Ndata dex —dsim 2
2= Z (M) 7 (6.1)

1 dexp, k

where deyp, 1 constitutes the measured, outer diameter from the experimental data at
the time t;, and dgm, 1 is the outer diameter from the simulation at the same time ;.
The optimal parameter set is found by a minimization of the objective function. To
save computational time, the optimization is executed in two sequential steps.

Parameters of the Passive Material Response Since the experiments provide
information about the passive material response as separated data set, the material
parameters for the passive model part can be fitted first. Here, the opening angle ¢
of the arterial ring is included which leads to six parameters in the first optimization
step. The fitted values for the passive material response are listed in Table 1.

Table 1: Optimized passive parameters and opening angle

Parameter o 9 o3 oy Qs 10)

Value 11.52507kPa 151.73775kPa 2.75662 1.27631kPa 3.08798 38.923°

Parameters of the Active Material Response In the second step of the opti-
mization, the first and second experimental scenario were replicated sequentially in the
numerical simulation. Accordingly, the active material response is fitted to the data
which include the full activity and the suppressed contraction. For the selected data
set, the contraction in the second experimental scenario is decreased by adding 1 yum of
the ROCK inhibitor Y27632 into the Krebs solution around the arterial segment. The
corresponding inhibition of ROCK leads to a significant reduction of the phosphoryla-
tion of the enzyme MLCP and, therewith, an increased dephosphorylation of myosin
heads (see Section 2.2.3). This process can be formulated by the modification of the re-
action rates ko 5 which express the rate of dephosphorylation. Here, it is assumed that
the amount of ROCK inhibitor Y27632 is sufficient to disable the phosphorylation of
the enzyme MLCP and, therefore, results in a constant value for the reaction rates k5.
In consequence, the evolution equations (5.8) and (5.11) are not solved for the second
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scenario of the experiment, but an additional parameter ks/sconst is optimized. To
enable adequate numerical simulations, reliable starting values for the time-dependent
variable of the proposed model have to be chosen which are labeled as eg,,;. Since the
proportions na start,; 7B, start, C, start @0d 1p stary Of the myosin heads in their chemical
states cannot be predicted for the initial contractile state of the arterial wall prior the
beginning of the mechanical experiment, the value na gar = 1 is assumed for the start
of the simulation. Following Eq. (5.2), the values for the remaining three proportions
have to be zero. Accordingly, the material is not able to produce an active contraction
in the beginning since nc sy = 0. The initial contractile state of the arterial wall
is reproduced by applying an intravascular pressure of 10 mmHg over a time of 600 s
before the pressure profile starts. The remaining starting values and the chosen ma-
terial parameters for the proposed model are listed in Table 2. Note that experience
gathered from previous optimizations was taken into account to preselect these param-
eters. Furthermore, data from other publications were considered. In this context, the
mechanical parameter S = 26.68 kPa was adopted from MURTADA ET AL. [123]. All
other mechanical parameters were part of the optimization. The constant reaction rate
for ky/5 in scenario 2 was optimized to be kg/5 const = 0.892345s~ . The other values of
the parameter optimization are shown in Table 3.

Table 2: Chemical material parameters, manually adjusted/set prior to optimization

kS k4 k? C(l50 V2 V3 )\50, c /_\c, start )\a, start
0.134s~'  0.00166s~' 0.000066s~* 0.4puM  50pM~t  0.9uM 1.2 1.0 1.0

V4 Cl Vs CQ Aj\p, min Ve )\50, P S\p, start )\e, start

200 100s 50s 1000 —0.00001 1.5s7% 1.0 1.0 1.0

Table 3: Active mechanical and chemical parameters, optimized

n 71 S\C,max Xc,min k2/5,max k2/5,min
0.1624s~! 0.5131uM 0.0443s7!  —0.0443s~! 0.0009735s72 —0.0010694s2
j\p, max j\p, min Ha, K ﬁl k2/5, start

0.0000699s~!  —0.0002323s™! 11.857kPa  148.262kPa  0.001006s~* 1.82758s7!

6.1.2 Comparison of Simulation Results and Experimental Data

The data points of the experiments were manually extracted from the diagram of the
original paper (see Fig. 2.6b). The marks and graphs in blue, green and red of Fig. 6.2
represent the data of the experiment and the simulation results which applied the opti-
mized parameters. As can be seen, the proposed material model for the active response
enables an accurate representation of the experimental data. Nonetheless, it has to be
noted that the calculation of the Ca?t concentration was not modified between the
first (red) and second (green) scenario of the numerical simulations. According mea-
surements of cytosolic Ca*" concentration are not presented in JOHNSON ET AL. [94].
However, in the paper by JACKSON AND BOERMAN [90], it is shown that Y27632 has
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Figure 6.2: Comparison of model response with experimental data from [94] for three dif-
ferent setups: passive response, active response under influence of 1 pm Rho kinase inhibitor
Y27632 and fully active response. The Rho kinase inhibitor Y27632 is assumed to block the
calcium-independent contraction mechanism (ky/5 is const.). The results of the model nearly
reproduce the experimental data. An adjusted variation of the parameter optimization is
illustrated in orange. In this case, the parameter optimization incorporates a decrease of cal-
cium concentration and calcium flow rate while Y27632 influences the artery. The results are
almost identical to the original computation. Illustration and data is adopted from UHLMANN
AND BALZANI [177].

an impact on the Ca?" inflow which results in a decreased concentration and a decel-
erated inflow rate. In order to investigate if the proposed material model is able to
represent the experiment even when the calcium concentration is changed by the agent
in the second scenario, an additional parameter optimization was performed. Based
on the diagram in Fig. 7 of JACKSON AND BOERMAN [90], the addition of 1 um of
Y27632 into the solution leads to an approximate reduction of the Ca** concentration
by 25%. Furthermore, the reported reduction in number and frequency of calcium
waves in Fig. 8a of JACKSON AND BOERMAN [90] is assumed to decrease the inflow
rate to 75%. Therefore, the parameter values of 71 and vz were reduced to 75% of
their original values for the second optimization procedure. The reduction of v; results
in a direct decrease of the inflow rate of Ca** into the cell. The additional lowering
of 3 decreases the target value of the cytosolic Ca?* concentration at a certain stretch.
The fitted set of parameters for the second parameter optimization is listed in Table 7
of the Appendix and the corresponding results are illustrated by the orange graphs
in Fig. 6.2. As can be seen, the material parameters of the proposed model can be
adjusted in both optimizations to accurately reproduce the experimental data.

To obtain an impression about the validity of the mechanical fields, Fig. 6.3 shows
3D contour plots of the circumferential Cauchy stress at the end of each pressure level
during the fully active material response (first scenario; red graph in Fig. 6.2). The
circumferential stresses reach values up to 30 kPa at the middle of the artery for an
intravascular pressure of 120 mmHg. Stress gradients over the wall thickness are vis-
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Figure 6.3: Comparison of circumferential Cauchy stresses of the fully active material re-
sponse of Fig. 6.2 at different times of the pressure profile (see Fig. 6.1c). Stresses increase up
to 30kPa for an intravascular pressure of 120 mmHg. Stress gradients over the wall thickness
are significantly reduced at all times due to application of residual stresses. Illustration is
adopted from UHLMANN AND BALZANI [177].

ible at all times. While the application of the opening angle method might lead to a
reduction of the gradients, it is not sufficiently adequate for the inclusion of residual
stresses to describe the mechanical homeostasis of the arterial wall. A corresponding
extension of the material model will be described in Chapter 7 to calculate the residual
stresses automatically.

Based on the comparison between experimental data and numerical simulations, a re-
liable representation of the stretch-dependent contraction mechanism can be assumed
by the proposed mechanical model which includes the mechanical-chemical coupling of
the SMCs. In consequence, the contraction of the arterial wall during an increase of the
intravascular pressure can be described. This is not the case for various competitive
approaches which include the stretch-dependency directly in the mechanical part of the
active material model by considering a dependency of the myosin-actin overlap on the
stretch of the cell (see, e.g., [123], [72]). These model approaches are able to describe
the stretch-dependent adjustment of the active contraction in elastic or large muscu-
lar arteries, where the dominant elasticity of the tissue leads to large deformations of
the arterial wall. However, for physiological load scenarios, the active stress of these
material models increases only when the cell-stretch increases. This cannot cover the
experimental data for medium or small muscular arteries such as the middle cerebral
artery. There, initial stretch of the SMCs leads to a decrease of the diameter, which
can be associated with an increase of the active stress. In consequence, an inclusion
of the stretch-dependency of the chemical quantities such as the activity of MLCP
and MLCK seems a considerable improvement to describe the contraction of vascular
SMCs. This allows not only for a suitable reproduction of the experimental results, but
enables the more direct and biophysically motivated incorporation of further effects on
the active response such as the impact of antihypertensive drugs.

6.1.3 Investigation of the Contraction at a Material Point

To further investigate the capability of the proposed model to describe the stretch-
dependent intracellular reaction chains, four diagrams in Fig. 6.4 show the evolution of
important quantities over time for the fully active material response. The data is pro-
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Figure 6.4: Plots of mechanical and chemical quantities over time for the simulation setup
with fully active contraction at the marked node in Fig. 6.1b: (a) reaction rates k; /5 and ky/5;
(b) fraction of attached myosin heads nc and np; (c) active stretch A,, elastic stretch A and
total stretch A in fiber direction; (d) active stress P, and driving stress P.. Illustration and
data is adopted from UHLMANN AND BALZANI [177].

vided for one fiber direction of the marked node in Fig. 6.1b, which is positioned at the
outer diameter of the arterial ring. However, since the geometry and the orientation
of the fiber angles are symmetric, all quantities are equal in both fiber directions. The
evolution of the reaction rates k16 and ky/5 are illustrated in the first diagram. These
quantities are considered to correspond to the activity of the enzymes MLCK and
MLCP inside of SMCs. The downregulation of £;/5 is notably dominant in comparison
to the insignificant raise of k; s after the stretch of the artery based on an increase of
the intravascular pressure after every 300s. This could result from the simultaneous
optimization of the first and second scenario of the experiments, in which ky/5 is con-
sidered as constant due to the ROCK inhibition from Y27632. The difference of the
diameter between the passive material response and the suppressed contraction only
amounts to around 10% over the entire duration of the experiment (see Fig. 6.2). The
minor contraction has to be fitted by the calcium-dependent contraction mechanism.
Accordingly, the calcium-independent contraction mechanism had to be predominant
to capture the contractile behavior when the entire model is active which can result in
a difference of up to 40% between diameter of passive and fully active material. As-
sociated with the time-dependent change of the reaction rates, the proportions of the
attached myosin heads nc and np are adjusted as illustrated in Fig. 6.4b. There, n¢
reaches a value of 0.25 at the end of the pressure phase with 120 mmHg. Consequently,
a considerable increase of n¢ is still possible which raises the driving stress P. propor-
tionally (see Fig. 6.4d) and leads to a higher contraction of the artery.
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In Fig. 6.4c, the evolution of the elastic stretch \., the active stretch A,, and the
total stretch \ are shown. The increase of the elastic stretch A, can clearly be iden-
tified which constitutes a crucial input parameter to achieve a significant contraction
of the arterial wall. At the end of the simulation, A, reaches a value as high as 2.25.
An additive split of the stretch A into an active and a passive part would have led
to a negative value for the active stretch A\, which should be considered non-physical.
This was prevented by applying the multiplicative decomposition of Eq. (5.13). Fur-
thermore, it can be observed that the elastic stretch A\, adjusts similarly to the total
stretch A during the increase of the intravascular pressure after every 300s while the
active stretch )\, decreases consistently. This behavior corresponds to the implementa-
tion choice as discussed in Section 5.3 in which the changes of the total stretch A are
applied to the intermediate value of the elastic stretch Aéf A (see Eq. (5.40)) before the
evolution equation for the active stretch A, is solved. In the last diagram, the evolution
of the active stress P, and the driving stress P. are compared. The decrease of the
active stretch A\, occurs as long as the driving stress P, is larger than P,. At the end of
the last three pressure steps, both values are almost equal which results in a decelera-
tion of the contraction. The visible decrease of P. corresponds to the increase of ky/5
which is shown in Fig. 6.4a. As the sum of ng and np is nearly constant, the increase
of P, is primarily caused by the decrease of A\, (which also depends on the difference
between P. and P,). In consequence, it can be concluded that the evolution of the de-
phosphorylation is predominant for the contraction of the SMCs in the proposed model
which corresponds with the biological state of art (see Section 2.2.3). However, a more
distinct impact of the stretch on the calcium concentration and, correspondingly, on
the initial increase of the reaction rates k6 could be expected after an increase of the
intravascular pressure. Nonetheless, three contraction mechanisms can be identified in
the proposed model:

1. Stretch-dependent increase of Ca** concentration expressed in kg,
2. Stretch-dependent suppression of MLCP activity expressed in ky/5, and
3. The mechanical reaction of the contracting SMCs via the active stretch A,.

All of them should be considered to produce a reliable mechanical response of SMCs
in muscular arteries.

6.2 Application of Pressure Waves in an Artery

For the investigation of the ability of the proposed model to describe the active con-
traction of arterial walls under a load scenario which is more comparable to regular
blood, simple intravascular pressure waves were defined. These pressure waves are
meant to mimic the idealized heart-beat-like variations of the pressure. As described
in Section 2.2 and shown in the experimental data by JOHNSON ET AL. [94], the di-
ameter of medium and smaller muscular arteries decreases when the blood pressure
increases based on the contraction of vascular SMCs (see also BLuM ET AL. [20] for
in vivo experiments). This functionality enables arteries to build a resistance towards
the blood flow while the blood pressure is increased which occurs during high body
activity. Based on the location of smaller arteries, the resistance regulates the blood



6 Numerical Simulation with Active Material Response 89

flow towards inner organs which do not require higher amounts of blood. Instead, the
increased volume of oxygen-rich blood, which is pumped into the blood cycle by the
heart, is actually reaching the active muscles. In consequence, a reliable mechanical
model for the contraction of muscular arteries should be able to provide a comparable
decrease of the arterial diameter in numerical simulations in which the pressure waves
are increased to mimic the higher body activity.

In the numerical simulations here, the geometry, mesh and Dirichlet boundary con-
ditions of the arterial ring remain as described in Section 6.1. Fig. 6.5a shows the load
protocol which is used for the entire simulation and Fig. 6.5b illustrates the applied
pressure waves. The load protocol can be separated as follows:

1. Linear increase of constant pressure from 0 mmHg to 80 mmHg (0-1s),
. Holding of constant pressure of 80 mmHg (1-2000s),
. Application of pressure waves with 120/80 mmHg (2000-3000s),

. Application of pressure waves with 180/120 mmHg (3010-3400s),

2

3

4. Linear increase of pressure waves to 180/120 mmHg (3000-3010s,)

5

6. Linear decrease of pressure waves to 120/80 mmHg (3400-34105s), and
7

. Application of pressure waves with 120/80 mmHg (3410-4200s).

The pressure values are chosen as suitable values for the blood pressure of rats in low
and high activity which have comparable blood pressure to human beings (see, e.g.,
Table 2 in [185]). Nonetheless, it has to be noted that the measurement of blood pres-
sure is performed in large elastic arteries where the blood pressure can be assumed
to be slightly higher than in medium muscular arteries such as the middle cerebral
artery of the rat. In BLANCO ET AL. [19], numerical simulations were performed to
estimate the blood pressure in different arteries of the human brain. Based on these
simulations, a 15% lower blood pressure in the middle cerebral artery than in large
elastic arteries can be assumed as reasonable. However, ideal values of 120/80 mmHg
and 180/120 mmHg as well as a characteristic approximation of the time-dependent
change of the in vivo blood pressure are sufficient to investigate the effect of a more
realistic load scenario on the proposed material model.
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Figure 6.5: (a) Applied load protocol to arterial ring (see results in Fig. 6.6). Note that
in time regions where pressure waves are applied (time> 2000s) a number of one pressure
wave per second is considered. (b) Considered intravascular pressure waves: 120/80 mmHg
(green), 180/120 mmHg (red). Illustration is adopted from UHLMANN AND BALZANI [177].
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To illustrate the results of the numerical simulations, the evolution of the outer di-
ameter of the arterial ring is shown from 2800s to 4200s in Fig. 6.6a. It can be
directly recognized that the diameter of the arterial ring is permanently smaller dur-
ing the application of pressure waves than during the application of constant pressure
values (see Fig. 6.2). This feature can be explained by the difference of the load sce-
nario. Due to the frequent change of the pressure during the application of the pressure
waves, the stretch-dependency of the chemical model part is repeatedly triggered. In
consequence, the diameter of the artery is even smaller during a blood pressure of
120/80 mmHg than for a constant pressure value of 120 mmHg. Furthermore, after
roughly 900s of pressure waves with a blood pressure of 120/80 mmHg (at 2900s),
the arterial ring shows nearly no change towards the pressure waves anymore. This
occurrence is considered repetitive material response towards the pressure waves here.
Such a repetitive material response develops again at roughly 3200s in the diagram
(for a blood pressure of 180/120 mmHg), and also at approximately 4100s (during the
second application of pressure waves with a blood pressure of 120/80 mmHg). This
indicates that the proposed model for the contraction of vascular SMCs is able to
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Figure 6.6: Arterial ring under intravascular pressure waves (see Fig 6.5) with different
models: (a) proposed model; (b) proposed model without calcium-independent contraction
mechanism (k5 is constant); (c) proposed model without stretch-dependencies of the chem-
ical model (ky/5 and k¢ is constant). After an increase of the pressure from 120/80 mmHg
to 180/120 mmHg, the application of the proposed model leads to a decrease of the arterial
diameter (see (a) between 3100s and 3400s) which is significantly visible for the diastolic
blood pressure. The reduced models in (b) and (c) cannot achieve this contractile behavior.
Mlustration and data is adopted from UHLMANN AND BALZANI [177].
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provide a stable, repeatable material response for more complex load scenarios, such
as pressure waves on an arterial ring which is represented here. This property of the
material model is especially underlined by the similarity of the repetitive material re-
sponse during the first and second application of pressure waves with a blood pressure
of 120/80 mmHg (see before 3000s and 4200s in Fig. 6.6a). Another property of the
proposed material can be identified by comparing the repetitive material responses
for a blood pressure of 120/80 mmHg (see Fig. 6.6a, 2900s-3000s) and 180/120 mmHg
(see Fig. 6.6a, 3200s-3400s). As can be seen, the highest diameters are nearly equal.
Furthermore, the minimal diameter is smaller during higher blood pressure. This in-
dicates that the blood flow regulation of muscular arteries can be replicated by the
proposed model which can be considered crucial for the investigation of arteries with
atherosclerotic plaque as well as for the impact of antihypertensive drugs on the stress
distribution in the arterial wall.

Two additional simulations with pressure waves were executed to obtain a compari-
son to material models which either do not consider a stretch-dependency of the de-
phosphorylation process of myosin heads or exclude the stretch-dependency of the
chemical model part entirely. In the first variation, the reaction rates ky/5 were set
to a constant value which corresponds to the assumption that the activity of MLCP
cannot adjust to mechanical stimulation of the SMC. To receive comparable diame-
ter values, the reaction rates were considered to be k5 = 0.03 s~!. In the second
variation, also the stretch-dependency of the reaction rates ks was eliminated from
the proposed model by setting the cytosolic Ca?* concentration to a constant value
of [Ca*T] = 0.25 uM. In consequence, the second variation is comparable to the model
of MURTADA ET AL. [122] which does not consider a mechanical-chemical coupling.
As can be seen in Fig 6.6b and 6.6¢, both variations adjust notably differently to the
blood pressure increase from 120/80 mmHg to 180/120 mmHg at 3000s. The results
for the model without stretch-dependency for ky/5 (see Fig. 6.6b, 3000s-3400s) show
a minor contraction but the diameter of the arterial ring remains significantly higher
than at a blood pressure of 120/80 mmHg. The mechanical reaction of the arterial ring
with the material model, which excludes the stretch-dependency of the chemical model
part (see Fig. 6.6¢, 3000 s-3400s), is more comparable to a viscoelastic material model.
The diameter further increases over time which is contrary to an active contraction.
In conclusion, the stretch-dependency of the chemical model seems fundamental to
describe the contraction of the arterial walls in simulations with heart-beat-like varia-
tions of the pressure reliably. In the proposed model, this was achieved by modeling
the stretch-dependent stimulation of receptors of the cell membrane which leads to an
adjustment of the phosphorylation process of myosin heads.
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7 Numerical Modeling for the Automatic
Calculation of Residual Stresses

In this chapter, model for the automatic calculation of residual stresses in arterial
walls is defined which bases on the consideration of growth processes in the tissue.
The corresponding formulation of the anisotropic growth model is already described
in UHLMANN AND BALZANI [178]. Further details are considered here. The growth
model is founded on the approach of kinematic growth which includes a decomposition
of the deformation gradient into a growth part and an elastic part. The growth part of
the deformation gradient depends on the evolution of up to three growth factors which
describe an anisotropic growth process. As described and shown in Section 2.3.4, the
existence of residual stresses can be demonstrated by extracting arteries from the body
and dissect them into tissue strips. Based on the residual stresses inside the tissue, these
strips deform and show curvatures which can be described by circumferential and axial
opening angles. Additionally, the shortening of arteries after extraction displays the
existence of a certain mechanical stretch in longitudinal direction which is characterized
as axial prestretch. The presence of residual stresses results in an equalization of the
stress values over the wall thickness. In consequence, it can be assumed that growth of
the tissue maintains a mechanical homeostasis of the arterial wall [48]. The mechanical
homeostasis is interpreted as a homogenization of the first and second principal stress
in this thesis. For consideration of a hollow cylinder (tube), which is often used as
basic geometry for numerical simulation with mechanical models of arterial walls, the
direction of the first and second principal stress correspond to the circumferential and
axial direction when loaded by an intravascular pressure. Accordingly, the proposed
growth model aims to automatically calculate the residual stresses which result in a
homogenization of the first and second principal stress (circumferential and axial stress
in a hollow cylinder). To acquire a completely automatic calculation, three different
aspects have to be considered:

1. The growth directions,
2. The drive of the growth in each direction, and
3. The stopping criterion for the growth process.

For the determination of reliable growth directions, simulations results from the disser-
tation of ZAHN [202] are taken into account. In this dissertation, Zahn focused on the
identification of a mathematically optimal kinematic growth process which included
various combinations of growth directions defined as eigenvectors of the elastic part of
the Mandel stress. The investigation showed that a combination of growth in radial and
axial direction results in a minimal change of the volume during the homogenization
of the circumferential and axial stress. For the definition of the drive of the growth,
stretches or stresses can be regarded. Based on investigations of growth models in
other publications (see [105], [170], [38]), it is significantly advantageous to consider
stresses as driving forces. Related to this conclusion, principal stresses are applied as
driving forces in the growth model of this thesis. For the drive of the growth in simula-
tions presented here, Zahn’s findings are taken into account again where the trace and
the second principal Mandel stress of the elastic part were optimal as driving forces.
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However, including the definition of a reliable stopping criterion, the elastic part of
the Mandel stress seems to be suboptimal as stress quantity. The homogenization of
the stresses is evaluated for the Cauchy stresses of the tissue. Since the elastic part
of the Mandel stress is not directly proportional to the Cauchy stresses, the stopping
criterion cannot be defined as dependent on the elastic part of the Mandel stress at
a material point to result in a reliable homogenization of the stresses over the wall
thickness. Instead, the Cauchy stress is considered directly as driving force in the pro-
posed model. Since growth models are supposed to replicate the actual growth process
of arterial tissue, the stopping criterion cannot be dependent on an evaluation with
respect to the entire structural problem of the simulation. Protein synthesis as well as
proliferation of cells depend on local stimulation which can be mechanically initiated
(see Section 2.3). In consequence, the stopping criterion should be related to a local
mechanical quantity. For the proposed model, the evolution of growth factors is defined
to reach convergence values for the part of the Cauchy stress which are considered as
corresponding driving forces. Accordingly, the velocity of the growth process at a ma-
terial point decelerates automatically the closer the driving force is to the convergence
value. This means that the growth model can remain activated even after a homogeni-
zation of the Cauchy stress is already achieved and will not evoke new disturbances in
the stress distribution. This is not outright possible with the Mandel stress as driving
force of the growth process. Based on this feature, the combination of the proposed
growth model with an active material model is applicable, since the growth velocity
can be adjusted towards the more sensitive time-dependency of the active material
response. Simulation results for a combination of the proposed growth model with the
material model for the contraction of vascular SMCs will be demonstrated in Chapter 9.

In the following section, the development of modeling of residual stresses in biolog-
ical tissue over the last few decades is presented. This is mostly focused on models
with kinematic growth and constraint mixture theory, but also analytic approaches as
well as biological modeling of the growth process are included. Afterwards, the pro-
posed growth model is described in detail. Since kinematic growth is considered for
this model, the corresponding multiplicative split of the deformation gradient and the
changes to the balance equations from Section 3.3 are presented. Eventually, the nu-
merical solution for the evolution of the growth factors and the implemented algorithm
for the calculation of the material response is presented.

7.1 State of the Art: Residual Stresses

Various approaches can be applied to include residual stresses in the tissue of the ar-
terial wall for mechanical calculations. The most straightforward approach constitutes
the replication of the bending in circumferential direction which leads primarily to an
equalization of the stresses in circumferential direction. For this approach, the ref-
erential state of the geometry contains an opening angle which is closed in an initial
bending deformation prior to the application of external load [34]. An application of
this method is described in HOLZAPFEL ET AL. [80] where a hollow cylinder is consid-
ered as presentation of an idealized geometry of the arterial wall. An extended method
for the closure of the artery is formulated in BALZANI ET AL. [9] which allows the in-
clusion of residual stresses in arbitrary geometries. While the replication of an opening
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angle of the arterial wall in circumferential direction involves the crucial part of residual
stresses, the opening angle of an extracted tissue strip in axial direction and the axial
prestretch of the artery have to be applied as well to acquire a more realistic stress
distribution. Such a mathematical approach for an idealized geometry with isotropic
material model was defined in HOLZAPFEL [83] considering different deformations for
intima, media and adventitia correlating to experimental data from HOLZAPFEL ET AL.
[82]. An extension of this mathematical method is presented in SIGAEVA ET AL. [162]
which involves an anisotropic material model. However, two issues have to be consid-
ered when residual stresses are applied by replicating the deformations from extracted
arterial tissue. First, the observed deformations represent only the general structural
material behavior due to the residual stresses. The exact values of residual stresses
at a material point cannot be determined. Accordingly, these methods are simple ap-
proaches to improve the quality of the mechanical fields, but remain inaccurate for
the detailed description of the stress distribution. Secondly, the experimental data is
limited. Experiments are generally performed for elastic arteries and represent only a
current state of the geometry which is considerably changing over the life span of a
human being (see Figure 2.12 in Section 2.3.4). In consequence, the opening angles and
the axial prestretch can only be assumed or have to be optimized when experimental
data is not available which is primarily the case for muscular arteries.

There are various approaches which include residual stresses in numerical simulations
without a growth model, see, e.g., SCHRODER AND BRINKHUES [154], POLZER ET AL.
[141], JOLDES ET AL. [95], UREVC ET AL. [180], and AHAMED ET AL. [2]. How-
ever, this state of the art is rather focused on the development of growth models,
which (once implemented) allow a fast application to any type of geometry, calculate
residual stresses directly at the material points, and, therefore, can be associated with
the regular growth processes in biological tissue. Before a deeper insight into growth
models is given, the distinction between growth and remodeling of the tissue has to
be explained. In this thesis, the term growth is applied to volume or mass changes of
the tissue while the term remodeling refers to adjustments of material properties such
as the fiber direction of collagen or SMCs. In consequence, remodeling processes are
not considered in the proposed growth model. However, both processes play a certain
role in healing processes of biological tissue and are, therefore, not always that clearly
distinguished in other publications.

Over the last decade, several papers summarized the variety of growth and remod-
eling models (see, e.g., AMBROSI ET AL. [5], CYRON AND HUMPHREY [39], CYRON
ET AL. [41], SAEZ [150], KunL [104] and [119]). In general, two different theories
are widely accepted as foundation for new growth models: the kinematic growth the-
ory and the constrained mixture model. Subsequently, the difference, advantages and
disadvantages of both growth theories are discussed separately.

Kinematic Growth The foundation for the kinematic growth model was laid in
1994 by RODRIGUEZ ET AL. [148]. There, the deformation gradient is defined as de-
composition of a growth part and an elastic part. In this concept, only the elastic part is
taken into account as deformations which lead to mechanical stresses inside the tissue.
The growth part can be expressed by scalar growth factors which can be transformed
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into isotropic, uniaxial (in most cases radial) or anisotropic growth of the tissue. As
long as the constraints to the neighboring points are not considered, the growth part
cannot lead to any stresses in the material point. This state of the material is consid-
ered as intermediate configuration. The creation of a kinematic growth model can be
accomplished straightforwardly by defining the growth factors, corresponding growth
directions and considering the decomposition of the deformation gradient. Accordingly,
the kinematic growth represents the perfect model type to investigate the efficiency of
certain growth directions and the different quantities which can be considered as drive
for the growth. However, in such models, growth is treated for all components of the
material model equally. As shown in Section 2.3, the synthesis of elastin and collagen
as well as the proliferation of SMCs is based on different processes. Even if the appli-
cation of a kinematic growth model results in a perfect homogenization of the stress
distribution, the final growth state constitutes an approximation which contributes to
the improvement of mechanical simulations, but does not distinguish between growth
processes of different components of the tissue.

A first model with kinematic growth is formulated in TABER AND HUMPHREY [170]
which aimed for the replication of circumferential opening angles of the arterial wall
and a homogenization of the circumferential stresses. The arterial ring was not only cut
in axial direction to obtain the circumferential opening angle, but also in circumferen-
tial direction to receive an inner and an outer ring. The investigation showed, that the
stresses, and not stretches, correlate well with growth in arteries. In LUBARDA AND
HOGER [114], the mathematical formulation within the framework of finite deforma-
tion continuum thermodynamics for solids with growing mass is published. There,
isotropic, transversely isotropic as well as orthotropic biomaterials are considered for
stress-driven growth which still constitutes a reliable source for the generation of new
models. Based on changes of mass during the growth process, the material has to
consider changes of volume or/and changes of density. A comparison between density
preservation and volume preservation during isotropic growth is presented in HIMPEL
ET AL. [75] which considers the trace of the Mandel stress as driving force. This
growth model was applied to geometries of patient-specific arteries in KUHL ET AL.
[106]. A comparison of stress-driven isotropic, stretch-driven transversely isotropic
and stress-driven transversely isotropic growth is shown by GOKTEPE ET AL. [65] for
the consideration of cardiac dilation and wall thickening. The resulting growth of the
heart walls is comparable to growth which could be caused by diseases. However, in the
model, growth is primarily defined to stop when the growth factors reach a predefined
maximal value which occurs as long as the trace of the elastic part of the Mandel stress
is larger than a critical value. Therefore, the growth model should not be considered
a reliable replication of the mechanical drive for growth processes, but a suitable rep-
resentation of anisotropic growth. The same definition for the growth factor was used
in SAEZ ET AL. [169] where growth in radial direction is applied to a patient-specific
artery under hypertension. The simulation results show that a reduction of maximal
stress values is acquired. The difference between maximal and minimal stress values
over the wall thickness remains considerably large. In consequence, the growth mod-
els mentioned so far might be applicable to approximate volume changes of biological
tissue, especially when diseases are considered. However, the results might not lead to
a homogenization of the stress distribution.

A more promising method for the homogenization of the stresses is described in LiU
ET AL. [112] where anisotropic growth is formulated for the radial and circumferen-
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tial direction. The principal Cauchy stresses are used as driving forces for the growth
process. The simulation results demonstrate a sufficient homogenization of the stress
distribution. However, the driving forces are evaluated for the entire structure after
each time step which cannot take place in biological tissue. In consequence, the method
represents a suitable engineering approach to approximate residual stresses, but is not
based on realistic growth processes which depend only on local events. Furthermore,
axial growth is clearly visible in experimental data and should be considered in a reli-
able growth model.

Different combinations of anisotropic growth and remodeling of the fiber direction of
collagen are presented in ZAHN AND BALZANI [203]. While this model adopts the
elastic part of the Mandel stress as driving force from previous publications, a manual
stop of the growth process at distinct times results in a considerable adjustment of the
stresses over the wall thickness. In addition, the impact of an axial prestretch of the
geometry prior to the growth process was investigated which appears to be necessary
for reasonable results with this model for growth and remodeling. A more detailed
analysis for more combinations of growth directions and driving forces is presented in
the doctoral thesis of ZAHN [202]. In this investigation, an optimization of growth
parameters was executed to obtain a homogenization of stresses after a distinct run-
time of the growth and remodeling process. For this purpose, the objective function
included stress values and volumetric change of the resulting geometry to evaluate the
quality of the growth process. As a result, a combination of growth in radial and axial
direction was considered optimal. In consequence, these growth directions and their
corresponding driving forces are considered for the simulations in this chapter. It has to
be noted that the applied optimization procedure for the stress distribution allowed a
reduction of the axial stresses to zero which was achieved in the optimal scenario. Since
the remodeling process for the fiber direction of collagen fibers is defined to depend on
the principal values of stresses, the final fiber directions were entirely in circumferential
direction over the wall thickness. This implies that a homogenization and reduction
of stresses by an optimization of the growth procedure might not be combinable with
a remodeling model which is based on principal stresses. Therefore, the definition of
fiber directions is based on experimental data in this thesis.

Constrained Mixture Model Contrary to the kinematic growth model, the con-
strained mixture model separates not only different material parts such as elastin, col-
lagen and SMCs, but includes a separation between constituents which were deposited
at different times. Therefore, the stress-free configuration is different for each of the
considered constituents of the constrained mixture model and requires an individual
calculation for the mechanical response. In consequence, the constrained mixture model
is advantageous for the inclusion of different growth processes of different types of tissue
components and enables the consideration of old and newly grown components which
experience different stretch states at the same material point. However, for the origi-
nal form of this modeling approach which was described in 2002 by HUMPHREY AND
RaAJacoprAL [87] the tracking of different configurations of all constituents is notably
expensive and requires a well-organized history management of time-dependent pa-
rameters. Therefore, simplifications for the constrained mixture model were suggested
in some publications which lead to a significant reduction of the computational time.
In the variation by FAMAEY ET AL. [52], a limitation of the number of constituents
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is assumed where older components of the arterial tissue are degenerating over time.
In consequence, these components are substituted over time by newly grown tissue.
This variation was applied in numerical simulations which predicted the adaptation of
a pulmonary autograft over an extended period. The simulation results corresponded
to data obtained in experiments with sheep. In another approach by CYRON ET AL.
[40], the method of the kinematic growth theory was considered. For a fixed number
of different mechanical constituents, the deformation gradients are homogenized into
one elastic and one growth part. With this concept, growing tissue is not represented
by new components but by changes of the growth part of the deformation gradient. A
numerical investigation of arteries with this growth model was performed in BRAEU
ET AL. [25]. There, elastin degradation was applied which can be considered repre-
sentative for aging elastic arteries. The geometry is described by a hollow cylinder.
In the numerical simulations, gain parameters (growth parameters) were varied which
resulted either in maintaining the geometry shape by substituting elastin with collagen
or building an aneurysm.

GIERIG ET AL. [62] use the constrained mixture theory in a more biologically moti-
vated growth model. This biological growth model is based on the previous publication
of the authors (GIERIG ET AL. [61]) where the growth of the tissue is formulated
depending on the activity of matrix metalloproteinase and concentration of growth
factors. Damage of the tissue is applied by overstretching which results in growth of
collagen fibers. In the expansion of the model [62], growth of SMCs (contractile and
synthetic), fibroblasts as well as myofibroblasts is included. The growth model was
applied on idealized tissue patches to observe the resulting growth behavior which in-
cluded the adjustment of matrix metalloproteinase and growth factors stimulated by
tissue damage. A more detailed description of the model can be found in the doctoral
thesis of GIERIG [60] which also includes simulations with arteries represented by hol-
low cylinders. While this biological growth model constitutes a promising approach
to formulate a time-wise realistic growth process which allows suitable predictions for
patient-specific arteries, the considered mechanical model needs to be expanded to
achieve reliable results. So far, only the passive material response is included and
the material behavior is exclusively adjusted for growth of collagen. An inclusion of
the mechanical behavior of vascular SMCs, which are considered during growth and
are distinguished in different phenotypes, could enable time-wise realistic numerical
simulations.

7.2 Multiplicative Decomposition of the Deforma-
tion Gradient for Inclusion of Growth Processes

According to the kinematic growth model by RODRIGUEZ ET AL. [148], the defor-
mation of a body can be separated into a growth part and an elastic part which are
considered in the deformation gradient F' by a multiplicative decomposition. This
decomposition is expressed as

F =F,F,, (7.1)

where F, constitutes the growth part of the deformation gradient and F, is the elastic
part. In this context, the intermediate configuration B; is defined as the state in which
each material point can grow independently of the neighboring points. The material is
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considered stress-free in this intermediate configuration as the mechanical constraints
to the environment of a material point are not applied. In consequence, the compati-
bility condition V x F' = 0 is not satisfied. Fig. 7.1 illustrates the relationship between
the intermediate configuration and the reference as well as current configuration. The
application of the elastic part F, = F Fg*1 ensures the compatibility of the deformation
gradients F' at all material points in the current configuration §. This elastic part is
associated with the deformation part which leads to a mechanical response of the ma-
terial. Therefore, the corresponding strain-energy density function ¥(C.) = ¥(C, F)
is formulated as dependent on the elastic part of the right Cauchy-Green tensor C,
which can be obtained by

-1\ T - - - - -
C.=F'F.= (FF;') FF,'=F;'F'FF' = F,'CF; . (7.2)

As expressed for the entire volume change from B to S in Eq. (3.5), the Jacobians of
the growth part and the elastic part can be formulated as

Jy =det[F,] and J,=det[F], (7.3)

which leads to J = det [F] by a sequential application. Furthermore, the time deriva-
tive of the Jacobians .J, and J. can be build equally to J in Eq. (3.20) by applying the
chain rule such that

Jy = 8_Fg . 6_tg = J,F,; T F, = J,F,  F," = Jtr[F,F, '] = J,tr[l,] and

8Jg OF, (7.4)
o= o = JF, " F, = Jtr[F,'F] =
Je aFe ot Je e e Jetr[ e e] Jetr[le] ’

Figure 7.1: Schematic representation of the multiplicative decomposition of the deformation
gradient F' in a growth part F, and an elastic part Fe. In the intermediate configuration B;,
growth is applied to material points, but no stresses are generated. In this context, the me-
chanical constraints to the environment of a material point is not applied in this configuration.
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where I, = FgFg‘1 and l, = Fe_lFe represent the growth velocity gradient and the
elastic velocity gradient, respectively (see [75]).

7.2.1 Adjustment of Balance Equations for Growing Systems

The growth process of the physical body has to be accounted for in the Balance Equa-
tions (discussed in Section 3.3) as presented briefly in the following paragraphs.

Balance of Mass Growth results in a volumetric change of the physical body which
corresponds to a change of mass. Therefore, the balance of mass has to be extended
by the term r, which is the mass source per time and unit volume in the current con-
figuration (see [114]). This results in the following changes for the continuity equation
of Eq. (3.30)

RO
p+pdivie] =r, = 79 : (7.5)
which can be transformed to the intermediate configuration as
RO
pi+ pitrly] = —*. (7.6)
Jg

However, for the growth processes of the body, it is assumed that the structure of
the grown tissue is equal to the structure of the pre-existing tissue of the arterial
wall. In consequence, densities do not change during the growth process and, hence,
pi = po which is considered density preservation. Accordingly, the change of mass of
the growing body is directly proportional to the change of volume. This means in
particular that the mass change of an element is directly connected to the growth part
of the deformation gradient Fy and the evolution of the Jacobian J, (see [75]) which
leads to .

RS = podgtrlly] = poJy - (7.7)

Balance of Linear Momentum As shown for the local form of the balance of mass
in Eq. (7.5) which considers growth, the corresponding change of mass of the body is
expressed by the term r,. Consequently, the second term of Eq. (3.32) for the time
derivative of the linear momentum does not equal zero and p has to be expressed as

p:/pé’:JdV—i—/(p'+pdiv[:i:])a':JdV:/p:’i:JdVJr/rga’:JdV. (7.8)
B B\ —— e’ B B

=rg

However, the grown mass of the body has to be regarded for the acting body forces as
well [114] by adding the forces f, into Eq. (3.34) such that

f:fb+ft+/87“gzi:dv:fb—i-ft—i-/Brga':JdV. (7.9)

f

Therefore, the derivative of the linear momentum as well as the body forces are equally
altered by the grown mass and, consequently, the growth process does not affect the
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balance of linear momentum.

Balance of Angular Momentum The change of mass from the growth process
results in additional terms for the derivative of the angular momentum h of the physical
body and are also included in the resulting moment M based on volumetric forces
acting on the new mass. Therefore, the new forms of b and M can be expressed as

h:/(p:cx:ié+rgmx:i3)dv and
S (7.10)

Mz/(pchb(a:,t)%—chdiv[aT}—l—I-XUT—l—rga:xd:)dfu,
S

with the mass source per time and unit volume 4. Accordingly, the balance of angular
momentum with h — M = 0 results in

h—M:/ [azx (péé—pb—div[aTD—I-XO'TJrrg:vx:'v—rgmxa'c}dv
S

J/

-~

=0 (7.11)

—/I-xaTdv—O
S

which is equal to the form without growth process. Consequently, the Cauchy stress
tensor o and the second Piola-Kirchhoff stress tensor S are also symmetric when the
growth process is included.

Balance of Energy Concerning the energy of the physical body, the time derivatives
of the inner energy € as well as the time derivative of the kinetic energy K obtain an
additional term in which the grown mass is considered. The corresponding equations
for both parts of the balance of energy can be expressed as

5:/(Rge+épo) av
B

1
and IC—/B(iR[g)d:-zi:—l—pgzi:-:'i:) dv.

According to ZAHN [202] who follows LUBARDA AND HOGER [114], the additional
term of the external energy acting on the physical body with regard to different mass

is described by G with
1
g:/{Rg (§¢-m+e>]dv. (7.13)

Accordingly, the total equation for the balance of energy changes to E+K =P+Q+G.
Since the new terms of £ and K are equal to G, the local form of the balance of energy
in Eq. (3.53) remains unchanged with regard to the growing mass.

(7.12)

Balance of Entropy As mentioned, in the beginning of Section 7.2, the strain energy
density function W is defined as dependent on the elastic part of the right Cauchy-
Green tensor C,. Since the elastic part of the right Cauchy-Green tensor can also
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be expressed as C, = Fg‘TCFg_l, the strain energy density function ¥ can also be
transformed depending on the right Cauchy-Green tensor C' and the growth part of
the deformation gradient Fi, which is necessary for the formulation of the Coleman-Noll
method. Accordingly, the time derivative ‘il(C , F,) can be expressed as

oU 9C 0V OF,

v, F) =20 % 0% 9% 14
(C.F)=5¢ o Tor, ai (7.14)
¢ —f

Considering the system to be isothermal and that the density of the material is pre-
served during the growth process then, according to Eq. (3.60), the balance of entropy
can be formulated as

1., ov] . ov .
— |9 _ __|. - . > (. .
D {25 ac} C 5F, F,>0 (7.15)

The derivative of ¥ with respect to Fy can be build by applying the chain rule with Ce
and including the corresponding substitution which was determined in Eq. (7.2). This
results in

ov 9w oCc, 1. O(F,"CF;") .
OF, 0C. OF, 9% OF, = CeSely (7.16)

1
=1s.

which contains the elastic part of the second Piola-Kirchhoff stresses S.. This equation
is derived in more detail in ZAHN [202] (pp. 40, 152-153). Taking this derivative into
account, the right term of Eq. (7.15) can be transformed further into

(C.S.F, ") Fy = (C.S.F,") - (I,F,) = C.S. -, (7.17)

which leads to the final form of Eq. (7.15) with

1., ov] .
N N < — -1, >0. .
D {25 60} C—-C.S. -1, >0 (7.18)

Accordingly, the elastic part of the Mandel stress ¥, = C.S, is energetically conju-
gated to the growth part of the velocity gradient l, and, therefore, is assumed to be
the corresponding driving force for the growth process of the tissue in several growth
models. However, with this assumption, the homogenization of the stresses is difficult
to achieve without controlling either the exact run-time of the growth model or taking
the entire structure of the artery into account to evaluate the state of the stress dis-
tribution. An exemplary simulation with such a growth model is shown in Section 8.4
(see Fig. 8.8).

7.3 Anisotropic, Kinematic Growth Model based on
Cauchy Stresses as Driving Force

In this section, a new kinematic growth model is introduced which is based on the
simple idea that the homeostatic stress level in axial and circumferential direction can
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be predefined as distinct values dependent on the Cauchy stress. Accordingly, these
values constitute the convergence values for the driving force of the growth evolution.
Motivated by the growth model in ZAHN AND BALZANI [203] and ZAHN [202], the
combination of up to three growth scenarios is considered which take into account the
eigenvectors of the Cauchy stress as growth directions. Correspondingly, the growth
part of the deformation gradient F, can be multiplicatively split into three separate
parts which can be written as

F, = FO p pd)

g g g

(7.19)

where the parts Fg(l), Fg§2) and Fg(3) represent the adjustment of the deformation gra-
dient based on growth in the direction of the first, second and third eigenvector n(®
of the Cauchy stress tensor with a = 1, 2,3, respectively. Since eigenvectors are lin-
early independent based on their respective perpendicularity, the growth tensors Féa)
in Eq. (7.19) are commutative. In detail, the parts of F, are defined as

F =1+ -1)n®gn®, (7.20)

where 9(® constitutes the growth factor in the particular direction. Based on this
definition, the parts Fg(a) are always symmetric. The time-wise evolution of the growth
factors ¥(®) is controlled by a set of evolution equations which depend on the Cauchy
stress as driving force $(* (o). While in total three evolution equations can be for-
mulated to describe the change of ¥(®) in the three different growth directions, in this
chapter, only evolution equations for ¥ and ¥ are considered. This choice is based
on the optimization results from ZAHN [202] where the lowest growth volume was
reached during the homogenization of the stresses over the wall-thickness for growth
in direction of the second and third principal stress. Since, in this optimization, the
geometry of the arterial wall was represented by a hollow cylinder, the second and
third eigenvector of the stress tensor are oriented in axial and radial direction. The
identification of growth in these two directions as optimal procedure can be explained
conceptually by visualizing the load scenario of an arterial wall. To represent the blood
flow through the arterial wall in a numerical simulation with regard only to the solid
structure, the mechanical load of the blood on the artery is replicated by an applica-
tion of surface pressure on the inner side of the wall. Based on the primary orientation
of the collagen fibers and SMCs in circumferential direction and the associated me-
chanical behavior of the tissue, the intravascular pressure leads to high stress values in
circumferential direction. Accordingly, the stresses in circumferential direction can be
considered as primarily force-controlled. In addition, it is known that axial prestretch
exists in arterial walls which results generally in a displacement-controlled increase
of the stress in axial direction. From a conceptional point of view, the displacement-
controlled stresses in axial direction can be reduced by growth into this direction (which
is the direction of the second principal stress). For force-controlled stresses, the low-
ering of the stress values is achieved by an increase of the surface area withstanding
the applied load. In consequence, growth in radial direction has to be added for an
effective adjustment of the circumferential stresses (which is the direction of the third
principal stress). Therefore, only growth in the directions of n(? and n® are applied
in this chapter. The corresponding evolution equations for ¥®) and ¥® are defined
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as
d@ — ng) (¢(a) _ ¢(a)) with a=2,3, (7.21)

con

where ¢£‘;21 constitutes the value which the driving force ¢(® converges to during the
growth process and /{1(9“) is the material parameter which represents the maximal growth
velocity. To define the correct scalar values with respect to the Cauchy stress o as driv-
ing forces ¢, the concept for the explanation of the growth direction is taken into
account again. The growth induced by Fg@) is supposed to adjust the displacement-
controlled part of the stresses in axial direction. Therefore, the second principal Cauchy
stress oy is applied for the driving force of growth in the direction of (2 which repre-
sents the stresses in axial direction for an idealized geometry of the arterial wall. The
determination of an appropriate driving force for growth in the direction of the third
principal stress is more complicated. The growth process applied by Fg(?’) is considered
to reduce primarily the force-controlled stresses in direction of the first principal stress
(stresses in circumferential direction). However, it does not seem credible that the bio-
logical tissue can sense stresses in one direction (circumferential) and reacts by growing
into a perpendicular direction (radial). Corresponding to the driving force, which was
used for the optimal growth process in ZAHN [202], ¢®) (&) is defined as the isotropic
stress value of the Cauchy stress tensor o. In consequence, the driving forces ¢ (o)
and ¢ (&) can be expressed by the equations

(o) =0: (n(2) ® 'n(Q)) and P e)=0:1T, (7.22)

where I is the second order unit tensor and n(? is the second eigenvector of the Cauchy
stress tensor. Accordingly, ¢® (o) equals the second principal Cauchy stress o;;.

7.3.1 Calculation of Stresses and Tangent Modulus

For the simulations in this chapter, only the hyperelastic, passive material response of
the arterial wall is applied which leads to the following strain-energy density function

2
U(Ce) = Uy isere(Ce) + > WYL(C). (7.23)
f=1

Since ¥ only depends on the elastic part of the right Cauchy-Green tensor C, in
simulations which include the kinematic growth model, the corresponding invariants
of Egs. (3.14) and (3.15) have to be adjusted to

Il = tl"[Ce] s ]3 = det[ce] )

7.24
[V =c.- MY and 1Y) =[CJ* MY, (724)

The isotropic part ¥, isot and the anisotropic part \Iféf ii remain as described in Eqgs.

(5.20) and (5.21), though applying the adjusted invariants. Based on the strain-energy
density function, the elastic part of the second Piola-Kirchhoff stress S, can be de-
termined. Subsequently, a pull back operation can be applied to obtain the second
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Piola-Kirchhoff stress S which can be expressed as

_ _ . ov
S=F;'S.F;," with S.= 256 (7.25)
Furthermore, the total derivative of the second Piola-Kirchhoff stress S with respect to
the right Cauchy-Green tensor C results in the tangent modulus C which is formulated

as
(a)

= 2_”2&9@ : (7.26)

Ce

Ce

where the elastic part and the growth part are labeled as C® and C#, respectively.
Similar to the determination of S, the elastic part of the tangent modulus in the
intermediate configuration C{ has to be build first and, subsequently, pulled back into
the reference configuration to obtain the elastic part C°. The according equations are

C=(F,'XF,'):C: (F,"®XF;") with Cf:= 22—2 , (7.27)
where the operator X constitutes a form of a dyadic product between two second order
tensors which leads to the following fourth order tensor in index notation A;;e; ® e; X
Bre,® e = AjBjle; ® e; ® e, ® e;. The growth part of the tangent modulus C# de-
pends on the derivative of the growth factors 9(® with respect to C. Accordingly, this
derivative results only in a second order tensor with non-zero coefficients, if the growth
factor ¥(* depends on the right Cauchy-Green tensor C. This is only the case when
the evolution equation of the growth factor 9(*) is solved by an implicit procedure such
as the backward Euler integration scheme. However, the proposed kinematic growth
model is primarily applied to automatically calculate the residual stresses which enable
reliable mechanical simulations with realistic stress distributions. The temporal evolu-
tion of the residual stresses during the application of the growth model does not matter
in particular. The final result for the residual stresses does not depend on the time step
width At or even on the values chosen for the growth velocity parameters /ifga) as long
as At is small enough to allow a robust and stable simulation. This property of the
kinematic growth model is demonstrated in simulations in Section 8.4 (see Fig. 8.9a).
Therefore, the application of the forward Euler integration scheme is sufficient for the
evolution equation (7.21) which not only allows a straightforward implementation of
the growth model, but also results in 99(* /0C = 0 and, consequently, C = C°.

7.4 Numerical Implementation

The proposed kinematic growth model was implemented into FEAP. Hence, the growth
model can be combined later (see Chapter 9) with the active material model which was
described in Chapter 5. As mentioned above, the evolution equations for the growth
factors ¥(@ in Eq. (7.21) are solved with a forward Euler integration scheme. This
implies that the function for the new value 19,(;1)1 at the current time ¢,; does not

depend on the new value 195521 itself. According to the description of the backward
Euler integration scheme in Eq. (5.25) of Section 5.3, the general formulation for the
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forward Euler method can be transformed to the solution

where y,,+1 and y,, are the values of the current and last time step, the function f(y,(t,))
is the evolution equation which depends on the last time step and the time step width is
expressed as At = t,,,1 —t,. Applying this equation to calculate the growth factor 197(1021
results in

90 = 89 4 R (60— o)

con

) At, (7.29)

where the Cauchy stresses o, of the last time step t,, are considered. Since the Cauchy
stresses o, are already known at the end of the last time step and no other variables
are necessary to compute 9, the updating of 9 to 195{21 is already executed at the
end of time step t,,. This is an usual procedure for the implementation of the explicit
Euler method. An updating of ¥() at the beginning of the current time step ¢, would
require to numerically store o, as a history parameter.

Fig. 7.2 illustrates the implemented algorithm for the growth model. The algorithm to
compute the second Piola-Kirchhoff stresses S,,.1 and the tangent modulus C,,,; begins
with a calculation of the current growth part of the deformation gradient F ,,1 which
can then be used to obtain the elastic part of the right Cauchy-Green tensor Ce ;1.
Subsequently, the elastic part of the second Piola-Kirchhoff stresses S 41 can be calcu-
lated analytically by using the passive parts of Eqs. (5.41), (5.42) and (5.43) (where C
has to be substituted with C,). The elastic part of the tangent modulus in the inter-

Input : F
Compute C Eq.(3.11)
Compute Fg§,17)L+1<19£Ll+)1)’ Fg(,27)1,+1(19£i)tl)7 Fg(izwrl(ﬁgﬂ) Eq. (7.20)
Compute F, .11, Cec ni1 Eq.(7.19),(7.2)
Compute [1(C. ni1), 13(Ce ni1) Eq. (7.24)
loop over all fiber directions (f)

| Compute 17(Conir), 1(Conin), K/(Conr) Eq. (7.24)
Compute elastic stresses Se 41 Eq. (5.41)
Compute stresses S, 11, Oni1 Eq.(7.25),(3.25)
Compute driving forces QSSJ)FQ(O'), ¢§3+>2(o—), gbgi)ﬂ(o-) Eq. (7.22)
Update 9.'),, 91%),, 9%, Eq. (7.21)
Compute tangent modulus C,,;; using CSDA Eq. (5.49)

Figure 7.2: Algorithm to calculate the second Piola-Kirchhoff stress tensor S,,+; and the
tangent modulus C, 1 at the current time ¢,41 as well as the update of the growth factors

gbfﬁb for the next time step t,+2 at a material point.
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mediate configuration C{ is obtained by performing CSDA as described in the end of
Section 5.3 (see [172]). The pullback operations (see Eqgs. (7.25) and (7.27)) then lead
to the final coefficients of the second Piola-Kirchhoff stresses S, .; and the tangent
modulus C,,.;. Note that the elastic part of the tangent modulus C® equals the full
tangent modulus C since 99® /0C = 0. As described above, the update of 9@ is
performed afterwards which (correctly labeled) leads to the growth factor 197(;22 for the
next time step t,,12.
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8 Numerical Investigation of Growth Model
and Optimization: Passive Response

For the numerical investigation of the proposed kinematic growth model in this chap-
ter only the passive material response is considered. To obtain a general insight into
the deformations and opening angles of dissected geometry parts which grew based on
the growth model, predefined fields for the growth factors ¥(*) in single grow direction
are defined and applied to halves of a hollow cylinder or a geometry which represents
an axial strip of the hollow cylinder. While growth in direction of the first principal
stress (circumferential) is not included in the growth model defined in Chapter 7, it is
included in this investigation.

A crucial issue in the application of growth models is constituted by the volumetric
change of the geometry. To describe the mechanical behavior of a distinct artery, the
parameters of the mechanical model as well as the geometry of the arterial wall have to
correspond to measurements from experiments. To match the final state of the result-
ing geometry, the volumetric change during the growth process has to be predicted and
the referential state of the geometry has to be determined accordingly. This is difficult
to achieve manually and, therefore, an optimization procedure is applied here. The ob-
jective function of the optimization leads to an adjustment of the inner and outer radii
of the final version of the geometry to measurements by GANNON ET AL. [58]. Fur-
thermore, the optimization procedure includes a fitting of the material parameters to
match the mechanical behavior of the final geometry to experimental data from JOHN-
SON ET AL. [94] which were already used for the validation of the material model of
the smooth muscle contraction in Chapter 6. For the parameter of the growth model,
it is aimed for a minimal change over the entire arterial wall during the growth process.

In addition to the formulation of this optimization procedure and its results, the time-
dependent evolution of the Cauchy stresses is presented for simulations which consid-
ered different growth velocities. The results demonstrate that convergence values of
Cauchy stresses are always reached after a sufficiently long run-time of the proposed
growth model and that they are not changing afterwards. A comparable simulation
is performed with the growth model considering the elastic part of the Mandel stress
as driving forces. In this simulation, a homogenization of the stresses is achieved at a
distinct run-time, but it leads to further growth which disturbs the stress distribution
afterwards. Subsequently, results for various additional optimizations are presented in
which the fiber directions, the stretch or the growth in axial direction are changed for
the numerical simulations. The results demonstrate the capability of the combination
of the proposed growth model with the optimization procedure which can be applied
to different artery types.
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8.1 Principal Deformations of Arterial Rings based
on Predefined Fields for the Growth Factors

As discussed in Section 7.1, the results of simulations with new growth models are
often validated by comparing the change of the geometry from the referential state to
the final state after growth to data gained in experiments in which real arteries were
dissected. Results from such experiments were presented and analyzed in Section 2.3.4.
Accordingly, the final state of the arterial ring after application of the growth model
can be investigated for the circumferential and axial opening angles and the axial
prestretch. While it can be assumed that the axial prestretch directly depends on
the displacement of the artery in vivo in longitudinal direction and is adjusted by
growth in this direction, it is more difficult to predict the changes of the opening
angles from growth in different directions. Therefore, results from simulations with
different geometries are presented in which a field for one of the growth factors 9¥(®
is predefined. Accordingly, the growth process of the evolution equation in (7.21) is
not applied. In these simulations, the geometry is load-free and, consequently, equals
the load scenario of arterial tissue in experiments. Furthermore, the material model is
assumed to be isotropic with a; = 12kPa, as = 100 kPa and a3 = 2.

Growth in Radial Direction To illustrate the deformation of the geometry, a
mesh for one half of a hollow cylinder was created which contains 1 x 4 x 48 20-node
quadratic brick elements in axial, radial and circumferential direction. To allow a
free deformation, only one open ending of the half ring was fixated in circumferential
direction with Dirichlet boundary condition. Furthermore, nodes at one axial side of
the half ring cannot move in axial direction. Nodes at the other side of the half ring
are linked in axial direction which allows them only to move together at the exact
same distance. For the final state of the growth factor ¥(2d the value is linearly

distributed over the wall thickness from the value ﬁi(flad) at the inner side of the wall

to the value 9"Y at the outer side. During the simulation, the growth factor 924

out
of each integration point is developing from 1.0 to the predefined value over a time
span of one second. This leads to an adjustment of the growth part of the deformation
gradient F\") = I+ (002 — 1) n®@n) with n® as unit vector in radial direction. In
total, four simulations with different fields for the growth factor ¥(% were performed
with
(a) 9" = 1.0 at the inner side and 9% = 0.8 at the outer side,

in out

(b) 9 = 0.8 at the inner side and 92 = 1.0 at the outer side,

in out

(c) 9" = 1.2 at the inner side and 9"V = 1.0 at the outer side, and

i out

(d) 9" = 1.0 at the inner side and 92 = 1.2 at the outer side.

in out

Accordingly, volumetric change is negative in the simulations (a) and (b), and positive
in simulations (c¢) and (d). Furthermore, the gradient of the growth factors over the
wall thickness is negative in (a) and (c), and positive in (b) and (d). The resulting
deformations of geometries are illustrated in Fig. 8.1. Surprisingly, geometries in the
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Figure 8.1: Illustration of bending of half of an arterial ring after growth in radial direction
with predefined field for growth factor 924, Growth factor linearly changes over the wall
thickness with (a) ﬁi(rrlad) = 1.0 and 9"V = 0.8; (b) 90 = 0.8 and 972 = 1.0, (c) 9D =

out in out in
1.2 and ﬁgid) =1.0; (d) 97 = 1.0 and 902Y = 1.2. The parameters ﬁi(iad) and 929 label

in out out
the growth factors at the inner and outer side, respectively. Arterial ring opens for positive
volumetric change (see (c¢) and (d)), and closes for negative volumetric change, (see (a)
and (b)). The gradient of the growth factor over the wall thickness has only quantitative

influence over the opening angle.

simulations (a) and (b) show a closing of the arterial ring while geometry in the simu-
lations (c) and (d) open. This means that the direction of the bending of the arterial
ring for growth in radial direction does not depend on the gradient of the growth factor
but on the volumetric change. This is probably connected to the nearly incompressible
material behavior of the arterial tissue which is considered by the material parame-
ters ay and ag of the isotropic material model. However, the homogenization of the
stresses in circumferential direction depends on the gradient of the growth factor and
not necessarily on the volumetric change as can be seen in the results of simulations in
this and the following chapter (see, e.g., Fig. 8.6 and 9.2). Therefore, growth models
with growth in radial direction can hardly be validated by the corresponding open-
ing angle in circumferential direction in simulations to the opening angle of arteries
measured in experiments. When growth in radial direction is considered, the opening
angle in circumferential direction only indicates to which degree the volumetric change
is adequate. An evaluation of the stress distribution over the wall thickness is crucial
to estimate the accuracy of the growth process.

Growth in Circumferential Direction For the representation of the deformation
after growth in circumferential direction, the same mesh for half of an arterial ring
was used as for the radial growth with 1 x 4 x 48 20-node quadratic brick elements in
axial, radial and circumferential direction, respectively. Dirichlet boundary conditions
are also defined equally. The linear distribution of the growth factor 9(*) over the wall
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thickness is defined in two versions with

(a) 9\ = 1.0 at the inner side and 9\ = 0.8 at the outer side and

in out

(b) 9! = 0.8 at the inner side and 97 = 1.0 at the outer side.
In consequence, the growth part of the deformation gradient adjusts at the integration
point with Fg(l) =TI+ (9 —1)n® @ n®, where n¥) represents a unit vector in
circumferential direction. The deformations of the geometry with different fields for
the growth factor are illustrated in Fig. 8.2. As Can be seen, the arterial ring opens
when the growth factor is larger at the inner side 19 °r) than at the outer side of the

wall 19(()21? (see Fig. 8.2a). A closing of the ring can be seen when 19(Clr < 19((;1? (see
Fig. 8.2b). The deformation of the arterial rings is similar for ﬁelds of the growth
factor ¥(°™) with comparable gradients over the wall thickness, but varying volumetric
changes and, hence, was not further illustrated here. It should be emphasized that
bending is significantly higher for equal values of the growth factor ¥(°™ than of the
growth factor 902d) (compare Fig. 8.1). As shown in the experimental results for aging
arteries in Section 2.3.4, the circumferential growth seems to be minor in comparison
to the radial growth of elastic arteries. However, since the opening angle changes
significantly on circumferential growth, an accurate relation between the age-dependent
growth in radial and circumferential direction is considerably difficult to estimate from

experimental data.

(b)

Figure 8.2: Illustration of the bending of half of an arterial ring after growth in circumferen-
tial direction with predefined field for growth factor ¥(¢"). Growth factor linearly changes over

the wall thickness with (a) 9\ = 1.0 and 9'%? = 0.8; and (b) ¥\ = 0.8 and ¥ = 1.0.

out out

The parameters ﬁi(fli Y and 19((;1? label the growth factors at the inner and outer side, respec-

tively. Arterial ring significantly opens in case (a) and closes in case (b).
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Growth in Axial Direction For the investigation of bending of an axial tissue
strip of the arterial wall, the mesh of this strip was defined by 20 x 4 x 4 20-node
quadratic brick elements in axial, radial and circumferential direction, respectively.
The mesh is curved in circumferential direction and elements are equal in size to the
elements in the meshes for growth in radial and circumferential direction. Accordingly,
the 4 elements in circumferential direction represent 1/24 of an arterial ring. One
axial side of the tissue strip is fixated in axial direction by corresponding Dirichlet
boundary conditions. In addition, one circumferential side of the tissue strip is fixated
in circumferential direction. The growth factor ¥(®*) is again linearly distributed over
the wall thickness. Two different scenarios were investigated in simulations with

(a) 19( ) = 1.0 at the inner side and 9 = 0.8 at the outer side and

(b) fﬁ( ) = 0.8 at the inner side and 9\*? = 1.0 at the outer side.

out -

The growth part of the deformation gradient is adjusted accordingly with F @) —
I+ (19(3”‘) — 1) 2 @ n®, where n® represents a unit vector in circumferential direc-
tion. Bending of the tlssue strips is illustrated in Fig. 8.3. As could be expected, the
geometry bends to the outside when the growth factor ¥(®) is smaller at the outside
(see Fig. 8.3a) which corresponds to the experimental opening angles in axial direction.
Accordingly, the tissue strip bends to the inside when 9. () ﬁfmt (see Fig. 8.3b). It
can be concluded that the opening angle in axial dlrectlon of elastic arteries can be rep-
resented by growth in axial direction which results from fields of the growth factor &)
comparable to case (a).

outside axial out5|de

direction
—_—

(a)

axial
direction

EEsrr—
| | Inside In5|de
ﬁ(ax)
0?5 ||
w

Figure 8.3: Illustration of the bending of an arterial tissue strip after growth in axial di-
rection with predefined field for growth factor 9%, Growth factor linearly changes over the
wall thickness with (a) ﬁfﬁx) = 1.0 and 9 = 0. 8; and (b) ﬁi(ix) = 0.8 and 9 = 1.0. The

out out

parameters 191(3 *) and 19(()?;;) label the growth factors at the inner and outer side, respectively.

Arterial tissue strip bends to the outside in case (a) and to the inside in case (b).
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8.2 Formulation of Optimization Procedure to Ob-
tain Accurate Geometry and Material Behavior

For a realistic description of the structural problem of an arterial wall with a finite
element simulation, several aspects have to be taken into account. As a first step, a
reliable material model was proposed in Chapter 5 with the ability to replicate the
contractile behavior of vascular SMCs in an arterial wall as demonstrated in results of
simulations in Chapter 6. Secondly, the novel kinematic growth model can be applied to
automatically calculate residual stresses which result in a homogenization of the stress
distribution over the wall thickness. However, as described earlier, this growth process
changes the geometry of the arterial wall unpredictably. Therefore, an optimization
procedure is described in this section which results in an accurate geometry after the
growth process is completed. Furthermore, this optimization considers the fitting of
the material parameters. To evaluate the mechanical behavior of the arterial wall,
experimental data is required which describes the deformation process of the tissue
under a certain loading scenario. The arterial tissue comprises residual stresses which
are often not taken into account in simulations used to replicate experimental data.
Accordingly, resulting material parameters of these fitting attempts are inadequate. An
increase of the accuracy is achieved by applying the growth model to receive residual
stresses first, before the replication of the mechanical experiments is performed with
numerical simulations. In consequence, this order is applied in the simulations which
are used in the optimization procedure. An additional aspect which has to be taken
into account to describe the structural problem accurately, is the determination of the
parameter values of the growth model which lead to residual stresses. For this purpose,
experimental data for the deformation of dissected arteries as presented in Section 2.3.4
could be considered. However, such data can only be found for some artery types and
is especially rare for muscular arteries. In addition, it was demonstrated in Section 8.1
that the opening angles of dissected arteries are difficult to interpret to obtain mean-
ingful estimations for the parameter values of the growth model. Therefore, a different
approach is considered here. In a material model, which does not consider growth, the
parameters are fitted for the entire structure, assuming that elastin, collagen and SMCs
behave equally at every material point. This assumption does not remain true when
a kinematic growth model is applied since the strain-energy density function of the
material model only depends on the elastic part of the deformation gradient F,. The
more a growth factor ¥(® differs from its original value of 1.0, the higher is the impact
of the growth part of the deformation gradient Fg(a) on F; (see Eq. (7.1)). Therefore,
it is a central goal to minimize the impact of the growth model on the material model
while, nonetheless, reliable residual stresses are predicted. For the prediction of reli-
able residual stresses in circumferential direction, the minimization corresponds to a
minimization of the change of the growth factors ¥ (radial direction). This can be
achieved by an optimization of the convergence value qﬁgi}l to which the driving force ¢
converges to during the growth process at the material point. In summary, the opti-
mization procedure is implemented to establish three specific aspects to improve the
accuracy of the structural description of the arterial wall:

1. Minimize the change of the growth factor 93 during the growth process,

2. Match the resulting geometry after growth to experimental measurements, and
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3. Replicate mechanical experimental data with numerical simulations by fitting the
material parameters after the growth process is finished.

Due to this application, only two aspects remain to acquire an adequate structural
problem: a reliable assumption of the orientation of the collagen fibers and SMCs
as well as the determination of a reasonable convergence value ¢£§L for growth in
axial direction. The application of a remodeling process for the adjustment of the
fiber directions could be considered. However, the final direction of the fibers usually
depends on the values of the principal stresses. In this thesis, the values of the principal
stresses are predefined in the kinematic growth model. In consequence, the application
of the remodeling process would simply lead to an adjustment of the fiber directions
to an orientation which was predefined in the growth model already. In fact, it is
questionable if the resulting fiber direction would be adequate for the corresponding
artery. Therefore, the orientation of collagen and SMCs from experimental data is
taken into account for the simulations in this thesis. Furthermore, the convergence
value qséiL is predefined for every optimization to obtain reasonable axial prestretch
for the arterial ring. Subsequently, details about the numerical simulations including
choice of parameters and the objective function are described.

Geometry and Predefined Parameters The geometry of the arterial ring is de-
scribed by a hollow cylinder with 1 x 4 x 96 20-node quadratic brick elements in all
simulations of this chapter as well as Chapters 9 and 11. An example for the cor-
responding geometry is illustrated in Fig. 8.4a. Due to results from simulations in
previous publications, the mechanical contribution of the adventitia can be neglected
(see, e.g., [179]). Therefore, only the media is taken into account for simulations in
this thesis. For a reliable result from the growth model, the convergence values qﬁéﬁL
and qbg;)n of the growth method have to be selected appropriately. This requires con-
sideration of the load scenario which the investigated artery experiences in vivo. For
the mechanical modeling of the arterial wall, the same experimental data from JOHN-
SON ET AL. [94] are taken into account as used in Chapter 6 for the validation of
the active material model. Accordingly, the artery in the simulations is considered a

(b) ()

Figure 8.4: Detailed visualization of the mesh of the arterial ring. (a) The mesh in the
referential state with the inner and outer radii, 7 yef and 74 rer. (b) A magnified cutout
of the wall with marks at the positions of the Gauss points which were used to illustrate
results in Figs. 8.6, 8.8, 8.9, 8.10, 9.2, C.1 and C.2. (c) The fiber vectors a(’) and a(® and
the corresponding fiber angle 3 illustrated in the plane of longitudinal and circumferential
direction. Illustration is adopted from UHLMANN AND BALZANI [178].
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middle cerebral artery of a rat. A blood pressure of 100/60 mmHg can be assumed
for a healthy rat at rest (see, e.g., [134]). Regarding the activity of the rat over the
day, a static pressure value of 120 mmHg constitutes a realistic mean value for the
dynamically changing blood pressure. Since the middle cerebral artery is located in
the brain of the rat and, therefore, protected from additional displacements caused by
body movement, dynamical changes of the axial stretch have not to be accounted for
in numerical simulations. Instead, a constant value for the axial prestretch is sufficient
which was identified as a value of 1.1 in experimental investigations of the middle cere-
bral artery of a rat (see [15]). This value will be considered in the optimization which
includes the active material response in Chapter 9 and fits the structural problem of the
artery most reliably. However, in this chapter, the combination of the growth model
and optimization procedure is supposed to be tested to its limits. For larger arteries
of aged humans (such as aorta, superficial femoral artery or iliac artery), in vivo axial
prestretches lower than 1.0 were measured (see [92], [85], [157], [164]). To imply this
shortening of the artery after the in situ cut also in numerical simulations, the most
expensive (but still considerable) numerical scenario is tested in which the axial stress
is decreased to a convergence value of gbg)n = 0kPa. For this scenario, large values for
the growth factor ¥ are required which lead to an expansion of the arterial ring in
axial direction. This might lead to an axial prestretch lower than 1.0. To which degree
an additional displacement of the artery in axial direction influences this part of the
growth model is presented in Section 8.5. For the first example of the optimization
(see Section 8.3), the axial displacements of the nodes at the axial ends of the arterial
ring are set to zero.

Minimal Change of Radial Growth Factor For the minimization of the change
of 93 over the wall thickness, first simulations with ¢£§?n = 0y, already showed promis-
ing results. There, oy, is the mean value of the trace of the Cauchy stresses tr(o) over
the wall thickness for the loaded geometry without growth. Therefore, the convergence
value ¢£‘Z’,21 is defined as the multiplication of this mean value g, with a factor wy,.
The factor wy;, constitutes the first parameter of the optimization which leads to a
minimization of the change of ¥®. Since the minimization of the change of 93 can be
interpreted as minimization of the volumetric change from Fg(g), Wpmin can be considered
a volumetric minimizer. The corresponding equations for the calculation of ¢£§L can
be written as

1
¢<(;i21 = WminOtr with Otr = — Z tr(a)g s (81)
ngp -1

where tr(o), is the trace of the Cauchy stress at the Gauss point g. To acquire a
reliable evaluation of ., eight Gauss points were chosen which have the same position
in axial direction and build an exact line from the inside to the outside of the arterial
wall (see illustration in Fig. 8.4b).

Match Final Geometry to Measurements To match the final state of the geom-
etry, after the growth process is finished, to realistic measurements of an artery, data
by GANNON ET AL. [58] is taken into account (see Table 1 in the original publication).
There, the ratio between wall thickness and outer radius of a middle cerebral artery of
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a mouse was measured to be 0.21. It is assumed that this ratio is similar for the same
artery type of the rat. During the measurement, an intravascular pressure of 15 mmHg
was applied to the arterial wall. Furthermore, the solution around the artery con-
tained no Ca?t which leads to a deactivation of the contraction of vascular SMCs. To
optimize the final state of the geometry, the inner and outer radius of the reference
configuration of the arterial ring 7; ;e and 7, e are used as optimization parameters
(see Fig.8.4a). According to the experimental setup, the final state of the geometry
(after growth) is loaded by an intravascular pressure of 15 mmHg. Furthermore, only
the passive material response is applied.

Fitting of Material Parameters As mentioned above, the material parameters are
fitted by replicating the experimental data from JOHNSON ET AL. [94] with results
from numerical simulations. A detailed description of these experiments can be found
in Sections 2.2.4. In summary, a segment of a middle cerebral artery was investigated
for the temporal adjustment of the outer diameter during the application of different
values of intravascular pressure over a time of 300s. There, Krebs solution around
the artery was varied which results in an adjustments of the material response. In
consequence, the fully active material response, a suppressed active material response
and the passive material response of the arterial ring were obtained. In this chapter,
only the experimental data for the passive material response is considered. The fully
active and suppressed form is taken into account in the next chapter. For the replication
of the data with FE simulations, the optimization used the material parameters ay, ay
and oy as optimization parameters which describe the general mechanical behavior of
elastin and collagen fibers. The additional parameters as and a3, which control that
the arterial tissue is nearly incompressible, are set prior the optimization to 100 kPa
and 2, respectively.

Description of Optimization Procedure A schema of the optimization can be
found in Fig. 8.5. Overall, the optimization adjusts six different parameters, namely,
the volumetric minimizer wm,,, the inner and outer radii 7; yf and 7 ref, and the ma-
terial parameters oy, a4 and as (see left box of Fig. 8.5). Equally to the fitting of
the material parameters in Chapter 6, the optimization was implemented in Python by
utilizing the library mystic which applies a mixture of evolution strategy and gradient
method. Based on the parallelization of mystic and the used hardware, 40 children pa-
rameter sets were tested at the same time. To evaluate a new set of parameters, FEAP
is called inside the Python script to run three sequential boundary value problems which
adopt the new parameters. These simulations are executed in the following order (see
also middle box in Fig. 8.5): 2(a) the growth process of the artery, 2(b) the check of the
wall thickness at an intravascular pressure of 15 mmHg, and 2(c) the replication of the
mechanical experiments from [94]. Since the simulations 2(b) and 2(c) have to imply
the resulting geometry after growth, the final values of the growth factors 9(® are ex-
ported for every single Gauss point at the end of simulation 2(a). Subsequently, these
values of the growth factors 9(*) are defined as target values in the simulations 2(b)
and 2(c). Over a time span of one second, the growth factors are linearly increased
from their starting value of 1.0 to the final values from simulation 2(a).
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Optimization Procedure Improve Optimization Parameters
by Minimizing Objective Function
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Figure 8.5: Schematic representation of the optimization procedure which is based on evo-
lution and gradient method. Three steps are presented which result in an evaluation of a
parameter set: 1. Creation of new sample of parameters based on data from earlier genera-
tions, 2.(a) Execution of growth process, 2.(b) Checking the wall thickness of the resulting
geometry, 2.(c) Reproduction of mechanical experiments with simulation, and 3. Evaluating
the sample based on the objective function. Illustration is adopted from UHLMANN AND
BAvLzaNI [178].

Objective Function According to the three aspects of the optimization, three dif-
ferent parts are defined for the objective function (see right box of Fig. 8.5). The
corresponding equation with z = z; + 25 + 23 is formulated as

1 e 3) 2 To,15 — T4, 15 2 1 - dex k— dsim k ?
2= 0.035 ) (ﬁg - 1) (T o1 4 3o ( Ce LN
Mep 5 To,15 } Ndata 1 Aexp, &
21 %2 z3

(8.2)
In the first term z;, the change of the growth factors ¥ from its starting value of 1.0
is evaluated for every Gauss point g (for position of the Gauss points, see Fig. 8.4c).
Here, the prefactor of 0.035 is required to balance the influence of the first part z;
to the second and third part of the optimization process. In the second term 2z,
the inner and outer radii of the resulting version of the geometry after growth at
an intravascular pressure of 15 mmHg is described by r, 15 and 7 15, respectively. In
consequence, the ratio between the wall thickness and the outer radius is calculated
which is optimal for a value of 0.21. In the last term z3, the parameter dey,, 1, constitutes
the measured outer diameter from the experiments while the arterial ring was loaded
with an intravascular pressure of p; (see Fig. 2.6b) where ng,, is the total number of
different pressure values. In the simulations of this chapter, only the passive material
response is considered. The parameter dgn, 5 is the outer diameter of the arterial ring
in simulation 2(c) at the intravascular pressure pgy. The additive split of the three
parts of the objective function enables an evaluation of the fitting of the mechanical
experiments without significant influence of the respective other parts. This advantage
is crucial when certain parameters or boundary conditions are varied such as the fiber
direction of collagen and SMCs or the convergence value gbﬁiL Such variations of the
simulation might have a considerable impact on the part z; of the objective function.
However, due to the additive split of the objective function, the quality of the fitting
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of the material parameter in part z3 remains comparable for different variations.

8.3 Results for First Application of Optimization

Including the information about the optimization procedure from the previous section,
which comprises the description of the mesh, the geometry, certain boundary condi-
tions, and the determination of values for material as well as growth model parameters,
the results of the first application of this optimization is presented here. As mentioned
above, the axial displacement of the nodes of the arterial ring is set to zero. Based
on the load scenario with intravscular pressure and the symmetry of the geometry,
displacements in circumferential direction are not expected. In consequence, the nodes
of the arterial ring will only react by radial displacements to the load scenario. In
the simulations for the optimization presented here, the orientation of the collagen
fibers is determined by considering measurements from FINLAY ET AL. [54], where
the fibers of arteries in the human brain were investigated. The angles between the
fiber orientation and the circumferential direction of the arterial wall reached values
up to 13°. Comparable to the simulations in Chapter 6, the corresponding angle
between circumferential and longitudinal direction is defined as a gradient over the
wall thickness which starts with 10° at the inner side and ends with 20° at the other
side of the arterial wall (see Fig. 8.4c). Since larger (and especially elastic) arteries
comprise fibers with considerably higher angle, the impact of a variation of 5 on the
optimization procedure and the new kinematic growth model is investigated in Sec-
tion 8.5. In all simulations of the different optimizations of this chapter, the growth
velocity factors are chosen to be k) = 1074(s - kPa)™! and ! = 107%(s - kPa)~.
However, these growth velocity factors could be chosen arbitrarily and the final re-
sult for stress distribution and the corresponding residual stresses would not differ as
long as the run-time of the growth model is sufficiently long (see Fig. 8.9 in Section 8.4).

The results of the optimization with regard to the stresses and the accuracy of the
material behavior are illustrated in Fig. 8.6 and 8.7, respectively. Fig. 8.6a and b show
the distribution of the Cauchy stresses ¢® and ¢°™) in axial and circumferential di-
rection as well as the driving forces ¢(®) and ¢ before (dashed lines) and after (solid
lines) the growth process is applied. The Cauchy stress in direction of the second
eigenvector agx) (axial direction) and the corresponding driving force gbg) reach the
predefined value of 0kPa. The minimization of the change of growth factor ¥ (see
objective function z;) lead to a value of 139.71kPa for the convergence value of the
driving force ¢§i)n Accordingly, this value was reached over the entire wall thickness
(see ﬁg) in Fig. 8.6b). Consequently, the proposed kinematic growth model achieves
its purpose to equalize the driving forces over the entire wall. However, the graph,
which displays the distribution of the first principal stress Jgir) (circumferential direc-
tion) in Fig. 8.6a, comprises a positive gradient. This is a result of the definition of
the driving force ¢©® as the trace of the Cauchy stresses at the material point which
also involves the stresses in radial direction. Based on the boundary value problem,
the radial stresses are equal to the intravascular pressure at the inner side of the wall
(which was 120 mmHg during the growth process) and zero at the outer side of the
wall. In consequence, the gradient of the radial stress over the wall thickness will
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Figure 8.6: Distribution of (a) Cauchy stresses ¢(®) and o(°"™), (b) driving forces ¢(2) and
3, and (c) growth values ¥® and 9 in circumferential (green) and axial (red) direc-
tion over the wall thickness. Artery is loaded with an intravascular pressure of 120 mmHg.
Dashed lines show results before growth, solid lines show results after growth. Gradient of
the stresses over the wall thickness is significantly lower after growth. Illustration is adopted
from UHLMANN AND BALzZANI [178].

always be negative. When the driving forces ¢$) and ¢g§) are equal over the entire
wall thickness after the growth process is stopped, the circumferential stresses oéiir)
have to show a gradient with opposed sign to the radial stresses. In the application of
the optimization procedure with simulations which consider only the passive material
response, this gradient could still be accepted. However, the growth model is adjusted
for simulations with active response in Chapter 9 where the stress values are notably

smaller in circumferential direction, but equal in radial direction.

The final state of the growth factors ¥® and 9 over the wall thickness is illustrated
in Fig. 8.6c. As the growth in axial direction is not restricted in the optimization pro-
cedure, a value of 1.35 at the inner side and 1.3 at the outer side of the wall is reached
for the growth value ¥ which is predominantly responsible for the reduction of the
axial stresses aéix) to OkPa. The increase of the growth factor 9@ to these values
over the entire wall thickness corresponds with a growth (extension) of the artery in
longitudinal direction. Accordingly, the resulting axial prestretch of the arterial ring
after growth is lower than a value of 1.0 which was aimed for in the simulation here
by setting ¢£(2)21 = 0kPa. The growth factor ¥® shows a value of 1.3 at the inner
side and 0.7 at the outer side of the arterial wall. This shows that the minimization
of the change of ¥ from the starting value 1.0 was successful. The inner and outer
radii 7j et and 7, e Of the arterial wall in the reference configuration were optimized
to the values of 82.91 ym and 103.11 gum. This leads to a ratio between wall thickness
and outer radius of 0.209997 at an intravascular pressure of 15 mmHg (simulation 2(b))
which nearly equals to the target value of 0.21 in the optimization.

The accuracy of the fitted material parameters of the arterial tissue can be estimated
from the graph in Fig. 8.7a. There, the evolution of the outer diameter of the arterial
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Figure 8.7: Illustration of (a) the comparison of the outer diameter of the arterial wall in
simulations after growth (solid line) and corresponding experimental data from [94] (dots),
and (b) the comparison of circumferential Cauchy stresses o) of the passive material re-
sponse at different times of the pressure profile. The simulation results of the model nearly
correspond with the experimental data. Stresses show a homeostatic distribution. Note that
the stresses reach unrealistic high values. This is caused by the application of a high intravas-
cular pressure on a muscular artery while the active response is deactivated. Illustration is
adopted from UHLMANN AND BALzANI [178].

wall for increasing intravascular pressure values is shown for the simulation 2(c) and
the corresponding measurements of the experiment. As can be seen, the data between
simulation and experiment corresponds in the range of 0 mmHg to 120 mmHg for the
intravascular pressure which demonstrates the efficiency of the optimization procedure.
Furthermore, the resulting homogenization of the circumferential stresses is illustrated
in Fig. 8.7b, where contour plots of the 3D arterial ring are shown for different values
of the intravascular pressure. It should be noted that the stress values in the simula-
tions here are unrealistically high. This is associated with the reduction of the material
behavior to its passive part. As can be seen in the evolution of the diameter in the
experiments (see Fig. 2.6), the contraction of the SMCs has a substantial influence on
the material behavior of the tissue. The arterial tissue is stretched by a factor of 1.5
and higher when Ca?* is excluded from the Krebs solution (which results in a deacti-
vation of the SMCs). This stretch is considerably higher than in a physiological state
of the artery and a certain damage of the tissue can be expected. However, the damage
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of the tissue is not recorded or does not occur during the experiments and, therefore,
cannot be considered in the material model. An inclusion of a damage model would
lead to stiffer passive material in the undamaged state.

8.4 Homogenization of Stresses is Independent from
exact Run-Time for Proposed Growth Model

The homogenization of the stress distribution over the wall thickness, as shown in
the previous section for the proposed kinematic growth model, was already achieved
by application of other growth models. One example is constituted by the previous
version of the growth model of this thesis (see ZAHN [202]) which depends on the elastic
part of the Mandel stress 3, = C.S. as driving force. As established in Section 7.2.1,
the elastic part of the Mandel stress is energetically conjugated to the growth part of
the velocity gradient l, and, therefore, the application of ¥, as driving force is founded
on thermodynamic considerations. However, the dependency of the growth process
on ¥, does not allow the integration of an automatic stopping of the growth process at
the material point when the stresses are homogeneous. In simulations with this model,
which resulted in equal stresses over the wall thickness of the arterial ring, the exact
run-time of the growth model was predefined and the parameters were optimized for this
scenario. The new kinematic growth model of this thesis does not have this restriction
and leads automatically to reasonable residual stresses after a sufficiently long run-time.
This property is especially important, when the material model considers an additional
active material part such as the contraction of SMCs. Since the growth process applied
by the growth model is only abstractly time-dependent, which means that the final
result for the residual stresses is of interest, but not the exact development over time,
the growth velocity can be freely adjusted. This adjustment of the growth velocity does
not influence the final results after an infinite run-time of the growth model. In the
following, the described properties of the proposed growth model are shown through
results from simulations. Furthermore, a comparable optimization of the structural
problem as shown in the previous section was applied to the growth model of ZAHN
[202] which uses the elastic part of the Mandel stress as driving force. To prevent
misunderstandings in the following text, the two growth models are distinguished here
as:

o Model A: kinematic growth model of this thesis (o as driving force) and
« Model B: kinematic growth model by ZAHN [202] (X, as driving force).

The main difference between model A and model B is the formulation of the evolu-
tion equation for the growth factors ¥(® (see Eq. (7.21) for model A). These evolution
equations are briefly explained for model B in Appendix B.

Based on the definition of the evolution equations in model B, the growth factors 9(®
only increase during the growth process. Values of ¥(*) lower than 1.0 are not possible.
Therefore, the prefactor in z; of the objective function in Eq. (8.2) would have to be
reevaluated to enable a reasonable balance between the three parts z1, zo and z3. How-
ever, for the comparison of model A and B, the fitting of the material parameters to
experimental data and a reliable geometry of the arterial wall are sufficient for model
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B to display the differences. Accordingly, the first part of the objective function z;
is not considered for model B. Furthermore, there are no convergence values in the
evolution equations for the growth factor of model B (see Eq. (B.1)). Therefore, the
optimization parameter wy, is not considered (see 1(a) in Fig. 8.5). Instead, the min-
imization of the absolute values of the gradient for the stresses over the wall thickness
is applied. For this purpose, the optimization stopped the growth process of model
B when the deviation of the stresses increased. For the evaluation of the deviation of
the stresses, the same eight Gauss points as in the optimization of model A were used
which are marked in Fig. 8.4b. To enable the optimization, the parameters 19?2), 19&),
/f:; @ and /f:; (3) are included in the list of optimization parameters. In Fig. 8.8a, the
resulting stress distribution for the optimized parameters of model B are shown. The
corresponding values of the growth factors are illustrated in Fig. 8.8b. The final values

of the optimized parameters are listed in Table 8 in the Appendix B. The stresses agx)

and agir) (first and second principal Cauchy stress) are homogenized over the wall after
an optimal growth time (solid lines). This time point was used to evaluate the quality
of the optimized material parameters. The corresponding simulation results match the
experimental data which can be seen in Fig. B.1 of Appendix B. Furthermore, the
optimization leads to a value of 0.20995 for the ratio between wall thickness and the
outer radius at an intravascular pressure of 15 kPa which is nearly equal to the target
value of 0.21. Without stopping the growth process, when the deviation of the stresses
increase, the growth process would continue as long as the evolution equation for the
growth factors does not equal zero. Based on its definition, the evolution equation in
model B can only equal zero when the growth factors ¥(® reach their maximal val-
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Figure 8.8: Distribution of (a) Cauchy stresses 0 and ¢(“), and (b) growth values 9¥(?)
and ¥ in circumferential (green) and axial (red) direction over the wall thickness for the
passive material response with application of growth model B which is based on the elastic
part of the Mandel stress X¢ (see [202]). Artery is loaded with an intravascular pressure of
120mmHg. Dashed lines show results before growth, solid lines show results after optimal
time for growth, dashed-dotted lines show results after infinite time of growth. Gradient of the
stresses is significantly decreased for the optimal growth time. Gradient increases afterwards
and reaches the depicted values after infinite time. Illustration is adopted from UHLMANN
AND BALzANI [178].
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ues 195) and 1925) which occurs after a longer run-time. The resulting stress distribution

for the case of 9(?) = 19(2) and 9 = 19@) are illustrated by the dashed-dotted lines in
Fig. 8.8. As can be seen, the stresses in circumferential direction are generally larger
for this case than after the perfect run-time for the growth process (solid lines) and
show a difference of 40 kPa between the inner side and the outer side of the arterial
wall which is a notably worse result. A smaller difference of around 20 kPa over the
wall thickness can be seen for the stresses in axial direction.

An additional comparison between model A and B is shown in Fig. 8.9 where graphs

illustrate the evolution of the circumferential and axial stress of the Gauss point at
the inner side of the arterial wall (compare Fig. 8.4b). To demonstrate the property of
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Figure 8.9: Comparison of the time-wise evolution of the stress in axial and circumferential
direction at the innermost Gauss point (marked in Figure 8.4). (a) Variation of the values of
the growth velocity factors /fff) and 51(93) in growth model A. The graphs show that variations
of the growth velocity factors have no impact on the final value of the stresses. (b) For
growth model B which depends on the elastic part of the Mandel stress 3, as driving force.
Homeostatic stress distribution is reached at 360s run time of the growth process. However,
growth model B does not converge to this state. Accordingly, a combination with additional
active processes such as the contraction of SMCs is challenging. Illustration is adopted

from UHLMANN AND BALZANI [178].
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the growth model A to be independent from an exact run-time for a reliable homoge-
nization of the stress distribution, different results are displayed which used variations
for the growth velocities /11(92) and /{1(93)‘ There, the values of /{1(92) = 107%(s - kPa)™!

and /11(93) = 107*(s - kPa)~! (solid lines) represent the evolution for the optimized so-
lution of Section 8.3. In the other two examples, one of the growth velocity parame-
ters 51(92) (dashed lines) or 51(93) (dashed-dotted lines) was reduced by a factor of 20. As
can be seen, the graphs differ significantly during the first 3000 s of the growth pro-
cess. However, the final results are equal after a sufficiently long run-time. Moreover,
stress distributions over the wall thickness (see Fig. 8.6a) as well as the values of the
growth factors (see Fig. 8.6¢) and the replication of experimental results (see Fig. 8.7a)
are equal in all three variations for the growth velocity parameters. In comparison
to these results, the evolution of the stresses at the same Gauss point for model B
is shown in Fig. 8.9b. There, the optimal state for the stress distribution is reached
after a run-time of 360s (see distribution in Fig. 8.8). However, the stress still changes
significantly afterwards since model B does not provide a stop to the growth process at
the material point when a homogenization of the stress distribution is accomplished.
Therefore, a qualitatively accurate coupling of model B with another active material
process is difficult to achieve.

8.5 Efficiency of Optimization: Variation of Fiber
Direction or Axial Growth Conditions

As discussed in Section 8.2, only the fiber direction of collagen (and later also SMCs)

and the convergence value (ﬁ@q for the growth process in direction of the second princi-
pal stress have to be predefined before the optimization of the structural problem can
be started. Since different types of arteries contain different collagen and SMC orienta-
tions and experience also different axial prestretches, it should be possible to consider
these variations in the combination of optimization procedure and application of the
growth model. Therefore, several additional optimization procedures were performed
to display the efficiency of the procedure defined in the previous sections. In addition
to the variation of the fiber angle 8 or the convergence value ¢£le, also the Dirichlet
boundary conditions are adjusted by stretching the arterial ring in axial direction to
up to 40% before the growth process is started. Accordingly, the axial stretch value A,
should not be confused with the in vivo axial prestretch of an artery which constitutes
the axial stretch of the artery with residual stresses in the unloaded state. The final
results of the optimization parameters and the corresponding values of the three differ-
ent parts of the objective function z1, 2o and z3 are listed in Table 4. There, the fiber
orientation can be defined by a constant value of the angle 5 or with linear distribution
over the wall thickness. The linear distribution is expressed as § = 10° — 30° where the
first value (10°) is the value at the inner side of the wall and the second value (30°) is
the value at the outer side of the wall. As can be seen in Table 4, the final values of the
objective functions are comparable for any variation of the simulation. Only minor out-
liers can be detected. In the optimization with ¢£§L = 50 kPa, the value of 0.000232 for
the second part of the objective function z5 could be seen as considerably large. How-
ever, the corresponding ratio between wall thickness and outer radius constitutes still
a value of 0.2098 and, hence, does not differ significantly from the target value of 0.21.
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Table 4: Final values of the optimization parameters and the corresponding values of the
objective functions z1, 29 and z3 for variations of the angle of the collagen fibers 3, the axial
)

stretch Aax or the convergence value of the growth factor gbgn. The standard case refers to
the first application of the optimization which is presented in Section 8.3.

Optimization Parameters Objective Function

Variation aq Qy Qs To, ref T rof Wnin 21 2 23
Standard Case | 2.79kPa  9.90kPa  2.99 103.11pm 82.91pm 0.77 | 0.00645 2.74e-06 0.00494
B =10°—-30°| 3.08kPa  10.48kPa 3.08 102.44pum 81.84um 0.783 | 0.00868 8.51e-06 0.00658
B =10°—40° | 2.83kPa 19.87kPa 2.54 108.44pum 87.54pum 0.857 | 0.01371 3.47¢-05 0.00632
B =30°|3.62kPa 14.51kPa 3.13 96.95pum 77.50pm 0.776 | 0.00535 8.75e-05 0.00460
p=45° | 3.76kPa 39.86kPa 2.76 88.64pum 69.99 pm 0.915 | 0.00529 9.53e-06 0.00476
Aax = 1.1 | 279kPa  11.46kPa 3.10 102.98 um 83.24pum 0.799 | 0.00552 9.31e-05 0.00652
Aax = 1.2 | 2.38kPa  14.89kPa  3.00 105.17um 85.19 um 0.895 | 0.00583 7.94e-05 0.00614
Aax = 1.3 | L.75kPa  19.83kPa 292 107.22pum 8748 um 0.986 | 0.00607 7.18e-06 0.00584
Aax = 1.4 | 1.56kPa 25.077kPa 2.85 108.39pum 89.36 um 1.079 | 0.00619 9.54e-05 0.00557
) = 10kPa | 1.28kPa  14.02kPa 256 107.04 pm  87.04pm  0.852 | 0.00634 8.84e-05 0.00540
o2 =20kPa | 1.52kPa  10.71kPa  2.52 105.82 pm o 84.50 pm  0.937 | 0.00663 3.54e-05 0.00554
) =30kPa | 1.56kPa  8.61kPa  2.54 103.83 pm o 8229 pm - 0.959 | 0.00639  2.59e-05 0.00581
¢((;z)n =40kPa | 3.11kPa  547kPa 2.66 101.01pum 78.53um 0.984 | 0.00607 7.11e-05 0.00637
o2 =50kPa | 4.93kPa  3.56kPa  2.75 101.09 pm 7717 pm  1.009 | 0.00572 0.000232 0.00656

In addition, the optimizations with the fiber angles of § = 10° — 30° and 8 = 10° —40°
could be identified as outliers, since the values of objective function 2o are up to 2.5
times higher than in other cases. However, this part of the objective function minimizes
the change of the growth factors 9®). A linear increase of the fiber angle over the wall
thickness leads to a stiffer material behavior in circumferential direction at the inner
side as compared to the outer side of the wall. Since the stresses are already larger
at the inner side of the wall (see, e.g., o(°™ in Fig. 8.6a), the difference between the
growth factor 9 at the inner and outer side of the wall has to increase even further
with this distribution of the fiber angle. This leads to an automatic increase of the
value of z;. The quality of the fitting of the material parameters (see z3 in Table 4) is
adequate in every optimization.

For a more detailed illustration of the simulation results, the distribution of Cauchy
stresses 0®) and ¢(°") the driving forces ¢® and ¢®), and the growth factors 9
and 9@ are displayed in Fig. 8.10 for the variation of the fiber orientation. Illustra-
tions in the same manner can be found in Fig. C.1 for a varying axial stretch A\, and
in Fig. C.2 for the variation of the driving force ¢£(2)2q in Appendix C. Since the opti-
mized values for the radii in the reference configuration, 7; ;e and 7o, e, are different
for every optimization, the positions over the wall thickness are displayed as relative
values where 0.0 represents the inner side of the wall and 1.0 the outer side of the wall.
As described before, it can be seen in Fig. 8.10d that the values of growth factors ¥
differ more from the start value of 1.0 in the case of § = 10° — 30° and 8 = 10° — 40°.
This underlines the larger value of the objective function z; in these cases.

An important feature of the optimization procedure can be recognized in Fig. 8.10a, b
and c. The stress distribution over the wall thickness is basically equal for every single
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Figure 8.10: Comparison of results from optimizations with different angles 8 for the colla-
gen fibers. Distribution of the (a) circumferential Cauchy stress o(“™), (b) the axial stress/-
driving force o(@%) / »2), (¢) the radial driving force #3) which directly influences the stresses
in circumferential direction, and (d) the growth factors ¥(?) (axial) and ¥®) (radial). Note
that 8 = 10° — 20° describes a gradient of the angle over the wall thickness with § = 10°
at the inner side and § = 20° at the outer side of the arterial wall. Since the optimization
of 7 rer and 7 rof does not lead to equal values for a variation of the fiber angle, the diagrams
show relative values for the position of the Gauss points. Optimizations show convincing
results for any assumption of the fiber angle 3. Illustration is adopted from UHLMANN AND

BALzANI [178].
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case of the variation of the fiber direction. While this result has to be expected for the
stresses in axial direction agx), since all stresses are reduced to the convergence value
of ¢£§L = 0kPa, the similarity of the stresses in circumferential direction could be seen
as surprising. However, it seems that the combination of homogenization of the stress
distribution over the wall thickness by a kinematic growth model with an optimization
of the reference geometry and a fitting of the material parameters to experimental data
is sufficient to make the result in this loading scenario independent from the fiber ori-
entation. Note that Fig. 8.10 illustrates only the loading scenario with an intravascular
pressure of 120 mmHg. This result underlines also that the combination of this growth
model with a remodeling process for the fiber orientation is counterproductive as long
as the remodeling process completely depends on the values of the stresses at the ma-
terial point in a static load scenario. Since the stress distribution does not change for
predefined differences in the fiber orientation, it will also not change for an adjusting
fiber direction from such a remodeling process. In consequence, the final fiber direc-
tion of the remodeling process is basically predefined by the final stress values which
are here defined by the convergence values ¢£?,21 and ¢£§L Therefore, an experimental
determination of the fiber directions is preferable.

Altogether, the optimization results are convincing. The stress distributions for the
variation of the convergence value in axial direction ¢>§?,L and the axial stretch before
growth A, are reliable as well. In consequence, the described optimization procedure
can be used for all types of arteries. As soon as the fiber orientation of collagen and
SMCs as well as the axial prestretch is known for the considered artery, the optimiza-
tion provides an accurate mechanical description of the arterial wall. This will be
shown for the inclusion of the active response for a middle cerebral artery of a rat in
the next chapter.
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9 Combination of Growth and Active Re-
sponse for Optimal Structural Problem

The combination of the growth model with an active material process as the contraction
of SMCs is not straightforward. A kinematic growth model is applied to obtain residual
stresses. For this process, the growth factors depending on stresses (or stretches) at the
material point. In case of the contraction of vascular SMCs, the mechanism is stretch-
dependent. Accordingly, both, the growth and contraction process, are affected by the
current state of the mechanical fields and change these mechanical fields simultaneously.
This leads to a high interaction between the models for growth and smooth muscle
contraction. Therefore, the independency of the growth model from an exact run-time
is beneficial. As shown in Section 8.4, the growth velocity parameter of the evolution
equations of the growth factors can be freely adjusted. Consequently, the more sensitive
process of the smooth muscle contraction can be treated as the dominant active process
which runs in real time and the growth process can be run as slow as necessary to enable
a robust and stable numerical simulation. Adjustments of biological tissue by growth
takes place over a time frame of (at least) hours, but rather weeks, months or even years.
Since these time spans cannot be considered in numerical simulations as the time step
width has to be kept under one second for a realistic material response of the vascular
SMCs, the time-dependency of the growth process is treated abstractly. In addition
to the combination of both processes in numerical simulations, the growth model will
be adjusted to obtain more realistic stress distributions for the first principal Cauchy
stress which is oriented in circumferential direction for the considered geometry of a
hollow cylinder. This adjustment will also include growth in circumferential direction
which can be observed in experimental data, but was excluded in the previous chapters.
For the combination of both active model processes, the optimization of the structural
problem is applied. There, a fourth part of the objective function will be added which
leads to an adjustment of the geometry to correspond to measurements of the axial
prestretch for the considered artery type.

9.1 Adjustment of the Growth Model

As shown and discussed in Section 8.3, a certain gradient remains for the distribu-
tion of the circumferential stresses over the wall thickness after the proposed growth
model was applied. This is associated with the definition of the driving force ¢®)
which considers the trace of the Cauchy stresses and, therewith, the stresses in radial
direction (third principal Cauchy stress). This leads to a difference of 16 kPa between
the circumferential stress at the inner side of the wall and the outer side which corre-
sponds to the load scenario of 120 mmHg (16 kPa) for the intravascular pressure. Since
the stresses in this direction decrease from around 150 kPa to 30 kPa when the active
material response is involved, a radial stress of 16 kPa is more notable and, hence,
the growth model has to be adjusted. Resulting data for the application of the growth
model as described in Chapter 7 are illustrated in Fig. D.1 of Appendix D. Accordingly,
the driving force ¢® should not depend on the third principal stress. Instead, a new
definition is introduced here where only the first and second principal stress (circum-
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ferential and axial direction) are considered for the calculation of the driving force at
the material point. In addition, the growth model will be adjusted to correspond more
accurately with observations made in experiments as shown in Section 2.3.4. There, a
growth in circumferential direction can be identified for aging large arteries although
growth in this direction is considerably less recognizable than growth in radial or axial
direction of the arterial wall. However, the growth process in arterial tissue is three
dimensional. Accordingly, the growth model is adjusted to apply growth in all three
directions. In consequence, the same evolution equation as for the second and third
growth factor, ¥® and ¥®), is now applied to the first growth factor 9. This leads
to a change of Eq. (7.21) to

9@ = k() (39— 9l@)  with a=1,2,3. (9.1)
As described above, the driving force ¢® does not include the third principal Cauchy
stress anymore. Furthermore, the driving force ¢ for the first growth factor 9 is
defined as the first principal Cauchy stress. This results in the following formulation
of the driving forces

¢ o)=0: (nPenP) and  ¢P(g) =0 +6®,  (92)

which substitutes Eq. (7.22) from the growth model described in Chapter 7.

9.2 Adjustment of the Optimization Procedure

Corresponding to the adjustment of the growth model, the convergence value for the
driving force quiL is calculated based on stresses over the wall thickness (see Gauss
points in Fig. 8.4b) in circumferential and radial direction before the growth process is
started. Accordingly, the equation can be formulated as

Tgp
1

) = WninG1/11 with o7/ = — Z (01,9 +011,9) 5 (9.3)
gp g=1

where o7, and o1, 4 constitute the first and second principal Cauchy stress at the Gauss
point g, and Wy, is considered the volumetric minimizer (see Eq. (8.1)). Furthermore,
the optimization procedure is extended with a fourth part of the objective function.
There, the axial prestretch of the arterial wall is evaluated which is assumed to be
optimal with a value of 1.1 for a middle cerebral artery of a rat (adopted from BELL
ET AL. [15]). To test the axial prestretch of the arterial wall, an additional simulation
labeled as 2(d) is executed in which only one side of the geometry is held in axial
direction by Dirichlet boundary conditions. Accordingly, the other side of the arterial
ring can experience displacements while the values of the growth factors from the end
of simulation 2(a) are applied over a time span of one second (equal to simulations 2(b)
and 2(c), see Section 8.2). The nodes of the moving side are linked in their displacement
in axial direction. Furthermore, in this simulation 2(d), no intravascular pressure is
considered and the active material response is deactivated which corresponds to the
scenario for the artery in the experiment. The associated extension of the objective
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function is expressed as

1 2
a=01/(-11) . (9.4)

where A,y is the axial stretch of the artery in the simulation 2(d) after full values of the
growth factors 9(®) are reached. Accordingly, the axial prestretch of the artery can be
calculated by Aax, pre = A;- Then, 24 is added to Eq. (8.2) which results in z = z;+29+
23 + z4. To achieve the optimum for the axial prestretch, the convergence value ¢£§L
for the driving force ¢® is added as optimization parameter. For the convergence
value ¢£(1)21, the difference between ¢£§L and (;55;(2)21 is build which leads to

ol = o5 — o). (9.5)

The corresponding adjustments of the optimization procedure are applied to its schematic
representation which is illustrated in Fig. 9.1.

Optimization Procedure Improve Optimization Parameters
by Minimizing Objective Function

| 2

1. Optimization Parameters 2. Simulations 3. Objective Function
(a) Convergence Value gzﬁgi% (a) Growth (a) Change of 9¥(3)
Win p = 120mmHg 21
(b) Reference Geometry (b) Thickness (b) Geometry
Ti,vefy To,ref p = 15mmHg 29
(c) Material Parameters > (c) Experiment > (c) Material
a1, Qgq, Qs 5
active material P ’
(d) Axial Stress (d) Axial Deformation (d) Axial Prestretch
o p = OmmHg 24

Figure 9.1: Schematic representation of the optimization procedure which is based on evo-
lution and gradient method. Three steps are presented which result in an evaluation of a
parameter set: 1. Creation of new sample of parameters based on data from earlier genera-
tions, 2.(a) Execution of growth process, 2.(b) Checking the wall thickness of the resulting
geometry, 2.(c) Reproduction of mechanical experiments with simulation, 2.(d) Checking the
axial prestretch of the arterial ring, and 3. Evaluating the sample based on the objective
function. The label active material in 1(c) refers to the optimization parameters which were
also used in Chapter 6 (see Table 2).

9.3 Optimization of the Structural Problem with In-
clusion of the Active Material Response

The described optimization of the structural problem (see Section 8.2 for the basic
form and the previous Section 9.2 for the extension) is now applied to an arterial ring



132 9.3 Optimization of the Structural Problem

which includes the active material response as formulated in Chapter 5. As applied
in the first example with passive material response, the orientation of the collagen
fibers and the SMCs is defined by the angle § = 10° — 20° which is based on mea-
surements by FINLAY ET AL. [54]. Since the active material model is used during
the application of the growth model at an intravascular pressure of 120 mmHg, the
active, stretch-dependent material part has to reach a certain steady state for the load
scenario first. This is reached by applying the same simulation protocol as used for the
fitting of the parameters of the fully active material in simulations presented in Chap-
ter 6. Accordingly, the arterial ring is set under an intravascular pressure of 10 mmHg
over a time of 600s at the beginning of simulation 2(a). Afterwards, the pressure is
increased stepwise to values of 20, 40, 60, 80, 100 and 120 mmHg where every pressure
level is held over a time span of 300s (see Fig. 6.1c). At the end of these 1800s, the
extended version of the growth model is activated and residual stresses are calculated.
The interaction between active response and growth process can be controlled by the
values of the growth velocity factors which are chosen to be 5591) = 1075(s - kPa)™1,
£ =1074(s - kPa)~! and £ = 1074(s - kPa)~!. As a consequence, the active ma-
terial response reacts significantly faster on growth-induced changes of the stretch in
fiber direction of the SMCs than the growth factors evolve over time. It should be

noted that simulations in which the value of the growth velocity factor /if;) is extend-

ing a certain ratio to the growth velocity factor /@1(93), the convergence value cannot be
reached and infinite growth in circumferential direction occurs. While growth in radial
direction increases the area which withstands the load in circumferential direction, the
growth process in circumferential direction itself rather leads to a direct adjustment
of the circumferential stretch. For the simulations in this thesis, this results in a re-
duction of the stretch at the inner side of the wall and an increase of the stretch at
the outer side of the wall and, therefore, an equalization of the stresses. However, this
growth behavior can also lead to an increase of the inner radius of the arterial ring.
In consequence, the area on which the intravascular pressure is applied increases and,
therewith, the load on the arterial ring. Accordingly, as the stresses over the wall are
raised, growth in circumferential direction is further stimulated leading to an infinite
growth process. During testing of the combination of growth and active response, a
growth velocity value of /<a1(93) = 1074(s - kPa)~! showed reliable stability for the sim-
ulations with the original version of the growth model described in Chapter 7 (see,
e.g., Fig. D.1 of the Appendix D). Simulations with the adjusted version of the growth

model did not result in infinite growth, if the growth velocity factor /g(;’) had a value

lower than 3 - 107°(s - kPa)~!. The value of /if;) = 107°(s - kPa)~! was chosen, be-

cause the combination of parameters reached the convergences values ¢§3}1 the fastest.
Simulation 2(b) is executed in the same manner as described in Section 8.2. For simula-
tion 2(c), the final growth factors of simulation 2(a) are applied over a time span of one
second in the beginning. Afterwards, the three different scenarios of the experiment
of JOHNSON ET AL. [94] are applied which consider the fully active material response,
the suppressed active material response, and the passive material response of a middle
cerebral artery of a rat (compare Section 6.1). Accordingly, z3 of the objective func-
tion includes the adjustment of the outer diameter over time from simulations of all
three scenarios as well as the corresponding experimental data. To include the active
material response in the optimization, the material parameters were treated the same
way as in Chapter 6. Accordingly, the values of the predefined parameters are listed in



9 Combination of Growth and Active Response for Optimal Structural Problem 133

Table 2. The parameters listed in Table 3 are included in the optimization procedure
as optimization parameters here. The label active material in 1(c) of the left box of
Fig. 9.1 refers to these optimization parameters.

The results of the homogenization of the stress distribution over the wall thickness
are illustrated in Fig. 9.2. There, the Cauchy stresses 0®9 and ¢(™ in axial and
circumferential direction before (dashed) and after (solid) application of the growth
process are shown in Fig. 9.2a and the corresponding growth factors 9(*) in Fig. 9.2b.
Note that the stresses (™) and ¢(®) equal the driving forces ¢") and ¢?, respectively.
Therefore, the driving forces are not displayed in the results of the growth process. The
optimization identified a value of 27.46 kPa for the driving force in circumferential di-
rection qs&éL In displayed results, the circumferential stress reaches a value of 28.1 kPa
at the inner side of the wall and 26.8 kPa at the outer side of the wall. The remaining
difference between the stresses and the convergence value gzﬁ((;gl is caused by interaction
between growth and active response. An inclusion of the growth velocity factors in the
optimization could lead to a further improvement of the results. However, homogeniza-
tion of the stresses is qualitatively sufficient in this state. The stresses in axial direction
reached values between 1.45kPa and 1.85 kPa over the entire wall thickness. This mi-
nor stress value is enough to reach an axial prestretch of Aux pre = 1.105. Focusing
on the results in Fig. 9.2a in more detail, it can be seen that the stresses have higher
values at the outer side of the artery than at the inner side of the artery before growth
which contrasts the distribution of the stresses when only the passive material part is
applied (compare Fig. 8.6a). This difference is caused by the contraction of the SMCs
which can lead to a reduction of the outer diameter of the arterial ring in comparison
to the reference configuration. In consequence, the stretch at the outer side of the wall
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Figure 9.2: Distribution of (a) Cauchy stresses and driving forces o(?") = ¢(1) and ¢(®%) =

»@ (b) growth values 9V, 93 and ¥ in circumferential (green), axial (red) and ra-
dial (blue) direction over the wall thickness for the fully active material model. Artery
is loaded with an intravascular pressure of 120 mmHg. Dashed lines show results before
growth, solid lines show results after growth. The new growth method also generates a
homeostatic stress distribution when smooth muscle contraction is included. Ilustration is
adopted from UHLMANN AND BALZANI [178].
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is higher than the stretch at the inner side which is contrary to the results with passive
material response. This effect can also be identified in the distribution of the growth
factors in Fig. 9.2b. The corresponding graphs show a positive gradient which was neg-
ative before (see Fig. 8.6¢). This result underlines the importance of the combination
of growth and active response when middle or small muscular arteries are considered.
Residual stresses should not be estimated by the results of simulated growth processes
only considering passive material response. Such a procedure would rather increase the
difference between the stresses over the wall thickness and lead to a reduction of the ac-
curacy of the mechanical fields in comparison to not considering residual stresses at all.

The final values of the optimization parameters are listed in Table 5. Based on the
inner and outer radii, 7 yef = 79.36 pm and 7, yef = 108.67 pm, in the reference config-
uration, the final value of the ratio between wall thickness and outer radius was 0.216.
This differs notably more from the target value of 0.21 than in the previous optimiza-
tions. However, the number of objectives of the optimization expanded especially with
regard to the fitting of the material behavior which has a certain impact on the qual-
ity of the results. The comparison between the material model and the experimental
data is illustrated in Fig. 9.3. The quality of the graphs for the fully active and the
suppressed active material response (red and green) are comparable to the results in
which growth was not considered. In contrast, simulation results for passive mate-
rial response show notable gaps in comparison to the experimental data in the range
of 20 to 80 mmHg which was not the case without inclusion of the growth model in
Chapter 6 (see Fig. 6.2). This can be connected to the setup of the corresponding
optimizations. Without the growth process involved, it was possible to optimize the
parameters of the passive and active material response separately. In the optimization
here, parameters for the growth model as well as the material parameters for both ma-
terial parts were fitted simultaneously. In consequence, the quality of the results is not
equal in both optimizations. Furthermore, growth in circumferential and axial direction
can lead to a considerable increase of elastic stretches of collagen fibers (calculated from
the elastic part of the deformation gradient F.). As a result, all three parameters (aq,
ay and as) are smaller here than in the parameter fitting without growth. Moreover,
the difference in growth over the wall thickness influences the stress-strain behavior
of the passive material response at the material points differently and might result in

Table 5: Final values of the optimization parameters for inclusion of active response

aq Qy 071 To, ref T, ref Wmin
6.69kPa 1.1kPa 9.38 108.67um  79.36um 0.884
n M 5\c, max 5\c, min k2/5, max k2/5, min

0.1349s7! 0.3095uM 0.0471s7!  —0.0471s7'  0.000569s72 —0.001004s2

)\p, max )\p, min Ha, K ﬁl k2/5, start

0.000094s~!  —0.000108s~'  29.04kPa  104.09kPa  0.00069s* 1.9088s ™"
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Figure 9.3: Comparison of the outer diameter of the arterial wall in simulations after growth
(solid lines) with experimental data from [94] (marks) for three different setups: passive
response, active response under influence of 1 M Rho kinase inhibitor Y27632, and fully
active response (see material model in Chapter 5). The results for the fully active model
nearly correspond with experimental data. The graph for the passive material model shows
larger differences to the experimental data compared to the passive material model which
was fitted without growth (see Fig. 6.2). The growth procedure aims for homeostatic stresses
during the contraction of SMCs which decreases the accuracy of the fitting of the passive
material response. Illustration is adopted from UHLMANN AND BALZANI [178].

difficulties to describe the non-linearity of the passive material response adequately.
However, the simulation results here include not only a homogeneous stress distribu-
tion over the entire wall, but also an optimal reference geometry and an accurate axial
prestretch of the arterial ring in addition. Qualitatively comparable results from me-
chanical simulations of muscular arteries are not known from published literature. The
applied optimization procedure enables a reliable combination of the modeling of tissue
growth and active material processes. This constitutes a promising foundation to apply
mechanical simulations to patient-specific arteries for the improvement of diagnostic
and treatment.
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10 Combination of Growth and Active Con-
traction in Realistic Geometry

To establish the capacity of the model for active material response and novel kinematic
growth model, so far, only hollow cylinders were used in simulations which constitutes
an idealized geometry with rotational symmetry. In this chapter, the results of a nu-
merical simulation are demonstrated which took a more realistic geometry of an artery
segment into account. In this simulation, both model parts are combined in a compara-
ble manner as shown in Chapter 9. However, the implemented optimization procedure
for an optimal description of the structural problem is not explored here any further in
order to possibly enable an application to more realistic geometries. Nonetheless, the
final results from simulations presented in Section 9.3 are considered. In the following
sections, creation of the finite element mesh, determination of a realistic fiber orienta-
tion and the protocol for the simulation are described. This includes a consideration
of the growth direction and orientation of the eigenvectors of the Cauchy stress. Fur-
thermore, the homogenization of stress distribution in the geometry is displayed and
the quality of the results is analyzed.

10.1 Creation of Finite Element Mesh and Determi-
nation of Realistic Fiber Orientation

The creation of a patient-specific geometry of an arterial segment is not straightforward.
Imaging methods such as MRI, CT, or ultrasound can be used to obtain images of
larger arteries such as the aorta. However, even for such large arteries, the quality of
the created geometries is restricted to the resolution of the applied imaging method.
Furthermore, the different layers of the arterial wall cannot be identified in these images
which makes the determination of the boundary between media and adventitia difficult.
Another technique to generate images of an artery is angiography which is a minimally
invasive diagnostic procedure, primarily used to detect vessel closure. Based on images
from 3D rotational angiography, the geometry of the lumen of smaller arteries can be
generated as described in PICCINELLI ET AL. [140]. These geometries have a high
quality, but information about the structure of the arterial wall is missing. This issue
can be solved by considering data from measurements of ex vivo arteries which can be
adopted to assume the wall thickness of the arterial wall. In the following paragraph,
this concept is used to create the geometry and finite element mesh of a more realistic
geometry of an artery segment.

Creation of Geometry and FE Mesh For the creation of the finite element mesh
for the numerical simulation, data was adopted from the case ID C0001 at [136]. There,
the geometry for the inner side of internal carotid arteries of a human is provided in
STL-format. Furthermore, the centerline of the lumen is described by a series of points.
To obtain a 3D geometry of the arterial wall, the outer side of the artery is generated in
a Python script. In this script, the geometry of the inner side is copied. Afterwards, the
minimal distance of every node of this copy to the centerline of the lumen is calculated.
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This distance is increased by a factor which corresponds to the ratio between inner and
outer radius of the arterial wall. Associated with the simulations shown in previous
chapters, the value for this factor is based on measurements of the middle cerebral
artery in GANNON ET AL. [58]. Accordingly, a value of 1.2658 was chosen to express
the relation of (7o, ret — 7i, vef)/ (7o, ref) = 0.21 for the inner and outer radii 7, ot and
7i, ref i the referential state. Afterwards, the STL-file with inner and outer side of
the arterial wall is edited in the software Meshmizer to create the boundaries of the
geometry in axial direction. Based on this final version of the geometry, the finite
element mesh is generated in Gmsh which is illustrated in Fig. 10.1a. This mesh
consists of 7,065 quadratic, 10-node tetrahedral elements. Naturally, the size of the
geometry is comparable to the internal carotid artery of a human and not the middle
cerebral artery of a rat. The size of the geometry could be adjusted by multiplying the
location vector of every node of the mesh by the same factor. However, an adjustment
of the size is unnecessary. The values of stretches or stresses at a material point are
equal for both geometries, since only an intravascular pressure is considered for the
load of the artery which reflects the adjustment of size.

Orientation of Collagen Fibers and SMCs An angle of § = 15° is applied to
describe the orientation of collagen and SMCs at a material point. There, 3 describes
the angle between fiber direction and first eigenvector of the Cauchy stress in the plane
defined by its first and second eigenvector. In contrast to the hollow cylinder, first
and second eigenvector of the Cauchy stress cannot be directly associated with circum-
ferential and axial direction in the realistic geometry. Furthermore, the direction of
the eigenvectors is influenced by the loading scenario and the material behavior which
naturally depends on the orientation of collagen fibers and SMCs itself. Therefore,
the direction of the fibers is determined in a two-step procedure in which only the
passive material response is included and a model for the fiber reorientation is applied.
In the corresponding two simulations, displacements in axial direction are prevented
on both axial ends of the artery segment by the formulation of associated Dirichlet
boundry conditions. Furthermore, several nodes are held in circumferential direction

Figure 10.1: Illustration of (a) finite element mesh for realistic geometry of an artery segment
in unloaded and stress-free state, (b) first eigenvectors of Cauchy stress at the end of fiber
reorientation and (c) final orientation of collagen and SMCs.
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to stop rotations during the simulations. Since an intravascular pressure of 120 mmHg
is assumed a reasonable load scenario for the growth process, this pressure value is
also considered to determine the fiber direction. In the first simulation, this pressure
is applied while only the isotropic part W, i of the strain-energy density function is
used for the material behavior of the artery segment (compare Egs. (5.19) and (5.20)).
At the end of the simulation, three eigenvectors of the Cauchy stress are saved for all
77,715 Gauss points of the mesh. Subsequently, the initial direction of the collagen
fibers is calculated based on these eigenvectors in the beginning of the second simula-
tion. Accordingly, at this point the material behavior includes the passive anisotropic
part \Ifl()f ). (see Eq. (5.21)) which describes the material response of the collagen fibers.
After the intravascular pressure of 120 mmHg is applied, fiber reorientation is started.
The model for reorientation is adopted from ZAHN [202] where it was labeled as model
for continuous reorientation (see pp. 87-90). The reorientation model is controlled by
the time-dependent minimization of the angle nY) between the current fiber direc-
tion @) and a target fiber direction A,(;Qg. Note that the notation for the angle n as
well as the target fiber direction Ay,,, matches the notation in ZAHN [202] to enable
a simple comparison. However, the difference between first and second fiber direction
was introduced as the superscript (f) in Section 3.1 of this thesis and, therefore, is used
again in the formulation here. The evolution equation for the angle n/) is expressed
as

kj)“ (U(f))2

) — T N
() +miy

U (10.1)

where k" and m," are parameters and the angle n) is expressed in radian. The
difference between the current fiber direction a/) and target fiber direction Agﬁg is
calculated by

n¥) = arccos <a,(f) : Aéf;g) : (10.2)

The target fiber directions A

targ With f = 1,2 are defined as described above which
leads to the expressions

A, = cos(15°) n) 4 sin(15°)n®  and  Af)

targ targ

= cos(—15°) n 4+ sin(—15°) n? |
(10.3)
where n(V) and n® constitute the first and second eigenvectors of the Cauchy stress.
The evolution equation (10.1) is solved by the forward Euler integration scheme. Since
reorientation of fiber direction af) results in an adjustment of orientation of the eigen-
vectors, the target fiber orientation changes from time step to time step. Accordingly,
the time step width At as well as the parameters of the evolution equation k‘j{ and m:]r
have to be chosen carefully to enable a convergence of a'/) to the target fiber direc-
tion Agﬁg and avoid oscillations for the angle nf) in the process. The values of ki =02
and mg = 0.5 with the time step width At = 0.05s were sufficient for this purpose.

The results for the determination of the fiber orientation are illustrated in Fig. 10.1b
and c. In Fig. 10.1b, the first eigenvector of the Cauchy stress is shown in the cross
section area. The number of illustrated vectors is reduced to 700 to make the overview
comprehensible. As can be seen, vectors are oriented in the direction which can be
considered as circumferential at the corresponding material point. Furthermore, the
final orientation of the fibers is displayed in Fig. 10.1c in which the artery is rotated
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by an angle of 90°. The angle between first and second direction of collagen fibers at
a material point is 30° which can be identified in the illustration. Consequently, the
two step procedure was successful to determine a reliable direction for collagen and
SMCs. It should be noted that a minor change of the direction of the eigenvectors of
the Cauchy stress can be expected when the contraction of SMCs is considered in the
material model. However, since collagen fibers and SMCs are defined to be oriented in
the same directions, this adjustment of the eigenvectors is assumed to be negligible.

10.2 Consideration of Growth Directions and Ad-
justments of Growth Model

Before the growth model is activated, the steady state of the contraction of the active
material model is reached for an intravascular pressure of 120 mmHg. It has to be noted
that the application of the active material response leads to a considerable contraction
which reduces the outer diameter to a smaller value than in the referential state. As
a consequence, stresses can reach negative values which was already demonstrated
for the stresses in axial direction over the wall thickness in Fig. 9.2. This change
of the sign of the axial stresses did not change the order of the principal stresses in
the simulations with a hollow cylinder in Chapter 9. However, for the more realistic
geometry, the stresses in axial as well as circumferential direction can reach values
lower than —16 kPa which represents the lowest possible value of the stresses in radial
direction for an intravascular pressure of 120 mmHg. Since the order of eigenvalues
is defined by the size of their values, it is not guaranteed that the first and second
eigenvectors of the Cauchy stress are oriented in the circumferential and axial direction,
respectively. This would lead to a considerable problem for the growth model. There,
the growth factors 9™, ¥® and ¥ are considered to result in a directional adjustment
of the tissue which can be identified as growth in circumferential, axial and radial
direction, respectively. If the three directions are not comparable at every material
point of the artery segment, the stresses will not be homogenized appropriately.

Growth Direction With regard to the described problem, orientation of all eigen-
vectors of the Cauchy stress is checked at the Gauss point before the growth process
is started. Depending on their primary orientation, these eigenvectors are recognized
as directed in circumferential, axial or radial direction and, consequently, considered
as n( n®) and 02 In the same manner, the corresponding principal Cauchy
stresses are labeled as o™, ¢@®9) and o9 in this chapter. Accordingly, the driving
forces ¢*) in Eq. (9.2) as well as the growth parts of the deformation gradient Fg(a) in
Eq. (7.20) are not calculated based on the eigenvectors of the Cauchy stress n(!), n(?
and n®, but access n(, n®) and nY_ This leads to the following adjustments

FO = I+ (90 — 1) n @n | FO =14 (02 — 1) n@) @n@)
F® =T+ (9% —1) nl*) @ nlod), (10.4)
oM(o)=0": (n(Cir) ® ’n(dr)) and ¢? (o) =0: (n(ax) ® n(ax)) :
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Convergence Values To establish a reliable growth process, convergence values for
the driving forces qﬁ&%%l should be determined with regard to the new geometry. Since
this geometry is not rotationally symmetric, consideration of the stress distribution
over the wall thickness is not reliable for the calculation of gb@l Accordingly, a new
concept is applied in which the mean value of the Cauchy stresses o°™) and o®% is
calculated by taking the stress values of all Gauss points into account. As described
in the end of Section 4.3, weights of the Gauss points are not equal. Furthermore, the
volume of the element should be considered to obtain an adequate estimation of the
mean value of a principal stress. Therefore, the weighting factors w, as well as the
volume of the corresponding element V' are used in the calculation. The mean value
of the Cauchy stress in circumferential direction is calculated by

Z;Lil Uz(vdr) Wp vpele Zp 1 Uzg Wp Vele

(cir) __ and O_(ax) —

Um n -~ n. mean Wlth
ea S w, Viele a S w, Vet (10.5)
ol(fir) =0, (nz(odr) ® nz(fir)) and o(aX) =0,: (n}f’x) & nz(fx)) ,

where n,, is the total number of Gauss points, o, is the Cauchy stress at the Gauss
point p and V;le constitutes the volume of the element which the Gauss point p belongs

to. Accordingly, the convergence value gzﬁgizl is calculated as

mean mean

0% = i (05 + o122 (10

where the value of the parameter w,,;, is adopted from the optimization of the previous
chapter as 0. 884 For the determination of the convergence value qbc?m, it is assumed
that ¢Con and gbcon have the same ratio as in the optlmal state in Chapter 9. The
remaining convergence value is still calculated as (ﬁg)zl = qﬁcon — ffﬁl

10.3 Execution of the Simulation

For the combination of growth and active material response, the same simulation pro-
tocol as described in Chapter 9 is applied. This includes a step-wise increase of the
intravascular pressure from 10 mmHg to 120 mmHg where every pressure level is held
over a time span of 300s which leads to a steady state for the contraction of the artery
segment at a load of 120 mmHg before the growth model is activated. Furthermore,
the final values of the optimization parameters, which are listed in Table 5, are ap-
plied in the simulation. These parameters were also used in the reorientation of the
fiber vectors. Values for the remaining parameters of the active material response are
given in Table 2. Final values of the Cauchy stresses o™ and ¢® are illustrated
in a 3D contour plot in Fig. 10.2a and c. As can be seen, stresses in circumferential
direction ¢(°™) show values lower than 0 kPa in some areas of the inner side of the wall.
High stress of up to 110 kPa can be seen in the same area of the wall at the outer side.
The stresses in axial direction o®) show comparable differences at the same location of
the artery segment and are primarily negative which is equal to the simulation results
in the previous chapter. One possible cause for stress differences could be the Dirichlet
boundary conditions which restrict the movement at particular points, but enable more
deformations at other locations. Different boundary conditions would probably lead to
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Figure 10.2: Contour plots of circumferential Cauchy stresses o(°™) (a) before activation
of growth model and (b) after growth, as well as axial Cauchy stresses o9 (c) before
activation of growth model and (d) after growth. The growth process homogenized the
stresses considerably. Especially the stresses in axial direction are nearly the same over the
entire geometry.

a lower difference of the stresses. However, the large gradient of the stresses over the
wall thickness constitutes an appropriate example to investigate the capability of the
growth model.

For the growth process, the same values for the growth velocity were considered as in
Chapter 9 with £\ = 1075(s-kPa)~!, ) = 104(s-kPa) " and £{¥) = 10~4(s-kPa)~".
The final distribution of the stresses o™ and ¢® is displayed in Fig. 10.2b and d.
This result was obtained after a run-time of 244 s of the growth process. The contour
plot displays a considerable adjustment of the stresses over the entire geometry. The
stresses 0 are nearly equal over the entire geometry. The areas with the highest
difference of the stresses o(“™) before growth show a considerable reduction, but cer-
tain differenced remain along the wall. A local outlier can be detected at the bottom
right edge where a node was restricted in movement due to the corresponding Dirich-
let boundary condition in circumferential direction. Overall, a longer run-time of the
growth process might lead to improvement, in particular for o). However, the global
Newton—Raphson method for the FE problem showed issues in the convergence after
the 244 s of the growth process. These issues are probably connected to the differences
in the growth factors 9¥(® over the wall thickness which are illustrated in Fig. 10.3.
Especially the growth factor ¥ reached values higher than 2.0 and lower than 0.45
which results in a significant change in the local material behavior. Also the changes
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0.99

0.95

Figure 10.3: Contour plots of the growth factors (a) 9V, (b) 93, and (c) ¥ at the end
of the growth process. Major difference of the stresses occured before the growth process was
activated, which results in significant changes of the growth factors ¥(*) from their starting
value of 1.0. Especially growth factor 9(3) for growth in radial direction reached considerable
differences over the wall thickness.

of the growth factors 9 and 9® are notably larger than in the simulations with a
hollow cylinder (see Fig. 9.2). A possible improvement for the global Newton-Raphson
method could be achieved by solving the evolution equations for the growth factors
with an implicit method (see Eq. (7.21)). This adjustment has a notable impact on the
determination of the tangent modulus, since the growth part C® has to be calculated
as well. Therefore, implementation of the growth model in FE software with automatic
differentiation would be preferable. Nonetheless, the obtained results constitute a no-
table accomplishment which is further underlined by Fig. 10.4.

Histograms for Cauchy Stresses at the Gauss Points
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Figure 10.4: Histograms for values of Cauchy stresses at the Gauss points in circumferential
direction (a) before growth and (b) after growth, as well as in axial direction (c) before
growth and (d) after growth. The growth procedure realizes a significant homogenization of
the stresses.
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To display the improvement of the stresses o™ and ¢®) in more detail, the his-
tograms in Fig. 10.4 show the distributions of these stresses over all 77,715 Gauss
points of the mesh before and after the growth process. As illustrated in Fig. 10.4a
and c, the difference between the stresses is immense before residual stresses are in-
cluded. Roughly 10% of Gauss points exhibit values higher than 50 kPa for (") and
approximately 7% reach values lower than 0kPa. Furthermore, more than 80% of the
Gauss points have a negative stress value in axial direction which guarantees an axial
compression of the artery segment. The convergence value for growth in radial direc-
tion was calculated to be ¢£i11 = 22.63kPa. In consequence, the convergence value for
growth in circumferential direction is ¢§}3n = 21.35 kPa which leads to the convergence
value gbggq = 1.28kPa for growth in axial direction. After the growth process, 99% of
the displayed stress values are positive in circumferential direction (see Fig. 10.4b) and
the majority of values lies between 15kPa and 30kPa. A proportion of 95% of the
Gauss points display stress between —4 kPa and 2kPa (see Fig. 10.4d). In conclusion,
the combination of the proposed kinematic growth model and the model for the active
material response can be applied to more realistic geometries to establish a stretch-
dependent contraction mechanism with a reliable description of the mechanical fields
over the entire arterial wall.
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11 Outlook: Separated Growth for Differ-
ent Parts of Material

In Chapter 9, it was demonstrated that combining growth model and model for active
response can result in adequate descriptions of the mechanical fields in an idealized
geometry as long as certain conditions such as the axial prestretch and the fiber orien-
tations are comparable to the physiological state. Furthermore, a considerable homoge-
nization of the stresses was achieved for the application of these models in simulations
with a more realistic geometry. Nonetheless, the most essential disadvantage of kine-
matic growth models is the missing separation of the material constituents which do not
grow equally in the arterial tissue as was described in Section 2.3. This disadvantage
might be insignificant as long as only young and healthy arteries are considered whose
tissue experienced no damage so far. However, especially when patient-specific arteries
are mechanically modeled and change of geometry and mechanical fields should be pre-
dicted for upcoming years by numerical simulations, differences in growth processes of
collagen, elastin, SMCs, and possibly even fibroblasts result in crucial variations of the
mechanical behavior for every constituent. In particular newly grown collagen fibers
are responsible for the stability of damaged tissue. Therefore, a further extension of
the kinematic growth model is suggested in this chapter which considers a separated
growth process for collagen fibers. This approach has a certain similarity to the ho-
mogenized constraint mixture model by CYRON ET AL. [40] where the complexity of
the constraint mixture model is simplified by combining constituents (such as collagen
fibers in one direction) and applying only one growth part of the deformation gradient.

Subsequently, the adjustment of the growth model is briefly explained and the def-
inition of the new convergence values for the driving forces is discussed. Afterwards,
results are shown and analyzed for the application of the optimization procedure from
Chapter 9 with the extended version of the growth model.

11.1 Additive Split of Material Model and Separated
Growth

The strain-energy density function ¥ of the material model is separated into one part
for the collagen fibers ¥, and one part for elastin and the contraction of SMCs W,.
Based on this separation, the version of the kinematic growth model from Section 9.1
can be applied individually to each part. In consequence, the growth parts of the defor-
mation gradients, Fy oo and Fy o1, are different and lead to different elastic parts Fg ot
and F, o (see Eq. (7.1)). Accordingly, the strain-energy density functions are expressed
as

2 2
\Ijact(ce,act) :\I]p,isot(ce, act) + Z \I];f)(ce, act) and \chol<Ce,col) = Z \Ill(yjjzi(ce,col) 5
f=1 f=1
with  Ce act = Fy s CFy oy and  Ce col = ngCTdCngclol ,

(11.1)
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where C, ot and C, ot are the elastic parts of the right Cauchy-Green tensor of the
active and the collagen part of the material, respectively. The second Piola-Kirchhoff
stress tensor S and the tangent modulus C can be calculated as additive split which

is formulated as
S =8 +8Sq and C=C, +C.y. (11.2)

Accordingly, each part of S and C is defined as described in Section 7.3.1 which results
in

ov ov
. 1 act -7 . —1 col -T
SaCt - 2Fg,act aCe,act Fg,act ) SCOI - 2Fg, col aC& ol Fg, col
08, ac _ _
Coct = 2 (Fy L BE, L) : oA tt (F o X F,.,) and (11.3)
— — 8Se, col — _
Ceo =2(F, RF, ) : 3 (F, WX F, ).

Growth directions for both growth processes remain the eigenvectors n® of the total
Cauchy stresses o. In consequence, the growth parts of the deformation gradient Fy ,
and F, ., are only distinguished by considering different growth factors which are

labeled as 9%%) and 9'*) (see Eq. (7.20)). Evolution equations of these growth factors

col
are defined as expressed in Eq. (9.1) which results in

5= n (80— 02 0) and I =P (6200 ) with =123,

act ~ %con,act col T col con, col
(11.4)

@ and di ]
all COI"I"GSpOD lllg COIlVGI"geIlCG val-

col»

and with different driving forces, ¢% and ¢
ues, ¢£z31 act and ¢£Z31 w1~ Determination of convergence values is discussed in the fol-
lowing section. Equations for the driving forces remain as defined in Eq. (9.2) but
depend only on the Cauchy stresses corresponding to their material part o, and oo,
which leads to the formulation

¢(1/2)(Uact) — o (n(1/2) ® n(1/2)) 7 (;5(1/2)(@;01) = Ocol : (n(1/2) ® n(1/2)) :

act col

(11.5)
ol = ol + ole and ¢l = ¢l + 6.
The Cauchy stresses o, and o, are calculated as
1 T 1 T
Ooct = jFSactF and o = jFSC()lF , (11.6)

where J is the determinant of F' (see Eq. (3.5)).

It should be noted that a further separation of the material model into one part for
elastin and another part for the SMCs could be considered. However, the SMCs are
the dominant constituent of the mechanical model and are only defined in two direc-
tions without dependency on isotropic invariants of the right Cauchy-Green tensor.
In test simulations with a further separation, the global Newton—Raphson method
showed convergence problems when the growth part of the deformation gradients were
significantly different for elastin and SMCs. Therefore, ¥, includes elastin as the
isotropic material behavior of the tissue. To enable a further separation, the strain-
energy density function of the SMCs could be changed to be dependent on isotropic
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invariants of the right Cauchy-Green tensor such as formulated for the strain-energy
density function \Iféf ). of the collagen fibers [8].

11.2 Optimization with Inclusion of Active Material
Response

The same optimization procedure as formulated in Chapter 9 is executed here for the
separated growth of collagen. The only change is applied for the objective function z;
(see Eq. (8.2)) which is only taking the growth factors gb;ii of the active material into
account. Accordingly, the objective function z; is expressed as

1 Ngp 9
5 =0035,[— > (195’;1,9 - 1) . (11.7)
Tep '\

As a last uncertain aspect, the values of gb((;zl,act and qbgﬁl,col have to be defined. The ra-

tio between the values gbff;fl,act and ¢<(:21 - indicates to which extend the corresponding
material parts contribute to the material response at the considered load scenario of
an intravascular pressure of 120 mmHg. Since a muscular artery is considered (middle
cerebral artery of a rat), SMCs constitute the dominant fraction of the tissue and a
substantial contraction is obtained at this load scenario. Hence, the convergence values
of the active material part should be significantly larger than the convergences value
of the material part for collagen. In the middle cerebral artery of a rat, the collagen
fibers are expected to protect the tissue from overstretching when the intravascular
pressure increases rapidly, but experience no notable load as long as the rat is not

active. Considering these circumstances, the convergence values of the stresses of the
1)

collagen part are assumed to present 10% of the total stress. Accordingly, Peon, act
and ¢£§L et Tepresent 90% of the total stress in corresponding directions. While the
convergence values for growth in the direction of the first eigenvector are optimized
by the objective function z1, the convergence values for growth in direction of the sec-
ond eigenvector are optimized to approach an axial prestretch of 1.1 for the arterial
ring (see objective function z4 in Eq. (9.4)). While the growth model is active, the
same growth velocity factors are applied as in Chapter 9 with /1591) = 1075(s - kPa) ™!,
k) = 1074(s - kPa)~! and k) = 107%(s - kPa)~'. These are equally applied for the
active part and the collagen part of the material.

The final results of the optimization parameters are listed in Table 6. The distri-
bution of the stresses in circumferential and axial direction over the entire wall as well
as corresponding growth factors are illustrated in Fig. 11.1. The stresses of active part
and collagen part of the material are independently homogenized in circumferential and
axial direction. However, homogenization was reached before the stresses equal the con-
vergence values which is associated with the stopping criterion for the growth process

in the optimization procedure. These values were determined as gbt(c(l)zl,act = 30.46 kPa
and ¢$))n o1 = 3.38kPa for growth in circumferential direction, and gb£i317act = 2.22kPa
and qbg(z))n,col = (0.25kPa in axial direction. In consequence, the stresses a;iitl:)gr are
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Table 6: Final values of the optimization parameters for inclusion of active response and
separated growth of collagen

aq Qy Q5 To, ref T, ref Wmin
7.16kPa 1.04kPa 326  106.35um  81.82um 0.865
n M S\C, max 5\c, min ];;2/5, max k2/5, min

0.1357s7! 0.3074pM 0.0482s7!1  —0.0482s7' 0.000576s72 —0.001012s2

Ap, max Ap, min Ha K B ka5, start
0.000097s~!  —0.000103s~' 33.47kPa  107.81kPa  0.00078s~! 1.7168s*

(cir)

col, gr

roughly 1kPa too large while o is 1 kPa too small. The resulting stresses in axial

(ax)

act, gr and

direction show opposing differences with an average value of 1.1kPa for o
an average value of 0.88kPa for Uéii)gr. This means that stresses are not split with
proportions of 90% and 10% for active and collagen part. The differences can be ex-
plained by the growth process of collagen fibers. The material model of the collagen

fibers does not contribute to the stresses before growth (see Fig. 11.1c). Therefore, all
growth factors 19((:‘3 decrease in the beginning of the growth process which establishes
an increase of the elastic stretch. Eventually, the stresses in axial direction are larger
than the convergence values which results in a rise of 19&{ as can be seen in the final
distribution in Fig. 11.1d. An increase of the growth velocity factors of the collagen
part could avoid this inaccuracy.

The quality of the fitting of the material parameters can be estimated from the di-
agram in Fig. 11.2. There, the fully active (red) and suppressed active (green) parts
are comparably precise as the results for the optimization in Chapter 9 (see Fig. 9.3).
However, the graph for the passive material response shows even further gaps to the
experimental data than before. This is probably induced by the individual growth of
the collagen fibers. Especially the growth factor ﬁg, which expresses growth in radial
direction, is significantly reduced for the separated growth in comparison to a process
without separation (see blue graph in Fig. 9.3b). The average of ﬁg is roughly 0.8
which is comparably smaller than the average of 0.93 for ¥ in the earlier optimization.
This leads to a further elastic stretch of the the collagen fibers due to their individual
growth process and a corresponding contribution to the stresses in the contracted state
at 120 mmHg. The increased elastic stretch is also notable when only the passive ma-
terial response is considered which results in a higher stiffness of the arterial ring. As a
consequence, the passive material parameters would have to be decreased to reach the
experimental data. However, the convergence values ¢£(31,col for growth of the collagen

fibers enforce a 10% participation to the stresses at the contracted state of the artery
(a)

col» if the mate-

which would simply result in a further reduction of the growth factors
rial parameters were decreased. A reduction of 1953 rises the elastic stretches even more.

Accordingly, the optimal fitting of the passive material parameters seems difficult to
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Figure 11.1: Distribution of (a) Cauchy stresses and driving forces aa?tr) <Z>$:% and U;i)t() =

2

gﬁéc)t for active material as well as (c) ((:gllr qﬁiol and aéol) = d)fjo% for material of collagen

fibers. Furthermore, distribution of corresponding growth values (b) ﬁgc)t, 1952 and ﬁgc)t,
as well as (d) 1983, 19((23 and 1952 Dashed /dotted lines show results before growth, solid
lines show results after growth. Artery is loaded with an intravascular pressure of 120 mmHg.
Stresses are homogenized for both parts of the material in circumferential and axial direction.

@ to applied

Separated growth of collagen lead to considerable decrease of growth factors 9

circumferential stresses.

achieve. Based on the stiffer material response, only an axial prestretch of 1.05 was
reached (target value is 1.1). However, it is possible that the middle cerebral artery
of the rat was overstretched during the experiment without Ca?* in the Krebs solu-
tion around the artery. This overstretch would induce damage which is not considered
here. Without tissue damage, an arterial ring would remain stiffer. Corresponding ex-
perimental data could be matched more accurately by the numerical simulations with
optimized material parameters.
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Figure 11.2: Comparison of the outer diameter of the arterial wall in simulations (solid
lines) with experimental data from [94] (marks) for three different setups: passive response,
active response under influence of 1M Rho kinase inhibitor Y27632, and fully active response
(see material model in Chapter 5). The results for the fully active model nearly correspond
with experimental data. The graph for the passive material model shows larger differences
to the experimental data in comparison to the fit without growth (see Fig. 6.2) and without
separated growth for collagen fibers (see Fig. 8.7). Passive material response is stiffer with
separated growth process. Accordingly, parameter fitting is more difficult.

Another effect of the stiffer passive material is the rise of the stresses in comparison
to the results in Chapter 9. The geometry is fitted to obtain a ratio of 0.21 between
outer diameter and wall thickness at an intravascular pressure of 15 mmHg while only
the passive material response is applied. A ratio of 0.2104 was reached here. When
only the passive material response is considered, the arterial ring is stretched in cir-
cumferential direction and decreases the wall thickness correspondingly while loaded.
In consequence, a stiffer passive material leads to a lower circumferential stretch and
a decreased reduction of the wall thickness which results in a lower wall thickness of
the arterial ring in the referential state and, therefore, also in the contracted state.
Accordingly, the stresses have to rise in the contracted state of the arterial wall.

In summary, the separation of the material model into two parts and a correspond-
ing separation of their growth generates minor issues in the optimization procedure
which decrease the accuracy of the structural problem. However, collagen fibers did
not participate notably to the material response when the arterial ring was contracted
without separated growth process in Chapter 9. Furthermore, consideration of indi-
vidual growth for collagen, SMCs and potentially also elastin provides the possibility
to model growth after damage of the arterial tissue. During the cure of the tissue, the
material behavior of every constituent changes which was described in more detail in
Section 2.3. Especially growth of collagen and SMCs contribute to the healing process,
which differ in their proportions depending on the type of the artery. In consequence,
the common version of the kinematic growth model would not be sufficient to pre-
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dict the changes of the material in a diseased artery appropriately, since not only the
proportions between collagen and SMCs growth are not adjustable, but also an equal
growth of elastin is considered.
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12 Conclusion and Outlook

This thesis focuses on the mechanical modeling of muscular arteries which, in con-
trast to elastic arteries, can reduce their diameter after an increase of blood pressure
during higher body activity. This characteristic of arteries is known as Bayliss-effect.
A novel model for the contraction of vascular SMCs was formulated considering the
activity of MLCK and MLCP which is influenced by the stretch-dependent stimulation
of GCPRs. Furthermore, this active material model was combined with a new kine-
matic growth model to include reliable residual stresses. While an inclusion of residual
stresses improves the quality of the mechanical fields considerably, the applied growth
model leads to an unpredictable volumetric change of the geometry and changes in the
material behavior. The application of an optimization procedure enabled a reliable
description of a middle cerebral artery of a rat. In the following paragraphs, the ad-
vantages, limitations, and possible expansions of the active material model as well as
growth model are described separately.

Contraction of vascular SMICs The proposed active material model of the arterial
wall included the stretch-dependent stimulation of biochemical processes in vascular
SMCs for the first time which is currently also taken into account in other models
as in FLANARY ET AL. [56]. The inclusion of the mechanical-chemical as well as
chemical-mechanical coupling allowed the replication of the contraction of a middle
cerebral artery of a rat in numerical simulations. Similar simulation results for small
or medium-sized muscular arteries are not presented in any known publication of other
research groups. In further simulations, the contractile behavior of the model was
investigated by applying time-dependent intravascular pressure waves on the arterial
wall which is a simplified approach to replicate the pulse pressure in the physiological
state of the artery. An increase of the pressure in simulations resulted in a contraction
of the artery which corresponds to the Bayliss-effect. Two further variations of the
model were used in the same simulation scenario. While the first variation excluded
only the stretch-dependent activity of MLCP, the second variation did not consider any
mechanosensitivity of the chemical model part. Simulation results for both variations
indicate that the mechanical-chemical coupling of the model is crucial to describe the
contraction of muscular arteries reliably.

One disadvantage of the proposed material model is the necessity to fit the material
parameters with a numerical optimization. The parameters of the model are not di-
rectly connected to distinct biochemical reactions. The set of equations in the model
rather describes the general relationship between extracellular mechanical stimuli and
the eventual effect on the myosin heads of the contractile units. While the fitted set
of material parameters can be applied to obtain simulation results replicating the con-
sidered experimental data from JOHNSON ET AL. [94] sufficiently, it is unclear how
many parameters have to be changed to describe the contraction of other artery types.
The model by FLANARY ET AL. [56] offers a more detailed description of the intra-
cellular reaction chains which might enable a straightforward adaptation of the model
parameters to characterize the mechanical behavior of different artery types. However,
a more detailed model also leads to an increased number of parameters. Comprehen-
sive experiments are required to determine the values of these parameters. If such a
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detailed model is able to replicate the contraction of muscular arteries in the current
state of experiments remains unclear.

To apply numerical simulations to patient-specific arteries, it should be possible to
consider diseased arteries with arteriosclerosis. An expansion of the material model for
plaque components could be achieved by making use of NOBLE ET AL. [127]. Further-
more, the effect of antihypertensive drugs on the material model should be included.
For this purpose, the proposed model for smooth muscle contraction provides sufficient
access to involve CCBs (calcium channel blockers) and ARBs (angiotensin II recep-
tor blocker) which react directly with the cell membrane. The blocking of calcium
channels by CCBs can be expressed in the model by influencing the parameters of the
calcium function and the corresponding target value. One exemplary adjustment of
the proposed active material model to consider CCBs is published in BALZANI ET AL.
[10]. For the inclusion of ARBs, the effect of blocked GCPRs on the model has to be
realized. This could be achieved by reducing the stretch-sensitivity of the model part
for mechanical-chemical coupling. In addition, vasoconstrictors and vasodilators from
the autonomic nervous system or endothial cells influence the contractility of vascular
SMCs in vivo. The impact could be considered by an extension of the material model
as described in YOSIBASH AND PRIEL [196]. However, the number of vasoconstrictors
and vasodilators is considerable and should be reduced to a minimum.

As a last point, the interaction of the blood as a fluid with the arterial wall might
be relevant when the mechanosensitivity of biochemical reactions is considered. The
simulations in this thesis took only intravascular pressure into account which is applied
perpendicularly to the inner side of the arterial wall. However, the blood flow leads
also to wall shear stress (WSS) which plays a crucial role in vascular physiology and
pathology. Especially when endothelial cells and the production of NO or ET-1 is
included, their stimulation by WSS must be considered. This can only be realized by
simulations with fluid-structure interaction.

Tissue Growth and Optimization of Structure Description The novel kine-
matic growth model is based on the simple idea to apply the principal Cauchy stresses
as driving forces for an anisotropic growth process. This concept allows a minimiza-
tion of the number of parameters to the growth velocities and the convergence values
of the driving force in the corresponding growth direction. The growth directions
are identified by the eigenvectors of the Cauchy stress which enables a commutative
application. Simulations with idealized geometry and passive material response demon-
strated that the target value of the driving forces is reached at every material point
independent from predefined values of the growth velocities. Accordingly, the novel
kinematic growth model constitutes a simple tool to include residual stresses in me-
chanical simulations of arteries but also other hollow organs such as urinary bladder
or uterus.

The simulation results with passive material response showed also that the radial
Cauchy stress should not be included in the driving forces. Radial stresses are strongly
dependent on the boundary conditions of the simulation. In the simulations of this
thesis, the radial stress at the inner side of the arterial ring is predefined by the applied
intravascular pressure and the radial stress at the outer side is zero. Accordingly, the
gradient of the radial stress over the wall thickness influences the results of the growth
process when included in the driving forces.
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Since the quality of the residual stresses is nearly independent from the values of the
growth velocities, the combination of the growth model with the active material is
straightforward. The time-dependency of the active material response is considered
as predominant while the velocity of the growth model is adjusted to enable a reli-
able execution of the numerical simulation. While the definition of growth in radial
and longitudinal direction is sufficient to reach homogeneous stress distributions in cir-
cumferential and axial direction of the arterial ring, experimental data indicates that
growth is a three-dimensional process. Therefore, growth in circumferential direction
is added to the growth model in the simulations with active material response. The
results of simulations with combination of both models showed nearly equal circumfer-
ential and axial Cauchy stresses over the entire wall of the arterial ring. The potential
of the combination was further underlined in a simulation with a more realistic ge-
ometry of an artery segment. There, the first principal Cauchy stress reached values
between —20 kPa and 110 kPa before growth. After growth, the stresses were primarily
adjusted to values between 10 kPa and 30 kPa.

Three disadvantages of the proposed growth model have to be noted: Firstly, it is
necessary to define the convergence of the driving forces before the growth model is
activated in the simulation. Secondly, the growth process changes the volume of the
geometry which leads to an unpredictable shape of the resulting geometry after homo-
genization of the stresses. Thirdly, the application of the growth model changes the
stress-strain behavior of the material model which might not match experimental data.
The disadvantages were overcome by performing an optimization procedure for simula-
tions with an idealized geometry of the arterial ring. As a result, the final version of the
geometry matched measurements of a middle cerebral artery of a rat and the material
parameters as well as the convergence values of the driving forces were automatically
determined to match experimental data from JOHNSON ET AL. [94] with a homoge-
nized stress distribution in axial and circumferential direction. Furthermore, the axial
prestretch was optimized to correspond to experimental data for the residual stress. In
consequence, the execution of the optimization results in a reliable representation of a
healthy muscular artery for mechanical investigations.

Several aspects have to be considered to enable the prediction of tissue growth with the
proposed growth model. Firstly, in the presented simulations, the growth model ap-
plied only one scalar for the convergence of the driving forces. However, tissue growth
is initiated by mechanical stimulation which, e.g., releases TGF-# and leads to transi-
tions of fibroblasts into myofibroblasts or a phenotype change of SMCs into synthetic
states. It can be assumed that a certain stretch/stress of the tissue has to be reached
before the growth process starts. In a similar way, the degeneration of tissue might
not occur before the mechanical stretch/stress falls below a certain value. Accordingly,
instead of a scalar, an interval could be defined for the convergence of the driving forces
which represents the described limits of the tissue growth.

Secondly, the proposed model was defined to homogenize the stresses in axial and
circumferential direction (first and second principal Cauchy stress). However, experi-
mental data of large arteries such as TA, PA, and SFA indicate that the axial prestretch
decreases significantly over the lifespan which should lead to a reduction of the stresses
in this direction. Therefore, it might be possible that the stresses in axial direction
are less relevant for the stimulation of tissue growth in aging arteries. Furthermore,
the experimental data show that aging arteries grow considerably in radial and axial
direction but only slightly in circumferential direction. If the axial stress does not
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play a role in the stimulation of the growth process, the first principal Cauchy stress
could be uniquely considered as driving force for growth in all directions. In addition,
the amount of tissue growth in each direction could be governed by choosing different
values for the growth velocities (high growth velocity in radial and axial direction; low
growth velocity in circumferential direction). However, this approach should only be
considered for the prediction of tissue growth in aging arteries. For healthy arteries in
young humans, the described optimization procedure of this thesis leads to a reliable
mechanical description of the arterial wall.

Thirdly, the growth of elastin, collagen, SMCs and other components of the tissue dif-
fers. An adjustment of the growth model is presented for separated growth of collagen
fibers. This approach does not only allow an improved description of the mechani-
cal fields of collagen fibers, but should also be considered for the prediction of tissue
growth in diseased or damaged arteries. However, such an extension of growth model
can only be achieved by determining the differences between the growth velocities of
each component.

There are plenty of possibilities to improve the mechanical modeling of muscular arter-
ies and accomplish simulations with patient-specific geometries. Although the general
knowledge about body functions and intracellular reactions is extensive, the realiza-
tion of model improvements might be limited to the attainable experimental data.
However, the results of this thesis have shown that the missing quantification of bio-
chemical reaction chains can be overcome by a simplified description of the reaction
chains themselves. With a progress of biochemical experiments and novel modeling
approaches, mechanical simulations of muscular arteries might be applied to improve
medical diagnostics and treatment of patients with CVDs in the near future.
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A Optimized Parameters for Adjusted, Ac-
tive Case

Table 7: Active mechanical and chemical parameters with suppressed concentration and
flow rate of calcium when SMCs are under the influence of Y27632 (see results in orange in
Fig. 6.2), optimized

n Bé! )\c, max 5\0, min k2/5, max l;:2/5, min
0.1905s ¢ 0.5833uM 0.05s71 —0.05s"!  0.0018301s72 —0.0010865s2
5‘p7 max j‘p, min Ha K Io ka5, start

0.00003983s™!  —0.00035s~! 24.153kPa  160.799kPa  0.000525s~! 1.30029s!
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B Previous Growth Model with Elastic Part
of Mandel Stress as Driving Force

The main difference between the new growth model (model A) and the previous ver-
sion (model B) consists in the definition of the evolution equations for the growth
factors 9. The evolution equation for model B is defined as

+
9F . — 9@
9(a (a) a
0 = k5 [W ¥, (B-1)

where 9(% is the growth factor, 19&) is the maximal value for the growth factor, /ﬁ;(a) is
the growth velocity factor, and ¢(@ is the driving force. The value of the exponent mj; (@

can be chosen as e.g. three or five, but was set to one here. The driving force ¢(® is
defined as dependent on the elastic part of the Mandel stress ¥, = C,.S.. As described
in Section 7.3 for model A, growth is only considered in the direction of the second
and third eigenvectors. While in model A the eigenvectors n(® of the Cauchy stresses
were used, here the eigenvectors of ¥, are applied. However, for the consideration of
an arterial ring which is modeled as hollow cylinder, these directions do not differ, but
point into axial and radial direction. Also comparable to the driving forces in model
A, these are defined as the following for model B

P (B) =%, : (NP en?) and sI(Z)=%.: 1. (B.2)

More details about investigation of this growth model can be found in [203] and [202].
Note that a case differentiation is used in the original publication to decide which
evolution equation is used for the growth factor. However, in the simulations shown
here, the driving forces are always positive and, hence, the straightforward application
of Eq. (B.1) is sufficient.

In Fig. B.1, the fitting of the material parameters towards the experimental data for

320 -

— Passive Response - Simulation
® Passive Response - Experiment

I

w

)

S
|

Outer Diameter in

180 + \ \ \ \ T T
0 20 40 60 80 100 120
Pressure in mmHg

Figure B.1: Comparison of simulation results for the passive response of the arterial wall
(solid line) with experimental data from [94] (dots) for the consideration of the previous
growth model (model B) in the optimization. The results of the model nearly correspond
with the experimental data. Illustration is adopted from UHLMANN AND BALzZANI [178].
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the passive response of the arterial wall in [94] is shown. Furthermore, the final values
for the optimization parameters can be seen in Table 8.

Table 8: Final values of the optimization parameters for model B

Parameter aq o7} Qs 1923) 19?},) "%—;(2) ”;(3)

Value 2.97kPa  4.77kPa  2.55kPa 1.27 2.78 4.95-10 7s~! 4.35-10%s~!
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C Numerical Investigation of Optimization:
Axial Stretch and Growth Factor

Variation of Axial Stretch A,
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Figure C.1: Comparison of results from optimizations with different axial stretches Aax
as boundary condition. Distribution of the (a) circumferential Cauchy stress ¢(“®), (b) the

axial stress/driving force 0@ / ¢(2)

, (¢) the radial driving force ¢(3) which directly influences
the stresses in circumferential direction, and (d) the growth factors ¥(?) (axial) and !

3)

(radial). Since the optimization of 7; ;ef and 7, rer does not lead to equal values for a variation
of the fiber angle, the diagrams show relative values for the position of the Gauss points.
Optimizations show convincing results for any value of the axial stretch \,x. Illustration is
adopted from UHLMANN AND BALZANI [178].
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Figure C.2: Comparison of results from optimizations with different convergence values ¢>((;(2))n
for the driving force ¢(?). Distribution of the (a) circumferential Cauchy stress o(°™), (b) the
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the stresses in circumferential direction, and (d) the growth factors 9¥(®) (axial) and 9
(radial). Since the optimization of 7; ef and 7 yer does not lead to equal values for a variation
of the fiber angle, the diagrams show relative values for the position of the Gauss points.

Optimizations show convincing results for any convergence values ¢£§L Illustration is adopted
from UHLMANN AND BALZANI [178].
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D Growth with Active Response and Trace
of Cauchy Stress as Driving Force
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Figure D.1: Distribution of (a) Cauchy stresses 0(®) and ¢(°™), (b) driving forces ¢(?) and
#®), and (c) growth values ¥®) and ¥ in circumferential (green) and axial (red) direction
over the wall thickness for the fully active material model. Artery is loaded with an in-
travascular pressure of 120 mmHg. Dashed lines show results before growth, solid lines show
results after growth. The new growth method also generates a homeostatic stress distribution
for 0(®) when smooth muscle contraction is activated. Contrarily, o(°™) shows a significant
gradient over the wall thickness caused by tr(c) as driving force ¢®). Growth model from
Chapter 7 was applied here which excludes growth in circumferential direction and applied
trace of Cauchy stress as driving force for growth in radial direction. Illustration is adopted
from UHLMANN AND BALZANI [178].
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