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Abstract

In Earth Pressure Balance (EPB) tunnelling the excavated ground is used
as face support medium to prevent surface settlements. In general, the exca-
vated ground (e.g. for cohesionless soils) does not exhibit suitable conditions to
support the tunnelling face. This technical challenge can be solved by adding
conditioning agents that are mainly foams. In order to physically understand
the rheological properties of the (added) liquid foam and the foam-soil (foam-
particle) mixture and to comprehend its in�uence on the soil, advanced rheo-
logical investigations are necessary. Since the morphology, i.e. the microstruc-
ture of the foam accounts for e�ective rheological properties, size, shape and
distribution of the cells of the foam and particle-foam mixture were charac-
terized in detail by applying imaging techniques. To perform the rheological
experiments, polymer-stabilised shaving foam seems to be a good replacement
of tunnelling foam and suitable for laboratory tests due to its time stability,
characteristic length scales of the microstructure and accessibility. Glass beads
(of di�erent diameter and volume fractions, i.e. speci�c surface areas) are
used to investigate the e�ective material behaviour of synthetic foam-particle
mixtures. The experimental results are compared with an appropriate model
(modi�ed Herschel-Bulkley-Papanastasiou type).

Liquid foam and its mixture with glass beads are non-Newtonian �uid caus-
ing wall slip e�ects at solid boundaries like plate-plate geometries in rheological
experimental investigations. However, an accurate rheological experiment can
be obtained by eliminating the slip e�ect. In order to understand the slip
e�ect, a visualization method was used to get images of materials. The slip
velocity was determined by the hypothesis of following Mooney and Oldroyd &
Jastrzebski. The slip velocity, which was determined by the visualization tech-
nique, was compared to the corrected slip velocity. In addition, rough surfaces
(P320-sandpaper) were used to minimize slip e�ect for rheological experiments.

For advanced rheological investigations, heterogeneous experiments can
also be used to verify the ascertained material parameters. For instance, the
mini-slump test (heterogeneous experiment), which is a simple and cheap rhe-
ological experiment, was performed to determine the �owability of the surface
wetted particle foam mixtures. To interpret this experiment, the Lagrangian
meshfree Smoothed Particle Hydrodynamics method (SPH) is used to provide
numerical simulations of �uid �ow with free surfaces.





Kurzfassung

Im maschinellen (EPB) Tunnelbau wird der abgetragene Boden als un-
terstützendes Medium benutzt, um die Ortsbrust zu stabilisieren und Ober-
�ächensetzungen zu verhindern. Generell weist der ausgehobene Boden keine
geeigneten Eigenschaften auf, um den Tunnelvortrieb zu unterstützen. Diese
technische Herausforderung kann durch Zugabe von Konditionierungsmitteln,
welche aus Tensidschäumen bestehen, gelöst werden. Um die rheologischen Ei-
genschaften des �üssigen Schaums und der Schaum-Boden Mischung sowie de-
ren Ein�uss auf den Boden physikalisch zu charakterisieren, sind weitergehende
rheologische Untersuchungen notwendig. Da die Morphologie des Gemisches,
wie zum Beispiel die Mikrostruktur des Schaums, die e�ektiven rheologischen
Eigenschaften maÿgeblich beein�usst, wurden durch bildgebende Verfahren die
Gröÿe, Form und Verteilung der Schaumzellen und der Schaum-Partikel Mi-
schung eingehend charakterisiert. Zur Durchführung von rheologischen Expe-
rimenten unter Laborbedingungen erwiesen sich polymerstabilisierte Rasier-
schäume als adäquater Ersatz für Schäume, welche im Tunnelbau eingesetzt
werden. Aufgrund ihrer Langzeitstabilität und der charakteristischen Längens-
kalen der Mikrostruktur sowie der leichten Zugänglichkeit eignen sich Rasier-
schäume besonders gut für Laboruntersuchungen. Glaskugeln mit verschiede-
nen Durchmessern und Volumenanteilen und damit spezi�schen Ober�ächen,
wurden eingesetzt, um das e�ektive Materialverhalten von Schaum-Partikel
Mischungen zu untersuchen. Die experimentellen Ergebnisse wurden anschlie-
ÿend mit geeigneten rheologischen Modellen verglichen, wie zum Beispiel dem
modi�zierten Herschel-Bulkley-Papanastasiou Model.

Bei �üssigen Schäumen und Glaskugel-Schaum Gemischen handelt es sich
um Nicht-Newtonsche Fluide, die an Grenz�ächen (Schaum-Partikel Gemisch /
Metallober�äche) frei gleiten können (�Free Slip�). Durch die Eliminierung der
Wandgleitung können allerdings präzise genauere rheologische Interpretationen
der Messergebnisse erzielt werden. Zum besseren Verständnis des Wandgleit-
E�ekts wurden bildgebende Visualisierungsmethoden eingesetzt und die Schlupf-
geschwindigkeit nach Mooney und Oldroyd & Jastrzebski bestimmt. Die aus
der Visualisierungsmethode ermittelte Schlupfgeschwindigkeit wurde mit der
korrigierten Schlupfgeschwindigkeit verglichen. Zusätzlich wurden raue Ober-
�ächen (P320-Sandpapier) eingesetzt, um den Grenz�ächene�ekt in rheolo-
gischen Experimenten zu verringern. Bei fortgeschrittenen rheologischen Un-
tersuchungen können sogenannte heterogene Experimente eingesetzt werden,
um die ermittelten konstitutiven Eigenschaften zu validieren. In dieser Arbeit
wurde ein kleinskaliger Setzversuch (heterogenes Experiment) durchgeführt,
um die Flieÿfähigkeit der ober�ächenbenetzten Mischung zu bestimmen. Zur
Auswertung dieser heterogenen Experimente werden Smoothed Particle Hydro-
dynamics (SPH) Simulationen herangezogen, um numerische Untersuchungen
von Fluidströmungen mit freien Ober�ächen bereitzustellen.
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Chapter 1

Introduction and Motivation

The human population on Earth is growing very rapidly and now it is greater
than 7 billion [40]. 200 years ago the world population was less than 1 bil-
lion [79]. Under the circumstances it is clear that large infrastructure pro-
grams based e.g. on mechanized tunnelling has a crucial role providing an
easy and economical transportation under ground. The process of mechanized
tunnelling is applied by speci�c Tunnel Boring Machines (TBM). In this study,
an Earth Pressure Balance (EPB) shield machine, which is the type of speci�c
TBM, is applied in the tunnelling process.

An EPB shield machine works with the combination of three main subjects:
soil mechanics (soil characteristics and pressure support), TBM technology
(cutterhead design, installed force, screw conveyor, etc.) and soil conditioning
additives. In order to satisfy continuous support of the tunnelling face, the
excavated soil is used in an EPB shield machine. Due to many bene�ts of
the soil conditoning, the excavated soil is one of the most important subjects
in the operation of an EPB shield machine. The soil conditioning provides
an improved workability of the excavated soil, reducing friction and cutter-
head torque, increasing face stability and controlling groundwater, etc. [82].
However, when the soil conditioning is not used in tunnelling, which means
the natural ground does not have a consistency to form a low permeability
and high content of �nes (ideal soil), the control of pressure in the excavation
chamber is not possible, causing the machine to stop working. Therefore, con-
ditioning agents, such as foam, water, bentonite or polymer, must be mixed
with the soil collected in the excavation chamber to have the above mentioned
ideal soil properties. The distinct properties of each conditioning agent has
di�erent e�ects on the di�erent soil properties. For instance, the e�ect of foam
strongly depends on its decomposition, i.e. volume fraction also called foam
expansion ratio and injection ratio. Additionally, the conditioning agents can
be also used in combination. Their e�ect on di�erent soil varies when they are
used in combination. On the other hand, the soil properties, such as perme-
ability, the distribution of the particle sizes, have an in�uence on the overall

1
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performance of soil conditioning.

In order to understand the in�uence of the conditioning agent on the soil,
the conditioning agent should be investigated in laboratory on micro- and
macro-scale. In mechanized tunnelling, it is possible to �nd various studies on
soil conditioning an engineering scale. For instance, Maidl [73] studied foam
and its in�uence on the soil; Quebaud [94] investigated foam with di�erent
type of sand; Budach [18] carried out experimental investigations of foam and
foam-soil mixtures; Thewes et al. [112] investigated foam with the combination
of saturated- and unsaturated-soil. On the micro-scale, i.e. the scale where
discrete foam cells can be observed, liquid foam has also been investigated
by several authors. Kroezen et al. [61] researched foam experimentally by
using a coaxial viscometer. The rheological experiments of foam, which were
performed by using a plate mode of rheometrics mechanical spectrometer, were
investigated by Khan et al. [57]. Marze et al. [78] used a rheometer with
selfmade cone-plate geometries to measure �ow curve tests of foam. However,
investigation of the conditioning agent (foam) combined with particle on the
micro-scale are rarely available in literature.

Therefore, the rheological behavior and micro-structure of particle-foam
mixtures should be investigated intensively. On the micro-scale, the research
on the particle-foam mixture aims at devoloping a constitutive model that
can describe its e�ective rheological behaviour. For this purpose, an existing
rheological model (Herschel-Bulkley-Papanastasiou model) is modi�ed and its
parameters are optimized by means of rheological experiments performed with
particle-foam mixtures di�ering in terms of the amount of constituents. How-
ever, slip e�ect occured in the rheological experiment, which is a challenge for
rheological experiments and seen frequently. In order to perform the rheolog-
ical tests, the slip e�ect was minimized by using sandpaper on the surface of
the measuring devices (plate-plate con�gurations). On the other hand, the slip
e�ect was also investigated intensively for rheological experiments. Since the
focus of this study are micro-scale properties of the conditioning agent, the
syntetic foam (shaving foam) and solid glass beads have been utilized for rhe-
ological experiments due to di�culties an performing experiments with (time-
unstable) tunnelling foam and soil. A synthetic foam is suitable for laboratory
tests due to its time stability, characteristic length scales of the microstruc-
ture and accesibility. Solid glass beads are used to investigate the e�ective
material behavior of foam-particle mixture. In addition, a mini slump test
was performed to determine the �owability of the foam particle mixtures for
the rheological investigation. To verify the experimental results, a numerical
simulation (smoothed particle hydrodynamics method) were applied by using
inverse analysis.
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1.1 Scope and Outline

The aim of the project is to investigate soil conditioning agent experimentally
and to develop the appropriate rheological constitutive model of the particle-
foam mixtures for the EPB machine. The research presented in this thesis was
carried out to show the e�ects of the conditioning agent (foam) on the particle
(soil) in the laboratory and to manage an experimental challenge like slip
e�ect during the rheological research. The work of this thesis are summarised
as follows:

• Chapter 2 introduces mechanized tunnelling with EPB machines. The
excavation process of the EPB machine is explained to show how soil con-
ditioning is important for face stability of EPB tunnelling. The in�uence
of the soil conditioning agent (foam) parameters (CF, FIR and FER) are
discussed due to their crucial role in EPB tunnelling. The importance
of rheological properties and workability of the soil-foam mixture and
literature review of the soil conditioning are presented.

• Basic equations of a continuum description are presented to describe
�uid-�ow in Chapter 3. The Navier-Stokes equations for incompressible
�uids are also presented in cartesian, cylindrical and spherical coordinate
systems.

• Chapter 4 presents basic principles of rheology. Rheological experiments
and the history of the rheometry are summarised. The properties and
ingredients of a liquid foam (shaving foam), used for rheological experi-
ments, is presented. The working process of the rheometry is explained
within rheological terms and equations. The geometry type and their
advantages are given to use most suitable one for liquid foam and/or
particle-foam mixtures. In addition, the speci�c type of �uid is classi-
�ed. In order to use non-Newtonian constitutive models for foam-particle
mixtures, some models and especially the modi�ed Herschel-Bulkley-
Papanastasiou model [90] are presented with the viscosity function at
zero and in�nite shear rate. This model is derived for cone-plate and
plate-plate geometries in spherical and cylindrical coordinates, respec-
tively. The boundary conditions with and without slip e�ect is discussed
for plate-plate geometry.

• Chapter 5 discusses rheological experiments and micro-structure of liquid-
foam and dry- and surface wetted particle-foam mixtures. A rheological
constitutive model, which is the appropriate model for our experimental
results, is matched with the �ow curve data. Rheological characteriza-
tion of foam and particle foam mixtures are de�ned for various volume
fraction of dry- and wet particle mixtures.
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• The slip e�ect is conducted for rheological experiments of non-Newtonian
�uids in Chapter 6. Two assumptions the Mooney and Oldroyd-Jastrzeb-
ski methods are presented to determine slip velocity of materials. Addi-
tionally, for the calibration of smooth plate-plate, rough plate-plate and
glass plate-plate geometries, two calibration oils (APN145 and APN26)
are used to calibrate the geometries. The slip velocity is also determined
through image analysis.

• The (heterogeneous) mini slump test is presented and compared with
numerical simulations in Chapter 7. For the comparison of the exper-
imental and numerical simulation, various volume fractions of surface
wetted particle-foam mixture have used. The slip e�ect is conducted
to show how a�ect the �owability of foam and surface wetted particle-
foam mixture. Numerical simulation (Smoothed Particle Hydrodynamics
method), which have been performed by Sivanesipillai et al. [105], are
used to compare the rheological experiments for foam and particle-foam
mixture.

• Chapter 8 summarises the conclusions of this work, research soil condi-
tioning for EPB tunnelling. The crucial role of the rheological behavior
is explained for soil conditioning and the constitutive rheological model
is discussed for rheological experiments.



Chapter 2

Mechanized Tunnelling with

EPB Machines

2.1 Mechanized Tunneling

The tunnels have been built for various reasons such as protection of goods
and improvement of transportation routes [72]. In 1825, the �rst tunnel boring
machine (TBM), which was used to excavate the Rotherhithe tunnel under
the Thames, was developed by Sir Marc Isambard Brunel. In 1876, John
Dickinson Brunton and George Brunton were awarded for the �rst mechanised
full face TBM. Around the 1960s, the Japanese built the EPB shield machine
to solve some challenges, including reduction in costs, and laws on air and
water pollution, for a method of tunnelling through soft ground. In the 1960s,
the earth pressure balance (EPB) was developed in Europe. This type of TBM
has been used since the 1960s.

The term ”mechanized tunnelling” stands for the tunnelling technique
where the excavation process is performed mechanically by a TBM. In un-
stable ground, tunnelling processes need face support to prevent collapse. In
order to achieve the required face support pressure, support mediums, which
have a crucial role, are used in mechanized tunnelling. Thus, the types of
TBM, such as slurry shields and EPB shields, derive from what type of sup-
port medium is choosen for the construction of tunnelling. Slurry shield (hydro
shield) machines are used to accomplish the face support by pressurized slurry.
The pressurized slurry is usually a bentonite suspension, which is a mixture of
special clay and water. The bentonite slurry is used for face support, as well as
to help transport excavated soil easily. Comparing EPB machines and slurry
machines, the EPB is regarded as the most employed machine in mechanized
tunnelling due to its vast applicability. The application �elds of EPB are soil,
soft rock and highly fractured hardrock, especially those with high water con-
tent [45]. On the other hand, the excavated soil is used as a support medium
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in EPB shield machines. Since the face support is provided by excavated soil
in the excavation chamber, EPB shield machines do not need a secondary sup-
port medium, as is the case with slurry shield machines. However, excavated
soil should be mixed with conditioners to achieve an ideal ground condition in
EPB shield machines. The most important advantage of EPB shield machines
is the low investment cost due to seperation plant [74].

The excavation process is done with a trailing support mechanism (back-
up system) of EPB. The support mechanism can include conveyors, electrical
systems, ventilation and control rooms. A cross-section of the EPB shield
machines can be seen in Figure 2.1 with their tools; (1) cutting wheel, (2)
excavation chamber, (3) bulkhead, (4) a man lock, (5) screw conveyor, (6)
thrust jacks, (7) a segment erector, (8) thick shield, (9) a segment feeder and
(10) belt conveyor. The cutting wheel, which is at the front of the shield,
excavates the ground. It is the main excavation tool and has many holes.
Through these holes, the excavated soil enters the excavation chamber. The
excavation chamber is the area of the shield, where the cutting wheel rotates.
Additionally, cutting wheel inspection is carried out through a man lock, which
allows access to the excavation chamber under compressed air.

Figure 2.1: Cross section of an EPB shield machine with its tools (Herrenknecht
AG)

The excavated soil can be mixed with conditioning agents (foam, polymers
etc.) and the conditioned excavated soil �lls the excavation chamber com-
pletely. In order to compensate for tunnel face pressure, pressure should be
created inside the excavation chamber. The in�ows of soil and conditioning
agents controll pressure level. The earth pressure sensors measure the pressure
level at the bulkhead. The bulkhead separates the excavation chamber under
atmospheric pressure from the remaining EPB shield machines. During tunnel
construction, the most important issue is the removal of the excavated soil to
prevent idle times. The conditioned excavated soil is transported by the screw
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conveyor and is carried out of the tunnel by the belt conveyor. At the end
of the EPB shield machine, the segment erector erects the segmented tunnel
lining sequentially. The tunnel lining consists of reinforced lining segments and
ensures the stability and structural safety of the tunnel [72]. In order to carry
out a forward movement of the TBM and allow the excavation of the ground,
thrust jacks (thrust cylinder) are used to push against the already installed
tunnel segments.

2.2 Soil Conditioning in EPB Tunnelling

Soil conditioning has a crucial role in supporting the tunnel face by improving
excavated soil properties. They cause the excavated soil to become more plas-
tic with low permeability and low internal friction which prevents clogging and
di�culties with transportation in EPB machines. They also improve durability
and reduce of power requirements at the cutterhead. Additionally, the condi-
tioning agents allow for control of pressure in the chamber and screw conveyor.
If the support pressure varries and cannot be controlled for face collapsing is
inevitable and the excavation process will stop. Thus, the conditioning agents
a�ect the performance of EPB machines. Maidl et al. [72] mentioned that
the application �eld of EPB machine is restricted to �ne grained soils, when it
is used without soil conditioning agents. The soil is conditioned by injecting
additives through the cutting wheel or the bulk head into the excavation cham-
ber. Foam is usually used as a conditioning agent in mechanized tunnelling.
Additonally, to prevent the earth pressure from dropping during interruptions
of the excavation process, bentonite suspension is injected into the excavation
chamber as an additional face support system [8]. If the excavation process
cannot be continued in a TBM, the injection of foam must be stopped and an
additional material (bentonite suspension) is added to the excavation cham-
ber. In order to use an additional face support system, the TBM needs one or
several tanks of bentonite suspension. As it is mentioned in [37, 93], bentonite
suspensions are thixotropic �uids made by mixing bentonite and water. The
bentonite consists of the clay mineral, sodium montmorillonite. The mont-
morillonite, which consists of thin �at sheets of clay particles, absorb water.
It has a higher viscosity than the other types of bentonite and is the most
dispersing type of bentonite [93]. In [37], several tests are used to characterize
the bentonite suspensions:

• shear strength

• run out time of the Marsh funnel, a simple device to measure viscosity
of the bentonite suspensions [93]

• density, determined by a mud balance test

• distribution of grains, which gives a clue to the permeability
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• size and geometry of grains

In EPB machines, synthetic polymers (polyacrylamides) have been used as
conditioning agents with bentonite or foam [7]. When polymers are used as soil
conditioning agents, they inhibit the ground from absorbing water. However,
they can also be used seperately.

2.2.1 Foam

Foam is the most suitable and useful conditioning agent when the excavation
process is performed through coarser ground (the extended application range
of EPB machines). Thewes [111] and Budach et al. [19] showed that the
application range of EPB machines can be extended from �ne-grained soil to
coarse-grained soil by the use of foam. In coarse-grained soils, the permeability
of the soil (k) should not exceed 10−5 m/s to prevent uncontrolled groundwater
in�ow [50]. A suitable type of foam is selected as a conditioning agent according
to the geological condition (groundwater and soil permeability), soil type, and
the characteristics of the tunnel boring machine (open or closed cutterhead,
type of foam generator, etc). The selection of foam type according to soil
properties was considered in [28]. An appropriate soil-foam mixture requires
the foam types shown in Figure 2.2 to be matched with particular soils. Type
A has a high dispersion (rate) and good coating capacity. Type B has medium
stability, whereas type C has high stability and anti segregation properties.
Type C can be used to develop impermeability of a cohesive soil.

Foam Types Polymer Additives

Soil

Clay

   Sandy
 Clay-Silt
    Sand- 
Clayey silt

Sand

   Clayey
   Gravels
   Sandy
   Gravels

A B C FIR

Anti clogging polymer

Anti clogging polymer

Polymer for consistency control

Polymer for  cohosiveness and
consistency control
Polymer for  cohosiveness and
consistency control
Polymer for  cohosiveness and
consistency control

30-80

40-60

20-40

30-40

25-50

30-60

Figure 2.2: Foam types depending on di�erent soils for EPB machines [28].

In Figure 2.2, the indicative values of Foam Injection Ratio FIR can be
seen for di�erent types of foam. In order to understand FIR [vol%], FER [%]
(Foam Expansion Ratio) and CF [vol%] (Concentration of the foaming solu-
tion), Figure 2.3 is sketched to show volume and mass of foam, dry- and wetted
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particle.

t0

foam
dυf

dmf

particle dms

0

dυs0

foam
dmf

particle

t1 t0>

dυ

t0

water
dυw

dmw

particle

0

dυs0

foam
dυf

dmf

particle

0

dυw+s0

foam
dmf

particle

t2 t1>t1 t0>

wetted

dms dms dmw+s dυw+s+f

wetted

dmw+s

Figure 2.3: (a) Total volume of dry particle-foam mixture t1 > t0 . (b) Pre-
wetted particle-foam mixture at t2 > t1 .

FIR is de�ned as the ratio of the volume of foam dvf0 to the volume of
excavated soil (particle) dvs0. Foam injection ratio is determined by laboratory
testing and the water content of the soil plays an important role in this process

FIR = 100
dvf0
dvs0

, FIR = 100
dvf0

dvw+s
0

. (2.1)

Foam expantion ratio, which is also used in the tunnelling process, is the
ratio of the volume of foam dvf0 to the liquid phase volume of the foam dvfl0 ,

FER =
dv f0

dv fl0
. (2.2)

The third parameter used to de�ne foam properties is CF . It determines
the concentration of the foaming surfactant in water. CF is determined by

CF = 100
dmF

dmF + dmW
, (2.3)

where dmF is the mass of foaming surfactant, dmW is the mass of water
and dmF + dmW is the mass of the foaming solution. These three parameters
(CF , FIR and FER) have a crucial role in mechanized tunneling. If the param-
eters are not calculated correctly, some challenges may occur during tunnelling
process [62]. The injection of air can be too high in working chamber, which
causes insu�cient speed. On the other hand, too much foam can be injected,
causing the soil to be squeezed into the screw conveyor, resulting in an increase



10CHAPTER 2. MECHANIZED TUNNELLING WITH EPB MACHINES

in the cost of the working process per linear meter of tunnel. Furthermore, the
muck inside the working chamber cannot be handled easily. The last challenge
is insu�cient soil conditioning. Due to the insu�cient soil conditioning, pres-
sure decreases in the front of the TBM and plugging of the soil appears in the
chamber and/or cutterhead.

In soil conditioning, the e�ectiveness of foam can be evaluated with var-
ious tests. In order to characterise foam, some tests were recommended by
Quebaud et al. [94]: The consistency test is applied for the bubble size, the
compressibility test, which was not investigated in this study, is used in order
to understand foam behavior under pressure and the half-life test is applied
to measure the time. However, the properties derived from these test are not
su�cient to use in EPB machine. In addition, for mechanized tunnelling, foam
mixed with soil should be tested. Several tests, such as compressibility, foam
penetration, slump, permeability, etc. are performed to determine the proper-
ties of soil-foam mixture:

• workability

• rheological properties

• density

• sedimentation

• permeability

• compression behavior

• shear strength, and

• stability.

All of the properties have an in�uence on the operation of EPB machines.
For instance, if the compressibility of the soil increases in the excavation cham-
ber, the workability and homogeneity of the soil-foam mixture will be improved,
meaning that the mixture in the chamber becomes plastic. It provides better
control of the stability of the face. In order to minimize the possibility of face
collapse, the permeabilty of soil should be reduced at the face because of water
in�ow. When the shear strength of the soil is considered, it a�ects the wear of
the cutting wheel. If it decreases, the wear of cutting tool reduces and energy
can be saved for the TBM.

Rheological Properties and Workability

The rheological property of soil-foam mixtures is important for the excavation
process. It describes the �ow behaviour of the mixture under various forces
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(e.g. stress). When the viscosity of the mixture is very high, �ow through the
screw conveyor may decelerate or stop. This reduces the performance of the
TBM and increases the cost of working process.

Figure 2.4: Foam generator at Ruhr-University Bochum [112]

The workability of soil-foam mixture mentioned in [112] is an indicator for
the plasticity of the support medium in mechanized tunnelling. Kosmatka et
al. [58] de�ned workability as a measure of how easy or di�cult concrete can
be placed, consolidated, and �nished. Due to determination of the workability,
a slump test was used according to DIN EN 12350-2 /-8 [3, 4] for fresh concrete
and self compacting concrete by Thewes et al. [112]. In order to perform the
test under realistic boundary conditions, the foam used in the mixture was
generated by the foam generator (Figure 2.4) of the Institute for Tunnelling
and Construction Management at Ruhr-University Bochum.

2.2.2 State of the Art

Soil conditioning was investigated by various researchers in the framework of
EPB tunnelling. Peila et al. [91] investigated the soil conditioning process
in which the ground is extracted from the excavation chamber. They used a
large-scale pressure tank to simulate the excavation chamber. Additionally, soil
conditioning was researched experimentally by Maidl [72] to show the e�ects
of foam on the excavated soil. Bezuijen et al. [14] investigated the in�uence
of soil permeability on the foam. They worked on the interaction between soil
mechanics and soil conditioning experimentally and theoretically.

On the micro-scale, foams have also been analysed rheologically. Shear �ow
properties of liquid foam was studied experimentally and the e�ect of wall slip
was determined on the rheological behaviour of liquid foam in [57, 61]. How-
ever, there are not many known investigations about soil-foam mixtures. In
order to understand soil conditioning in mechanized tunnelling, soil-foam mix-
tures should be investigated from micro-scale to macro-scale. Therefore, the
rheological property and workability (slump test) of soil-foam mixture should
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be researched on a micro-scale. In this study, a synthetic foam and particle-
foam mixtures have been investigated on a micro-scale.



Chapter 3

Theoretical Background of

Fluid Flow

3.1 Description of Fluid Flow

In Euclidean space, the independent variables, which describe a �uid, are func-
tion of position x at time t. We assume that the �uid is identi�ed with a
material body B at t = 0 in a �xed reference con�guration and B is re�ered
as the reference body. As the �uid �ows, the material points of the �uid will
be at new spatial positions, occupying the body Bt at time t. The body is
referred as the current con�guration.

.B  
X. Bt

x=χ(X,t)

∂B

∂Bt
χ(X,t)

t=t0 t>t0

ex

ey

ezX x

Figure 3.1: Euclidean space with the reference body B and the current con�g-
uration Bt.

The Lagrangian and the Eulerian description can be used to describe �uid
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�ow in continuum mechanics. In the Lagrangian description, �uid �ow prop-
erties are determined by tracking the kinematics of each material point, and
the velocities, acceleration and positions, depending on time. For instance, the
position vector x = χ(X, t) is introduced as the position of a �uid particle
at time t, which was located at X at time t = 0 (Figure 3.1). The motion
function χ(X, t) is describing the motion of the material point and can be
evaluated at time t for all material position vector X. From the �rst and sec-
ond time derivatives of the position vector x, the velocity and acceleration can
be determined by

u = ẋ(X, t) =
dχ(X, t)

dt
a = ẍ(X, t) =

d2χ(X, t)

dt2
. (3.1)

Axiomatically, the mapping function x =χ(X, t) is one-to-one in X for
�xed time t and, therefore, has an inverse X = χ−1(x, t) at each time t [47].
However, the inverse of the motion function χ requires that the Jacobian should
be greater than zero

J = det F > 0, (3.2)

where F is the deformation gradient. F is equal to the partial derivative of
x(X, t) with respect to X

F =
∂x

∂X
= gradx. (3.3)

In the Eulerian description, the �ow properties are expressed as a function
of current position vector x and time. The �uid �ow of a continuum using the
Eulerian description is represented by the mapping function

X = χ−1(x, t). (3.4)

From the Eulerian description, the velocity and acceleration are a function
of current position vector x and time. The velocity and acceleration can be
represented as follows:

u = ẋ(x, t) a = ẍ(x, t). (3.5)
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3.1.1 Displacement Field

The displacement vector s can be de�ned by the geometrical measurement of
deformation. It is determined by

s = x−X. (3.6)

3.1.2 The Material Time Derivative

The material time derivative ( d
dt), which is often used in �uid mechanics, is

the time rate change of a quantity (scalar, vector or tensor) of a material. The
time rate of change of velocity (vector) gives acceleration

a =
du

dt
=
∂u

∂t
+
∂u

∂x

dx

dt
=
∂u

∂t
+ gradu · u. (3.7)

The material time derivative of velocity can be written in the components
form

∂(uex)

∂t
+
∂(uex)

∂x

dx

dt
+
∂(uex)

∂y

dy

dt
+
∂(uex)

∂z

dz

dt
,

∂(uey)

∂t
+
∂(uey)

∂x

dx

dt
+
∂(uey)

∂y

dy

dt
+
∂(uey)

∂z

dz

dt
,

∂(uez)

∂t
+
∂(uez)

∂x

dx

dt
+
∂(uez)

∂y

dy

dt
+
∂(uez)

∂z

dz

dt
.

(3.8)

In addition, the material time derivative of the density can be given as an
example for a scalar quantity. The material time derivative of the density is

ρ̇ =
∂ρ

∂t
+ gradρ · u. (3.9)

3.2 Types of Flow

Fluid �ow can be classi�ed through the number of space coordinates; one-,
two-, and three-dimensional �ow

u = uex (1D),

u = uex + uey (2D),

u = uex + uey + uez (3D).

(3.10)
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However, �uid �ow is generally in three-dimensional which is di�cult to
calculate the �uid �ow problems. The challange can be achieved by reducing a
three-dimensional �ow to a two-dimensional one, thus the �uid �ow problems
can be solved as simple as possible. On the other hand, If the �uid �ow at
any location does not change with time, this type of �ow called steady �ow.
Otherwise, it is called unsteady �ow.

u = u(x, t) (unsteady flow)

u = u(x) (steady flow)
(3.11)

The type of �uid �ow can be classi�ed as incompressible and compressible
�ow due to density of a �uid. For an incompressible �uid �ow, the density of a
�uid is constant, thus the time rate of change of density is zero. If the density
of a �uid varies with its pressure, the type of �uid �ow is compressible.

ρ(x, t) = ρ(x, t0) (incompressible flow) (3.12)

In uniform �ow, �ow parameters, such as �ow velocity, are same at every
point in the �uid. When a �uid �ow is non-uniform, the �ow parameters
change with respect to space (Figure 3.2).

du/dx = 0 du/dx ≠ 0

u(x)u= const.
ex

ey

Figure 3.2: Uniform �ow; �ow velocity is constant because of constant diameter
(left) and non-uniform �ow; �ow velocity varies due to variable diameter pipe
(right).

The type of �ow can also be classi�ed as laminar and turbulent �ow. In
laminar �ow, the �uid moves in smooth layers, in contrast to turbulent �ow,
in which the motion of �uid is not orderly (Figure 3.3).

In order to predict if the type of �ow is laminar or turbulent, the Reynolds
number (Re) is used

Re < 2300 (laminar flow), Re > 2300 (turbulent flow). (3.13)
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ex

ey

Figure 3.3: Laminar �ow (left) and turbulent �ow (right)

This number, which is a dimensionless quantity, is the ratio of inertial forces
to viscous forces

Re =
ρ u D

µ
, (3.14)

where µ is the dynamic viscosity and D is the pipe diameter.

3.3 The Basic Equations of Fluid Flow

Continuum Thermodynamics is based on three conservation laws of mechanics
(balance of mass, linear momentum and angular momentum) and two laws of
thermodynamics (the balance of energy and the imbalance of entropy). These
laws apply without exceptions to all material bodies modeled within Contin-
uum Thermodynamics. Hence, besides the kinematical relations, the distinc-
tion between solids and �uids lies in the supplemented constitutive laws, which
model particular classes of materials. However, since the temperature has been
kept constant during all experiments, the three laws of mechanics are su�cient
for the description of mechanical processes.

3.3.1 Balance of Mass

The mass M of a reference body B can be written as

M(X, t0) =

∫
B
ρ0 dV , (3.15)

where ρ0(X) is the mass density in the reference con�guration X in the
reference body (Figure 3.1). In the deformed body Bt, the mass M(x, t) can
be expressed by

M(x, t) =

∫
Bt

ρ(x, t) dv, (3.16)
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where ρ(x, t) is the density at the position x. Balance of mass requires that
Eqn. 3.15 should be equal to Eqn. 3.16, i.e. constant in time. The derivation
of M(X, t0) = M(x, t) with respect to time can be determined by

d

dt

∫
Bt

ρ(x, t) dv = 0. (3.17)

Thus, the principle of mass balance states that the mass of a material body
does not change in time. Making use of the Reynolds' transport theorem [47],
the balance of mass can be represented by

dρ

dt
=: ρ̇ = −ρ divu, (3.18)

where u is the velocity vector. As mentioned above, if the �uid is incom-
pressible (independent of space and time), ρ is constant, so that ρ̇ = 0. The
balance of mass reduces to the continuity equation

divu = 0. (3.19)

3.3.2 Balance of Linear Momentum

Bt

∂Bt

ex

ey

ez r

da
n

t

Figure 3.4: Traction vector t and the outward normal vector n of ∂Bt

Balance of linear momentum is the balance between the rate of change of
linear momentum J(Bt) of �xed mass of the deformed body Bt and the sum
of the forces acting on the body. Linear momentum is given as
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J(Bt) =

∫
Bt

u dm =

∫
Bt

u ρ dv. (3.20)

The sum of the forces is

F = F∂Bt + FBt , (3.21)

where F∂Bt =
∫
∂Bt

t da are near �eld forces and FBt =
∫
Bt
ρ b dv are �eld

forces. t is the surface traction and has a relation with the Cauchy stress tensor
T. This relation is called Cauchy's theorem

t = T · n, (3.22)

where the vector n is the outward normal vector of ∂Bt (Figure 3.4).

3.3.3 Balance of Angular Momentum

Angular momentum is de�ned as the moment of the linear momentum. The
balance of angular momentum is written as

∫
Bt

r× (u ρ) dv =

∫
∂Bt

r× t da+

∫
Bt

r× (ρb) dv, (3.23)

where r is the position vector. From the balance of linear momentum, Eqn.
3.23 reduces to the requirement the Cauchy stress tensor must be symmetric
(T = TT ).

3.4 Constitutive Equations for Fluids

In engineering, a constitutive equation is a relation between two physical quan-
tities, such as the relationship between the shear rate and the shear stress. In
order to understand the background of the rheological experiments or the prin-
ciple of rheometer, kinematic and dynamic quantities should be related to the
�ow of �uid. Material properties of �uid can be described by basic equations
besides a set of constitutive equations

T = TE − p I, (3.24)
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where p is the pressure, which has a scalar value, and I is the second order
unit tensor (I = δijei ⊗ ej), with the Kronecker symbol δij = 1 for i = j and
δij = 0 for i 6= j. The components of the Cauchy stress tensor is

T =


Txx Txy Txz

Tyx Tyy Tyz

Tzx Tzy Tzz

 ei ⊗ ej . (3.25)

The extra stress tensor TE is given by

TE = 2 η(II) D, (3.26)

where D is the rate of deformation tensor and II is the second invariant.
In order to derive D from the deformation gradient (F = ∂x

∂X) and the rate of
change of the deformation gradient (Ḟ = d

dt
( ∂x∂X)), relation between the spa-

tial velocity gradient (L = gradu) and the rate of change of the deformation
gradient is written by

L = gradu =
∂u

∂x
=
∂u

∂X

∂X

∂x
=

∂

∂X

∂X

∂x
=

d

dt

(
∂x

∂X

)
∂X

∂x
= Ḟ · F−1. (3.27)

L = Lijei ⊗ ej is a second order tensor and can be decomposed into a
symmetric part D and a skew-symmetric part W with

D =
1

2
(L+ LT ), W =

1

2
(L− LT ). (3.28)

From Eqn. 3.28, L is

L = D+W, (3.29)

whereW is a skew-symmetric second order tensorWijei⊗ej = −Wjiej⊗ei
and is called rate of rotation tensor, and D is a symmetric second order tensor
Dijei ⊗ ej = Djiej ⊗ ei.

3.5 Navier Stokes Equations

The Navier Stokes equations are equations of motion that describe the �ow of
compressible and incompressible �uids. The vector form of the Navier Stokes
equation is
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ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇ ·T+ ρg, (3.30)

where g represents body acceleration.

r

z

Φ

ey

ex

ez
P(r, Φ, z)

Figure 3.5: Cylindrical coordinate system (x = r cos Φ, y = r sin Φ, z = z)

In order to use the Navier Stokes equation in the cylindrical coordinate
system, the relationship between the cylindrical basis vectors (er, eΦ, ez) and
the cartesian basis vectors (ex, ey, ez) should be shown

ex = cos Φer − sin ΦeΦ, ey = sin Φer + sin ΦeΦ, ez = ez. (3.31)

r z

φ

θ

ez

ey

ex

P(r, φ, θ)

Figure 3.6: Spherical coordinate system (x = r sinϕ cos θ, y = r sinϕ sin θ, z =
r cosϕ)

The equations of motion in spherical coordinates can be obtained by the
mathematical transformation from the cartesian basis vectors (ex, ey, ez) to
the spherical basis vectors (er, eϕ, eθ)
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ex = cos θ(sinϕer + cosϕeϕ)− sin θeθ,

ey = sin θ(sinϕer + cosϕeϕ) + cos θeθ,

ez = cosϕer − sinϕeϕ.

(3.32)

The three components form (in cartesian, cylindrical and spherical coordi-
nate systems) of the Navier Stokes equation is shown in Appendix A.



Chapter 4

Basic Principles of the Rheology

4.1 Rheology of the Materials

The name of rheology derives from the Greek words ”rheo" and ”logia”, which
means ”�ow” and ”study of”, respectively. The term rheology was coined in the
1920s by Eugene C. Bingham, who was a professor at Lafayette College [15].
Rheology describes the deformation and �ow of all types of matter (�uids or
solids) under the in�uence of applied stress or forces. It can be applied to many
di�erent �elds; cosmetics, chemical industry, oil drilling, etc.. Rheology is also
used to asses the quality of the materials and helps to de�ne the �ow behavior
of materials. It is very well known that materials have a behavior range from
solid like ”ideal solid” to liquid like ”ideal �uid”. Fluid can be classi�ed into
three di�erent groups according to their �ow behavior: Newtonian �uids, non-
Newtonian �uids time dependent ”rheopecty" and ”thixotropic”, and non-
Newtonian �uids time independent ”shear thinning” and ”shear thickening”.
The most-known Newtonian �uid is water, whose viscosity (the shear resistance
of an ideal �uid) does not change with the rate of �ow. On the other hand,
some �uids such as foams, chocolate, ketchup, and mayonnaise do not follow
the Newtonian �ow laws. In non-Newtonian �uids, viscosity is not constant and
can even be time-dependent. The viscosity of rheopectic �uids increases under
an applied shear rate or shear stress, whereas thixotropic �uids decrease in their
viscosity as the shear rate increases. However, some �uids' viscosity decreases
with increasing shear stress. Corn starch in water or sand in water can be taken
as dilatant �uids, or shear thickening �uids and �uids like ketchup and blood
have a di�erent �ow behvior than dilatant �uids. Their viscosities decrease
when the shear rate increases and these �uids are also called pseudoplastic
materials.

23
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4.1.1 Liquid Foam

Liquid foams have a complex rheological behavior depending on their micro-
structure and physicochemical constitution [92]. In order to understand the
characteristics of liquid foam, some factors, such as bubble size and shape, gas
volume fraction, ambient temperature, and pressure that in�uence its char-
acteristics should be considered. A liquid foam includes dispersion of gas in
a liquid, and the form of the bubbles is polyhedral. Generally, the bubbles
range from 10 µm to 1 cm in diameter. Shaving foam exhibits very similar
properties to liquid foam, which can �ow and deform by application of shear
forces. A shaving foam is generated from the following chemical ingredients:
stearic acid (C18H36O2), propane (C3H8), isobutane (C4H10), triethanolamine
(C6H15NO3), butane (C4H10), 2,6-Di-t-butyl-p-cresol (BHT) (C15H24O), wa-
ter, Laureth-23 and sodium lauryl sulfate (CH3(CH2)11(OCH2CH2)nOSO3Na)
[9]. The surfactants play an important role in foam generation and its stabil-
ity. Steric acid is used to produce soap. Laureth-23 and sodium lauryl sulfate
stabilize the foam [9, 95]. Isobutane and propane are colorless and compressed
gases, which have ability of aerosol propellants. In addition, triethanolamine
is used as a neutralizer. The role of the water as a solvent is also important
in foam generation. It dissolves the ingredients in the shaving foam. The
concentration and type of surfactants used also in�uences the characteristics
of shaving foam. The characteristics of shaving foam can be investigated by
light microscopy, giving knowledge about micro-scale structure. The diameter
of bubbles can be calculated and used for rheological experiments. Addition-
ally, aging of foam (coarsening, coalescence and drainage) can be observed by
microscopy, showing the deformation of foam bubbles. Many researchers have
investigated rheological behavior of liquid foam with their microstructure and
de�ned it as a non-Newtonian �uid [59, 64].

4.2 Rheometer and Rheological Experiments

4.2.1 History of Rheometer

Rheometry is used for the investigation of the rheological behavior of materials.
It is used in many rheological experiments and gives us possibility to under-
stand the �ow behavior of materials (solid or �uid). The history of the rheome-
ter starts with the viscometer, which is a very simple device used to measure
the viscosity of �uids. The principles of the viscometer have been explained by
MacMichael [70]: ”The time required to produce a de�nite relative movement
of the �uid particles under a given force. The force required to produce a de�-
nite relative movement of the �uid particles in a given time”. Barnes et al. [11]
mentioned, in their historical review paper, that the earliest controlled-strain
viscometer is the MacMichael controlled-strain viscometer, made in 1915. This
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machine was manufactured by Eimer and Amend of Newyork, USA and has a
60 mm diameter disc and various cylindirical rotating cups with a rotational
speed of 20 rpm. The rotational speed of this machine has been improved be-
tween the range of 10 to 38 rpm. Between 1909 and 1912, the controlled-stress
viscometer was invented by Stormer and Searle [11]. However, these intruments
were not controlled electrically and they only had some simple tools, such as
”weight, pulleys and a stopwatch” to measure shear stress. In the 1968s, more
elctronic devices were added to viscometers by Jack Deer and Peter Finlay.
Then, around 1980, the viscometer became a modern instruments that was
controlled by a micro-computer. Hence, rheological experiments can be per-
formed automatically by this machine and the precision of the results has been
greatly improved [11]. Nowadays, there are many di�erent modern rheometers
that are electrically controlled-stress or controlled-strain instruments [11, 17].
Modern rheometers have many di�erent devices like air-bearing which make
rheological experiments very simple. A modern rheometer has a high accu-
racy, wide shear-rate range and di�erent geometry types, such as cone-plate,
plate-plate, and cup & bob geometries. On the other hand, temperature and
pressure of a sample can also be controlled by rheometer.

4.2.2 A Modern Rheometer

In our labrotory, we use a rotational rheometer, the Physica MCR 301 from
Anton Paar GmbH (Figure 4.1), which works with the Physica RheoPlus soft-
ware. It includes a con�guration system (Toolmaster) that transfers geometry
data and control parameters to the Rheoplus EPROM-based, for the measuring
and temperature control systems.

Figure 4.1: The Physica MCR 301 rheometer with plate-plate device
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A very rigid air bearing with synchronous motor is in this rheometer, which
makes it possible to get low torque capabilities. For precise measurements of
the angular de�ection, a high-resolution optical encoder is used in combination
with real time position control in oscillation. Therefore, there is no limit to the
upper value of the amplitude. This rheometer has the highest e�ciency and
it is suitable for all Controlled Shear-Stress (CSS) and Controlled Shear-Rate
(CSR) tests over large stress, strain, and frequency ranges (Table 4.1). On the
other hand, the absolute torque of the upper tool (plate, cone and bob devices)
can be calibrated due to the linear relationship between the electro-magnetic
motor torque and the stator current.

Table 4.1: Speci�cation of the Physica MCR 301 rheometer

Bearing air −
Torque rotation(min.) 0.05 µNm

Torque oscillation (min.) 0.01 µNm

Normal force range 0.01− 50 N

Angular frequency (min.) 10−5 rad/s

Angular frequency (max.) 628 rad/s

Temperature range 123.15− 1273.15 ◦K

Torque rotation / oscillation (max.) 200 mNm

Table 4.1 shows some properties of the Physica MCR 301. As explained
above, there are di�erent types of geometries that can be used for di�erent
samples (suspensions, water, chocolate, honey, polymer etc.). Rheological ex-
periments, such as �ow curve tests, relaxation tests, creep tests, and oscillation
tests, can be classi�ed into two groups: amplitude sweep and frequency sweep
tests. These tests can be performed by the Physica MCR 301 rheometer. Some
special tests, such as the time temperature sweep test and Dynamical Mechan-
ical Thermal Analysis (DMTA) can be also performed for solid polymers in
the Physica MCR 301 rheometer; of course, in combination with other tools
(Solid Rectangular Fixture ”SRF”).

Tests for Controlled Shear Rate (CSR)

The angular velocity ω is given as an input parameter to calculate the shear rate
γ̇, which depends on the plate-plate geometry gap distance h and the angular
velocity ω. In addition, instead of the angular velocity ω when the range of
shear rate γ̇ for material is known, the shear rate γ̇ can be set directly, and the
e�ective viscosity η can be obtained as an output parameter (Figure 4.2). In
controlled shear rate tests, the yield stress τy of a material cannot be measured
directly. In order to determine the yield stress τy , di�erent models, such as
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setting parameter
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M [mNm]
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shear rate 
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.

γ

Figure 4.2: Rotational tests for controlled shear rate

Herschel-Bulkley, Casson etc., can be used by curve �tting [81].

Tests for Controlled Shear Stress (CSS)

setting parameter
angular velocity

ω [rad/s]

torque
M [mNm]

raw data rheological  parameter
shear stress 

  τ [Pa]

rheological  parameter
shear rate 

 [1/s]

.

γ

Figure 4.3: Rotational tests for controlled shear stress

The torque M determines the shear stress τ for rotational tests. It is also
possible to give the shear stress τ as an input parameter directly. The shear
rate γ̇ is determined by the angular velocity ω with the appropriate measuring
system factor, (cf. Figure 4.3). The cotrolled shear stress test can be used to
observe the yield stress of a material directly.
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4.2.3 Basic Terms of Rheometry

(stationary)

(moving)

u(y)

F

u

u=0

h
ex

ey

A

Figure 4.4: Simple shear �ow. u is the velocity in the ex direction; maximum
velocity at the top plate and a velocity of zero at the bottom plate.

The parallel plate model is the simplest model to explain the basic terms
of rheometry easily. As can be seen from Figure 4.4, two plates are used
for parallel plate rheometer; the bottom plate is �xed and the top plate is
moved by a force. The layer (lamina) next to the stationary (bottom) plate
is stationary and it moves with the moving plate. In this case, the velocity of
�ow is zero at the bottom plate and is at its maximum at the top of the plate
due to the no-slip condition. Therefore, the �uid closest to the wall moves at
the velocity of the wall [10]. To measure any �uid �ow by rheometer, the �uid
is put over the bottom plate, and the top plate moves downward, touching the
sample. The movement should continue until the measure point (distance) is
reached. The distance between plates, which is �lled with sample, is called the
gap distance and is symbolized by h [mm]. In rheometry, this phenomenon is
described by the viscosity. It is described in terms of shear stress τ [Pa] and
shear rate γ̇ [s−1]. The term shear stress is the ratio of applied force F [N] to
the movement of the layer of a given area A [mm2]

τ =
F

A
. (4.1)

Shear rate (rate of deformation) is the movement of the �uid between layers

γ̇ =
u

h
, (4.2)

where u is the velocity in the ex direction and h is the gap distance be-
tween the plates. In laminar (a �uid moves in parallel layers) and ideal-viscous
�ow, the velocity di�erence du between neighbouring layers and the thickness
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di�erence dh of all the layers are constant, which means that the shear rate is
constant across the whole shear gap

γ̇ =
du

dh
= const. (4.3)

Generally, shear tests are performed by using a rotational rheometer. In
contrast to the parallel plate rheometer, the movement of the top plate is
rotational. In order to determine the dynamic viscosity η, the shear stress, τ ,
is divided by the shear rate γ̇

η =
τ

γ̇
. (4.4)

The typical dynamic viscosities of water, petrol, and honey are 1 mPas,
0.65 mPas, and 104 mPas at 293◦K, respectively. In addition, the kinematic
viscosity [m2/s], which is related to the dynamic viscosity through the density
ρ [kg/m3] of the material, can be calculated by

µ =
η

ρ
. (4.5)

There are some factors, such as temperature, pressure, and shear rate,
that a�ect viscosity. When a liquid heats up, the heating energy causes a
disconnection of binding between the molecules. This phenomenon allows the
liquid to become more �uid and its viscosity decreases. For example, when
we put a visco-elastic �uid like nutella in the refrigerator, it gets hard and its
viscosity increases with decreasing temperature. Contrary to the in�uence of
temperature, e�ect of the pressure can be neglected for viscosity. The reason
for this is that �uids are almost incompressible at low or medium pressures.
On the other hand, for most liquids, the viscosity increases with increasing
pressure. This fact can be explained by the decreased amount of free volume
in the internal structure due to compression [81]. The shear rate also a�ects
the viscosity of most �uids, especially non-Newtonian �uids.

4.2.4 Types of Geometry

Cone-Plate Geometry

Cone-plate geometry has a cone-type upper tool and plate-type lower tool
(Figure 4.5). The cone part is rotating, while the plate part is stationary. The
cone part can be either truncated or untruncated. Generally, truncated cones
are used to overcome speci�c challenges. Firstly, an untruncated cone apex can
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M
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R=24.987 mm

α
Truncated part

Figure 4.5: Cone-plate geometry

be easily damaged and the particles, which are inside the suspensions, may be
at the lower plate at the small gap of the center. Therefore, we use truncated
cone parts with a truncation of 208 µm. For truncated cone-plate geometry,
the gap distance is determined by the imaginary cone apex in the measurement
position. The cone angle α and diameter (D=2R) of it are exactly 1.993◦ and
49.974 mm, respectively. If the angle of the cone is less than 3◦, it results in a
uniform shear rate in the gap due to the independence of radial position [46].

On the other hand, cone-plate geometry has some advantages in rheological
experiments. They are cleaned and �lled easily and can be used for low sample
volumes. However, they are only suitable for homogeneous samples, such as
gels, concentrated suspensions etc.

α r

θ

φ

ω

er

eφ

eθ

Figure 4.6: Schematic of cone-plate geometry [113]

The schematic of cone-plate geometry with the cone angle α and the an-
gular velocity ω was shown in Figure 4.6. The proper coordinate system is
the spherical coordinate for the cone-plate geometry [71]. The spherical coor-



4.2. RHEOMETER AND RHEOLOGICAL EXPERIMENTS 31

dinates are denoted as r , θ, ϕ and usually used for the cone-plate geometry.
It is assumed that the �ow between the cone-plate is steady, laminar and
isothermal and the body forces are negligible. The velocity of the cone-plate
in spherical coordinates is

u = urer + uθeθ + uϕeϕ. (4.6)

The zero and non-zero velocity components of the cone are given by

ur = 0, uθ = 0, uϕ 6= 0. (4.7)

The boundary conditions on the velocity �eld are

uϕ(
π

2
) = 0, uϕ(

π

2
− α) = ωr sin(

π

2
− α) = ωr cosα, (4.8)

where cosα ≈ 1 for α < 3◦. In spherical coordinates, the velocity gradient
is

gradu =


∂ur
∂r

∂ur
∂θ

∂ur
∂ϕ

∂uθ
∂r

∂uθ
∂θ

∂uθ
∂ϕ

∂uϕ
∂r

∂uϕ
∂θ

∂uϕ
∂ϕ

 ei ⊗ ej =


0 0 0

0 0 0

0 γ̇ 0

 ei ⊗ ej . (4.9)

The rate of deformation tensor has the form

D =
1

2


0 0 0

0 0 γ̇

0 γ̇ 0

 ei ⊗ ej . (4.10)

The component of the deformation tensor (Dθϕ = Dϕθ) is

Dθϕ = Dϕθ =
1

2

sin θ

r

∂

∂θ

( uϕ
sin θ

)
+

1

r sin θ

∂uθ
∂ϕ︸ ︷︷ ︸

=0

 . (4.11)

From Eqn. 4.11, the shear rate in spherical coordinates is given by
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γ̇ = 2Dϕθ = 2
1

2

(
sin θ

r

∂

∂θ

( uϕ
sin θ

))
. (4.12)

The equations of motion in spherical coordinates with the components (r ,
θ and ϕ) for the cone-plate �ow reduce to

ρ
(uϕ)2

r
=

1

r2

∂(r2τrr)

∂r
−
τθθ + τφφ

r
, (4.13)

−ρ(uϕ)2

r
=

1

r sin θ

∂(τθθ sin θ)

∂θ
− τϕϕ cot θ

r
, (4.14)

0 =
1

r

∂τθϕ
∂θ

+
2

r
cot θ τθϕ. (4.15)

The third component of the equations of motion (Eqn. 4.15) can be inte-
grated to give

τθϕ =
C1

sin2 θ
, (4.16)

where C1 is a constant parameter of integration. The constant parameter
can be expressed by the applied torque on a cone-plate surface. A torque
balance on the cone-plate surface is determined by

M =

∫ 2π

0

∫ R

0
r2 τθϕ dr dϕ. (4.17)

The shear stress τθϕ is

τθϕ = C1 = τθϕ(θ) sin2 θ. (4.18)

From Eqn. 4.17, the constant integration parameter is

C1 =
3M

2πr3
sin2 θ. (4.19)

Eqn. 4.8 is inserted in the shear rate (Eqn. 4.12)
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γ̇ =
1

r

∂

∂θ
(
ωr

1
), (4.20)

where sin θ = 1 at small angles. In order to determine a good approxima-
tion, the shear rate is given by

γ̇ =
1

r

∂

∂θ
(ω r (

π
2 − θ
α

)). (4.21)

From Eqn. 4.21, the shear rate is

γ̇ =
ω

α
. (4.22)

Plate-Plate Geometry

M

ω 

R=24.978 mm

h

Figure 4.7: Plate-plate geometry

The plate-plate geometry working principle is similar to that of cone-plate
geometry. The upper plate is rotating, whilst the lower plate remains station-
ary (Figure 4.7). This used system has two parallel plates, each 49.956 mm
in diameter (D = 2R). The gap distance h of the plate-plate geometry is not
constant and depends on the particles contained in the material. On the other
hand, the gap distance should be at least �ve times greater than the diameter
of particles in the sample. For a rheological test of the shaving foam, the mean
bubble diameter D̄ of 51.8 µm, which is shown in Chapter 5, should be consid-
ered for the gap distance. It cannot be set randomly. For instance, when the
gap distance of the plate-plate geometry is setting for shaving foam, the gap
distance is
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h ≥ 5D̄. (4.23)

From Eqn. 4.23, the gap distance should be at least 259 µm for shaving
foam. This phenomenon shows that the microstructure of the material a�ects
the rheological behavior of foams on a macro-scale. For plate-plate geometry,
the shear rate varies from zero, at the center of the upper plate, to its maximum
at the outer diameter D .

The advantage of the plate plate system is that it can be �lled and cleaned
easily. The disadvantage of this system is the shear rate. In contrast to the
cone plate system, the shear rate depends on the gap distance. Furthermore,
this system is limited to small sample sizes.

The plate-plate �ow with the continuum based theorie can be explained in
cylindrical coordinates system.

ω

er

ez eΦ

r

z

Φ

Figure 4.8: Schematic of plate-plate geometry with cylindrical coordinates

As seen in Figure 4.8, the plate plate geometry is shown in a cylindrical
coordinate system which has the axes Φ, z and r . The plate-plate �ow is
assumed that steady, laminar and isothermal. In addition, the body forces are
also negligible. The velocity of the plate-plate geometry can be written with
respect to cylindrical coordinates as,

u = uΦeΦ + uzez + urer. (4.24)

Fluid between plate-plate geometry �ows in the axis of Φ direction, thus
the non-zero and zero components of the velocity are
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uΦ 6= 0, uz = 0, ur = 0. (4.25)

In cylindrical coordinates, the velocity gradient is

gradu =


∂uΦ
∂Φ

∂uΦ
∂z

∂uΦ
∂r

∂uz
∂Φ

∂uz
∂z

∂uz
∂r

∂ur
∂Φ

∂ur
∂z

∂ur
∂r

 ei ⊗ ej =


0 γ̇ 0

0 0 0

0 0 0

 ei ⊗ ej . (4.26)

The rate of deformation tensor for the velocities in cylindrical coordinates
is

D =
1

2


0 γ̇ 0

γ̇ 0 0

0 0 0

 ei ⊗ ej . (4.27)

From the deformation tensor, the non-zero component DΦz = DzΦ is

DΦz = DzΦ =
1

2

∂uΦ

∂z
+

1

r

∂uz
∂Φ︸ ︷︷ ︸
=0

 . (4.28)

The shear rate can be determined by

γ̇ = 2DΦz = 2
1

2

(
∂uΦ

∂z

)
. (4.29)

Integration of Eqn. 4.29 can be written as

uΦ = γ̇z + C1, (4.30)

where C1 is the constant of integration. As it is known, in order to de-
termine the rheological parameters (shear rate, shear stress etc.) simply, ”no
slip” boundary condition is assumed for the plate-plate �ow. In this study, we
consider two boundary conditions: boundary condition without slip e�ect and
boundary condition with slip e�ect. The boundary condtions are also related
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with the rheological experiments which were shown in Chapter 5 and 6. For
the rheological experiments, the plate-plate without sandpaper (slip) and with
sandpaper no slip) were used to compare the results in two boundary condi-
tions. Therefore, two boundary condtions are also handled analytically for the
plate-plate �ow.

When we consider ”no slip” boundary condition for the plate-plate �ow,
uΦ = 0 at the bottom plate z = 0, thus the constant parameter C1 is equal to
zero from Eqn. 4.30

C1 = 0. (4.31)

The velocity uΦ can be written by

uΦ = γ̇h, (4.32)

where z is equal to h. From Eqn. 4.32, the apparent shear rate (γ̇app) is
expressed as

γ̇app =
ωr

h
. (4.33)

The plate-plate �ow with slip e�ect was investigated by Yoshimura et al.
[121] and they draw the �gure of the slip e�ect for the plate-plate �ow. In
order to understand the slip velocity (us) obviously, the sketch of the slip
e�ect (Figure 4.9) was taken to show it for the plate-plate �ow.

(stationary)

us

us

uΦ - us

h

Figure 4.9: Plate-plate �ow with slip e�ect [121]

From Eqn. 4.30, the constant parameter C1 was determined at slip bound-
ary condition,

z = 0, uΦ = us, C1 = us. (4.34)



4.2. RHEOMETER AND RHEOLOGICAL EXPERIMENTS 37

If C1 is substituted in Eqn. 4.30, the equation will be

uΦ = γ̇z + us. (4.35)

The velocity (uΦ) is

uΦ − us = γ̇h+ us, (4.36)

where z is equal to h. From Eqn 4.36, the velocity is written by

ωr = γ̇h+ 2us. (4.37)

Therefore, the apparent shear rate with slip e�ect can be expressed as

γ̇app = γ̇(τΦz) +
2us(τΦz)

h
. (4.38)

The equations of motion in cylindrical coordinates with the components
(Φ, z and r) for the plate-plate �ow reduce to

∂τΦz

∂z
= 0, (4.39)

∂τzz
∂z

= 0, (4.40)

−ρ
u2

Φ

r
=

1

r

∂

∂r
(r τrr)−

τΦΦ

r
. (4.41)

In order to determine the shear stress (τΦz), the �rst component of the
equation of motion (Eqn. 4.39) in cylindrical cordinates was integrated

τΦz = C2. (4.42)

The shear stress can be a function of shear rate (γ̇) [71]

τΦz = τΦz(γ̇). (4.43)
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The torque M can be written as

M = 2π

∫ R

0
r2 τΦz dr. (4.44)

The variable of integration from r to γ̇app can be expressed as

M =
2πR3

γ̇3
app

∫ γ̇app

0
τΦz(γ̇app) dγ̇app. (4.45)

Eqn. 4.45 is di�erentiated by using Leibniz rule [35] and obtained

τΦz =
M

2πR3

[
3 +

d lnM

d ln γ̇app

]
. (4.46)

Cup and Bob Geometry

In cup and bob geometry, measuring systems have two measuring principles;
the Searle principle and the Couette principle. The Searle principle depends on
the rotating bob while the cup remains constant. In contrast, the cup rotates
while the bob is stationary for the Couette principle. In this study, we are
using the cup and bob geometry that works with the Searle principle. Figure
4.10 shows the cup and bob measuring system with bob radius Ri, cup radius
Re, gap distance h and gap length L.

h

Re

Ri

ω

M

L

Figure 4.10: Schematic representation of Cup and bob measuring system
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In order to determine shear rate for the cup and bob geometry (coaxial
cylinder measuring system), the velocity gradient across the gap should be
considered cautiously. For this measuring system, the velocity gradient is non-
linear and the size of the gap should be small for non-Newtonian �uids.

z

r

ω

ϕ

ω

z

r

ϕ
Ri

Re

Ri

Re

u(r) u(r)

Figure 4.11: The ratio of radii in�uencing the non-linearity of the speed drop
across the gap of Cup and bob measuring system [81]

When the gap size is large, the velocity gradient of the non-Newtonian
�uids becomes much more non-linear than Newtonian �uids (Figure 4.11).
Therefore, the gap size should be small for cup and bob geometry. In order to
delimit the gap size, the ratio of radii is speci�ed through:

Re
Ri
≤ 1.08, (4.47)

where Re = 13.5 mm and Ri = 12.5 mm in the ISO 3219. For the cup and
bob geometry, the �ow of a �uid is described in cylindrical coordinates system.
The �ow is assumed steady, laminar and isothermal. Eqn. 4.26 can also be
taken as the velocity of the cup and bob geometry. The components of the
velocity are

uΦ 6= 0, uz = 0, ur = 0. (4.48)

In cylindrical coordinates, the velocity gradient can be written as,

gradu =


∂uΦ
∂Φ

∂uΦ
∂z

∂uΦ
∂r

∂uz
∂Φ

∂uz
∂z

∂uz
∂r

∂ur
∂Φ

∂ur
∂z

∂ur
∂r

 ei ⊗ ej =


0 0 γ̇

0 0 0

0 0 0

 ei ⊗ ej . (4.49)

From the velocity gradient, the rate of deformation tensor is
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D =
1

2


0 0 γ̇

0 0 0

γ̇ 0 0

 ei ⊗ ej . (4.50)

The non-zero component of the deformation tensor DΦr = DrΦ is

DΦr = DrΦ =
1

2

r ∂∂r (
uΦ

r
) +

1

r

∂ur
∂Φ︸ ︷︷ ︸
=0

. (4.51)

The shear rate can be determined by the deformation tensor

γ̇ = 2DΦr = 2
1

2

(
r
∂

∂r

(uΦ

r

))
. (4.52)

Eqn. 4.52 can be written in the form of

γ̇ = r
∂ω

∂r
, (4.53)

where uΦ = ωr. In order to determine the shear stress of the cup and
bob geometry, the equations of motion in cylindrical coordinates with the
components (Φ, z = 0 and r) reduce to

0 =
1

r2

∂(r2 τrΦ)

∂r
, (4.54)

−ρ
u2

Φ

r
=

1

r

∂(r τrr)

∂r
− τΦΦ

r
. (4.55)

Eqn. 4.54 was integrated to determine the shear stress between the cup
and bob

τrΦ =
C1

r2
, (4.56)

where C1 is the integration constant and can be obtained by a torque
balance. As it is discussed before, the bob (inner cylinder) is rotating, while
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the cup (outer cylinder) is stationary. Thus, the torque balance for inner
cylinder is

Mi

Ri
= τrΦ 2π L Ri (4.57)

and the shear stress is equal to

τrΦ =
M

2π L R2
i

. (4.58)

In this measuring system, relatively large sample volumes (16-19 ml) are
needed. This system is also di�cult to clean; however, it can be used for low
viscosity materials and has a greater sensitivity due to its large surface area.

4.2.5 Rheological Experiments

Flow Curve Test

The rotational experiment is conducted by rotating the upper plate according
to the given range of shear rate. During the experiment, the sample is subjected
to increasing and decreasing shear rates. Viscosity is then calculated using the
respective torque and shear stress values according to η = τ

γ̇ . Hence, the �ow
type of the sample is obtained by performing the �ow curve experiment. A
typical �ow curve test is conducted with shear stress-shear rate or viscosity-
shear rate curves.

Oscillation Test

Two methods, the dynamic and the static method, are used for determining
viscoelastic behavior of materials. For the dynamic method, the harmonically
varying stress or strain is applied on the system. The dynamic method includes
oscillation tests (amplitude sweep and frequency sweep tests), whereas the
static method includes creep and relaxation tests. The static method involves
the imposition of a step change in the stress or strain and the observation of
the subsequent development of the strain or stress as a function of time [12].
By performing an oscillation test, the sinusoidal oscillation stress or strain is
determined while �xed/varying period stress or strain is applied to the sample.
Through this method, it is possible to obtain information about the dynamic
behavior (viscoelastic �uid, idealelastic, and etc.) of the material.

For an oscillation controlled strain test procedure, a preset strain γ0 is given
as an input parameter (Figure 4.12). If a sinusoidal strain is applied, the shear
strain is a function of time and it can be written as
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γ(t)

τ(t)

strain

stress

τ'(t)

τ''(t)

Figure 4.12: Decomposition of the measured stress into an in phase (τ ′(t)) and
out of phase (τ ′′(t)) component [36]

γ(t) = γ0 sin(ωt), (4.59)

where γ0 is the strain amplitude and ω is the frequency. The responding
shear stress is measured as a function of time with a phase angle δ

τ(t) = τ0 sin(ωt+ δ). (4.60)

The responding shear stress can be decomposed into two harmonic re-
sponses with the same frequency, one in phase with the strain response (sinωt),
and the other out of phase (π/2) with the strain response (cosωt) [36]

τ(t) = τ
′
(t) + τ

′′
(t) = τ

′
sin(ωt) + τ

′′
cos(ωt). (4.61)

The applied shear strain γ(t) can be written as imaginary part of a com-
plex strain γ∗ from the Euler's relation (exp(iωt) = i sin(ωt) + cos(ωt)) with
i =
√
−1

γ∗ = γ exp (iωt) = γ cosωt+ iγ sinωt, (4.62)

where γ sinωt = γ(t) = Im[γ exp (iωt)].
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From the Euler's formula, the in phase shear stress response can be writ-
ten as imaginary part τ

′
(t) = τ

′
sinωt = Im[τ

′
exp(iωt)], while the out of shear

stress response can be expressed as real part τ
′′
(t) = τ

′′
cosωt =Re[τ

′′
exp(iωt)].

The complex stress function and complex strain function are

γ∗ = γ exp(iωt), τ∗ = τ exp(i(ωt+ δ)). (4.63)

The ratio of the complex stress and complex strain provides the complex
modulus

G∗ =
τ∗

γ∗
=
τ exp(i(ωt+ δ))

γ exp(iωt)
=
τ

γ
exp (iδ) =

τ

γ
cos δ + i

τ

γ
sin δ. (4.64)

From Eqn. 4.64, the complex modulus is divided into two parts, the real
part is the storage modulus G′ and the imaginary part is the loss modulus G′′

G∗ = G′ + iG′′. (4.65)

In order to get information about the elasticity of the material, the storage
modulus is considered. On the other hand, the loss modulus accounts for the
viscosity of the material. The storage modulus is the ability of the material to
store elastic energy

G′ =
τ

γ
cos δ. (4.66)

The loss modulus is the ability of the material to dissipate energy

G′′ =
τ

γ
sin δ. (4.67)

The ratio between the loss modulus and storage modulus gives the loss
factor tan δ

tan δ =
G′′

G′
. (4.68)

If the loss factor is around 1, the material is regarded as viscoelastic, mean-
ing that it has both viscous and elastic properties at the same time (Figure
4.13, c). Contrarily, if the loss factor is equal to 0, the material becomes ideal-
elastic (Figure 4.13, a). Having in�nity for the loss factor implies ideal viscous
�uid (Figure 4.13, b).
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Figure 4.13: (a) Harmonic tests of an ideal elastic solid , (b) a Newtonian �uid
and (c) a viscoelastic �uid [104]

Amplitute Sweep Test

The Amplitude Sweep test (AS) is applied to the sample with a varying range
of deformation (amplitude) at constant frequency. In order to explain the
amplitude sweep, an example test of shaving foam (Gillette Classic Sensitive,
Procter & Gamble UK) is shown in Figure 4.14.

For the analysis, the storage modulus G′ and the loss modulus G′′ are
plotted against the deformation γ. When the storage and loss modulus are
constant at low deformation, the sample structure is not destroyed and this
region is called the linear viscoelastic region (LVE). At the end of this region
the storage modulus starts to decrease and the loss modulus becomes greater
than the storage modulus. In Figure 4.14, the storage modulus is greater than
the loss modulus in the LVE region, meaning that the shaving foam behaves
like a viscoelastic solid. On the contrary, if the loss modulus is greater than the
storage modulus in the LVE region, the sample has viscoelastic �uid properties.
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Figure 4.14: Storage and loss moduli are dependent on the shear rate obtained
from the amplitude sweep test. The so-called LVE is characterized by the
vertical dashed line.

A decrease in storage modulus can be explained by an increase of the applied
stress. When the applied stress reaches its highest value, disruption of structure
appears. That is the reason why the storage modulus decreases and becomes
smaller than the loss modulus. In addition, the yield point can be determined
by the amplitude sweep test. The intersection point of the two moduli gives
the yield stress, when the storage and loss modulus are plotted with respect
to the shear stress.

Frequency Sweep Test

The amplitude sweep test provided the critical deformation point observed as
the intersection point of linear and non-linear viscoelastic areas. As the critical
deformation point was found in linear regime and carried out in the frequency
sweep test, the material behavior can be observed in the safe range.

For the frequency sweep test, the amplitude is given as constant with vary-
ing frequency. Therefore, the amplitude sweep test is very important to per-
form before the frequency sweep test. Storage and loss moduli are plotted with
respect to frequency. This test can be performed at di�erent temperatures and
the results of storage or loss moduli can be superimposed to determine master
curves. The data of storage and loss moduli, which are measured at di�erent
temepratures, can be horizontally shifted to generate master curves. Thus,
the master curve shows the time dependence (in terms of frequency) of the
material. However, the frequency test with varying temperature is used es-
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Figure 4.15: Frequency sweep test of the shaving foam

pecially for polymer melts. Performing the frequency sweep test on shaving
foam yielded storage and loss modulus vs. angular frequency curves, as seen in
Figure 4.15. The frequency sweep test also shows that shaving foam has a solid
like behavior at γ = 1e−3, since the storage modulus, G′, is always bigger than
the loss modulus, G′′. Furthermore, the solid-�uid transition with frequency
sweep data cannot be seen on shaving foam at low strain amplitudes.

Relaxation (Strain-driven) Test

In the relaxation test, the sample is subjected to constant deformation (strain)
and stress is measured as a function of time. The shear relaxation modulus,
Ḡ(t), is calculated by

Ḡ(t) =
τ(t)

γ
, (4.69)

where γ is the applied strain. The relaxation modulus can be transformed
to a complex modulus (Eqn. 4.65). In this case, the Maxwell model, which is
in a series connection of a Hookean spring (τs = Gγs, τs and γs are the spring
stress and strain, and G [N/m2] is the spring constant (the shear modulus)
and a Newtonian dashpot (τd = ηγ̇d, τd is the spring stress, η is the viscosity
and γ̇d is the shear rate), can be represented to drive the mathematical models
for viscoelastic behavior.

In Figure 4.16, the ratio of the viscosity to the shear modulus is the stress
relaxation time (λ = η/G). For the Maxwell model, the summation of the
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η
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Figure 4.16: The Maxwell model

strain in the spring and the strain in the dashpot is the total strain, while the
spring stress and the dashpot stress are equal to imposed stress

γ = γs + γd, τ = τs = τd. (4.70)

Eqn. 4.70 can also be written in the form of shear rate

γ̇ = γ̇s + γ̇d =
τ̇

G
+
τ

η
. (4.71)

Eqn. 4.71 can be multiplied by G and the equation (η = Gλ) can be used
to derive Eqn. 4.72

Gγ̇ = τ̇ +
τ

λ
. (4.72)

For the relaxation test, the shear rate must be zero (γ̇ = 0), due to constant
strain. Thus, Eqn. 4.72 is

dτ

dt
= −τ

λ
. (4.73)

When we integrate Eqn. 4.73, it can be written as

∫ τ

τ0

dτ

τ
= − 1

λ

∫ t

0
dt. (4.74)

Eqn. 4.74 becomes

ln τ − ln τ0 = − t
λ

ln(
τ

τ0
) = − t

λ
τ(t) = τ0 exp(−t/λ). (4.75)

Eqn. 4.69 can be written by using Eqn. 4.75
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Ḡ(t) =
τ0

γ
exp(−t/λ), (4.76)

where Ḡ(t) was obtained directly. For the oscillation test, the stress and
the strain, which are dependent on time, should be in the form of exponential
expression (exp(iωt)). Thus, the exponential expression can be written in Eqn.
4.72,

G
dγ(exp(iωt))

dt
=

dτ(exp(iωt))

dt
+
τ exp(iωt)

λ
. (4.77)

Eqn. 4.77 becomes

G(iω)γ∗(exp(iωt)) = (iω)τ∗ exp(iωt) +
τ∗ exp(iωt)

λ
. (4.78)

The complex modulus G∗ can be also derived from Eqn. 4.78,

G∗ =
τ∗

γ∗
= G(iω)(exp(iωt)) = ((iω) +

1

λ
) exp(iωt) =

G(iωλ)

1 + iωλ
. (4.79)

The storage G′ and loss modulus G′′ can be expressed by multiplying Eqn.
4.79 with (1− iωλ)

G∗ = G′ + iG′′ =
Gω2λ2

1 + ω2λ2
+

Gωλ

1 + ω2λ2
i. (4.80)

As explained above, the material behavior (viscoelastic �uid, viscoelastic
solid and elastic solid) can be identi�ed by using an oscillation test, but it is
not the only way to obtain this rheological information. By performing the
relaxation test, it is also possible to determine the material behavior and the
di�erences of viscous liquids, viscoelastic materials, and elastic solid curves, as
shown schematically in Figure 4.17. When deformation is applied on elastic
materials, they are immediately deformed. However, viscous materials begin
to relax with strain loading. Viscoelastic solids gradually relax and have an
equilibrium stress which is not zero [34]. Viscoelastic �uids have a continu-
ous deformation as long as the stress is maintained, while viscoelastic solids
do not continue to deform, rather they have an equilibrium deformation. In
order to understand the relaxation test, shaving foam was used to perform
the relaxation test at 0.01 (Figure 4.18). The shear stress decreases with time
at constant deformation and it approaches zero stress level. It shows that
shaving foam behaves like viscoelastic �uid. The both amplitude sweep and
relaxation experiments show viscoelastic behavior. On the other hand, the
micro-structure of the shaving foam is �uidized in 10 min.
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Figure 4.17: Schematic illustration of relaxation (strain-driven) test for di�er-
ent types of materials. Strain (left) and shear stress (right) as a function of
time
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Figure 4.18: Shear stress as a function of time for shaving foam

Creep and Recovery (Stress-driven) Test

Another technique that is used for measuring the viscoelastic response of ma-
terials is the creep and recovery test. This test is the opposite of the relaxation
test. It is performed by applying constant shear stress to the sample and un-
loading the stress so that the material starts to creep and recover (Figure 4.19).
The viscoelastic properties of materials can be determined by using creep and
recovery tests at very long loading times. This test distinguishes between the
viscous and elastic portions of �uids and solids, respectively. When we com-
pare the creep and recovery test with the harmonic test, the loading time of
the creep and recovery test is longer than the harmonic test. For the creep test
of the material, the stress-strain relations can be explained by simple models
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Figure 4.19: Creep and recovery test of a viscoelastic �uid

like Hooke, Newtonian and etc.. If we consider Hookes law (ideal solid), the
elastic shear modulus G is calculated from

G(t) =
τ

γ(t)
, (4.81)

where G(t) is inversly proportional to creep compliance J(t). When the
Maxwell model was used for creep test, Eqn. 4.72 becomes

Gγ̇ =
τ

λ
, (4.82)

due to constant stress. Additionally, Eqn. 4.82 can be written as the shear
viscosity

η =
τ

γ̇
, (4.83)

which is the observation of a Newtonian �uid. Thus, the Maxwell model
is not an appropriate mathematical model for the description of the creep test
since it models strain as linear function of time [116].

The signi�cance of creep test can be explained by the response of ideal
elastic and viscous materials. In this case, the Kelvin-Voigt model, which
is the combination of a spring and a dashpot in parallel, may be used as a
mathematical model for creep test (Figure 4.20). For the Kelvin-Voigt model,
the summation of the shear stress in the spring and the shear stress in the
dashpot is the total shear stress, while the spring shear strain and the dashpot
shear strain are identical

τ = τs + τd, γ = γs = γd. (4.84)
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Figure 4.20: The Kelvin-Voigt model

Eqn. 4.84 can be written as

τ = Gγ + ηγ̇. (4.85)

Eqn. 4.85 is divided through by η,

τ

η
=
G

η
γ +

dγ

dt
. (4.86)

As it is explained in the part of relaxation test, Gη is equal to 1
λ . However,

the constant λ is called retardation time in the creep test. In order to solve
the di�erential equation (Eqn. 4.86), (exp

(∫
1
λdt
)

= exp(t/λ)) is multiplied
by Eqn. 4.86,

exp(t/λ)
τ

η
= exp(t/λ)

1

λ
γ + exp(t/λ)

dγ

dt
. (4.87)

Eqn. 4.87 is

exp(t/λ)
τ

η
=

d

dt
(exp(t/λ)γ). (4.88)

Integration form of Eqn. 4.88 is

exp(t/λ)
τ

η
λ+ C = exp(t/λ)γ, (4.89)
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where C is a constant of integration. To determine C, the initial condition
(the shear strain is zero at time t = 0) can be used for creep test. From Eqn.
4.89, C will be

C = −τ
η
λ = −τ0

G
. (4.90)

If the both sides of Eqn. 4.89 is divided to exponential term and Eqn. 4.90
is written into Eqn. 4.89, the shear strain will be

γ =
τ0

G
− τ0

G
exp(−t/λ). (4.91)

4.3 Newtonian and non-Newtonian Fluids

As mentioned at the begining of the chapter, �uids can be classi�ed into two
groups: Newtonian and non-Newtonian �uids. The types of non-Newtonian
�uids are: pseudoplastic (shear thinning), dilatant (shear thickening), rheopec-
tic, and thixotropic.

Newtonian Fluids

Newtonian �uids, or linearly viscous �uids, have a constant viscosity (η), mean-
ing that the slope of the shear stress (τ) versus shear rate (γ̇) curves is constant.

η =
τ

γ̇
= const. (4.92)

As it is explained before, a viscous �uid behavior is described by a dashpot
(Figure 4.21) and a constant shear rate is produced by a constant applied
stress.

η

γ
.

τ

Figure 4.21: Rheological model of a Newtonian dashpot. The dashpot repre-
sents the viscous material behavior.

Another way to describe Newtonian �uids is that they �ow without chang-
ing their viscosity when a great stress is applied. It means that viscosity is
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Table 4.2: Measuring System: plate-plate, cone-plate, Couette cell

Type of geometry unit plate-plate cone-plate Couette cell

Diameter, D [mm] 49.96 49.97 -

Bob diameter, Di [mm] - - 26.67

Cup diameter, Do [mm] - - 28.92

Measuring gap, h [mm] 1 0.210 1.130

Cone angle, α - 1.993◦ 120◦

Cone truncation, d [µm] - 210 -

Volume of material [ml] 1.96 1.15 16

independent of the shear rate. Water, silicon oil, sugar solution, air, etc. are
examples of Newtonian �uids. Additionally, a Newtonian �uid with known
viscosity is measured to check the precision of a rheometer and this �uid is
called as calibration or test �uid.
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Figure 4.22: Viscosity curve of a Newtonian �uid (APN26 standard calibration
sample, Anton Paar GmbH)

For this purpose, APN26 (Anton Paar GmbH) was used to calibrate cone-
plate, plate-plate and Couette cell (Figure 4.22). The calibration test was
performed three times to check the repeatability by using APN26, at 293 ◦K
and atmospheric pressure. The viscosity of APN26 shown as a reference vis-
cosity in Figure 4.22 is 50.30 [mPas]. The viscosity (η) vs. shear rate (γ̇)
curve was measured by three di�erent types of geometry, such as cone-plate,
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plate-plate and Couette cell. As it is seen in Figure 4.22, the type of geometry
does not e�ect Newtonian �uids. The viscosity is constant for each type of
geometry (Table 4.2). In addition, this type of �ow is constant at a constant
temperature and pressure.

Pseudoplastic (Shear-thinning)

Contrary to the Newtonian �uids, the apparent/e�ective viscosity of non-
Newtonian �uids depends on the shear rate. If the viscosity decreases with
increasing shear rate, the �uid is called pseudoplastic, or shear thinning. Some
gels, pastes, liquid foam, whipped cream, and syrup are pseudoplastic �uids.
They behave like a solids at rest,and when a critical shear stress is reached,
they �ow like a �uid. In order to understand the pseudoplastic materials,
toothpaste is the best example. When we squeeze (apply shear stress) the
tube of the toothpaste, it starts to �ow like a �uid and its viscosity becomes
lower than before. Otherwise, it cannot �ow like a solid. In Figure 4.23, the
shear stress and the viscosity versus shear rate curves of liquid foam (Gillette
Classic Sensitive, Procter & Gamble UK) are given as an example to show
pseudoplastic (shear thinning) behavior. The viscosity of liquid foam, which
is not constant, decreases with increasing shear rate.
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Figure 4.23: Shear stress (left) and Viscosity (right) curves of pseudoplastic
�uid (liquid foam)

Many pseudoplastic �uids exhibit Newtonian behavior at extreme low and
high shear rates, which cannot be observed for liquid foam. A typical pseudo-
plastic �uid having Newtonian region at low and high shear rates is shown in
Figure 4.24, when η is plotted against γ̇. The reason why liquid foam (Gillette
Classic Sensitive, Procter & Gamble UK) does not exhibit Newtonian region
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will be explained in Chapter 5. This Newtonian region has approximately
constant viscosity while the viscosity decreases between the two Newtonian
regions. The decreasing part is the power-law region and it is mathematically
described by Ostwald De Waele [44]:

η = Kγ̇n−1, (4.93)

where K[Pasn] is the exponential constant parameter, and n is the power
law index (which is smaller than ”1” for pseudoplastic materials).

Newtonian 

Newtonian 

lo
g(

η)

Region

Region

log(γ)
.

Power-law	
Region

n-1 

Figure 4.24: Viscosity-shear rate curve with Newtonian region for pseudoplas-
tic �uids

In the power-law region, the behavior can be shown by

log(η) = log(K) + (n− 1) log(γ̇), (4.94)

where (n− 1) is the slope (Figure 4.24).

Dilatant (Shear-thickening)

If the viscosity of �uids increases with an increasing shear rate, the �uids are
called dilatant or shear-thickening. Fluids with dilatant behavior are rather
seldom. However, some examples, such as clay slurries, corn starch, solutions
of certain surfactants, and several ceramic suspensions have dilatant behavior.
Furthermore, the solid sand-water mixture is a good example to explain di-
latant behavior. The peoples' feet will start to sink while they stand on wet
sand. If they start to run, the water-sand mixture behaves as a solid (viscosity
increases) due to greater shear stress. Thus, their feet do not sink in [117]. A
typical shear stress vs. shear rate and viscosity vs. shear rate curve is shown
in Figure 4.25.
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ητ

γ. γ.

Figure 4.25: Shear stress-shear rate (left) and viscosity-shear rate (right) curves
for dilatant �uids

Rheopectic and Thixotropic Fluids

The time dependent �uid behavior can be classi�ed into two types, thixotropy
and rheopexy. This �uid behavior is the dependency of viscosity on the micro-
structure of the �uid. Thixotropic materials have a viscosity that decreases
with constant shear rate, such as yoghurt, paints, tomato ketchup etc. When
we shake ketchup, it becomes thinner and can �ow more easily. The reason
for this is that the viscosity of thixotropic materials decreases with an ap-
plied force. They can return to their original viscosity by unloading force.
Thixotropic behavior is a very common property. However, rheopectic ma-
terials are very rare. For rheopectic materials, the viscosity increases with
constant shear rate. The time dependent e�ects are caused by the breakdown
or buildup of ordered structure within the �owing matter.

Deborah Number

Deborah number, which is dimensionless number, is used to characterize the
�uidity of a material. The number is symbolized by De and is de�ned as

De =
λ

tp
, (4.95)

where λ is the stress relaxation time of the material and tp is the charac-
teristic �ow time which is investigated. Deborah number de�nes the di�erence
between solids and �uids. If the relaxation time is smaller than the character-
istic �ow time, material �ows like a �uid. However, if the relaxation time is
larger than the characteristic �ow time, material is a solid [96].
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4.3.1 Generalized Newtonian Fluid in Simple Shear

The Generalized Newtonian Fluid can be explained by modifying Newton's
law of viscosity. In order to generalize the Newtonian �uid, one replaces the
constant viscosity by a viscosity function which depends on the magnitude of
the deformation rate tensor (D) or, in general, depends on the scalar invariants
of the deformation rate tensor (I = trD; II = trD2; III = trD3)[100]. However,
the �rst invariant (I) is zero for incompressible �uid and the third invariant
(III) vanishes for shear �ows. Therefore, the viscosity depends on the sec-
ond invariant (II) and the generalized Newtonian �uid follows a constitutive
equation

T = −p I + ηg(II)D, (4.96)

where p represents the pressure and I is the second order unit tensor.
However, considering incompressible �uid, the pressure term does not re�ect
any rheological property.

As it is discussed before, for simple shear �ow (Figure 4.4), u = ux depends
on the coordinate in the ex direction, ux = γ̇x and uy, uz are equal to zero,
uy = uz = 0. In this problem, the velocity gradient is determined as

gradu =


0 γ̇ 0

0 0 0

0 0 0

 ei ⊗ ej . (4.97)

By using the velocity gradient, the rate of deformation tensor is calculated

D =
1

2


0 γ̇ 0

γ̇ 0 0

0 0 0

 ei ⊗ ej . (4.98)

The second invariant of deformation rate tensor is

II =
1

2
((trD)2 − (tr(D2)) = − γ̇

2

4
. (4.99)

A non-negative quantity, such as S, is used instead of the second invariant,
S = −4II. In other words, S is equal to γ̇2 (S := γ̇2) in simple shear �ow.

Thus, the constitutive equation (Eqn. 4.96) without pressure term can be
written as
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T =


Txx Txy Txz

Tyx Tyy Tyz

Tzx Tzy Tzz

 ei ⊗ ej = ηg
γ̇

2


0 1 0

1 0 0

0 0 0

 ei ⊗ ej . (4.100)

From Eqn. 4.100, the only non-zero components of T are

Txy = Tyx = ηg
γ̇

2
, (4.101)

where Txy is the shear stress. The normal stresses of T are

Txx = Tyy = Tzz = 0. (4.102)

For describing the rheological behavior of a �uid, three viscometric func-
tions (the shear stress function, the �rst normal stress di�erence and the second
normal stress di�erence) are needed

τ(γ̇) = Txy = ηg
γ̇

2
, N1 = Txx − Tyy = 0, N2 = Tyy − Tzz = 0. (4.103)

From Eqn. 4.103, the shear stress can be written as,

ηγ̇ = ηg
γ̇

2
. (4.104)

Thus, ηg = 2η and the Cauchy stress tensor T is

T = −p I + 2η(II)D. (4.105)

4.3.2 Non-Newtonian Constitutive Models

Power-Law Model

As it is explained before, power-law model or Ostwald-de Waele relationship
[44] (Eqn. 4.93) describes the data of shear-thinning and shear-thickening
�uids. The shear stress of the power-law model can be written as:

τ = Kp γ̇
n, (4.106)
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where n is the power law index and Kp is called the consistency. The
viscosity of the power-law model is determined by the derivative (dτ

dγ̇ ) of Eqn.
4.106

η(γ̇) =
dτ

dγ̇
= Kp n γ̇

n−1. (4.107)

In order to express �uid models, simple shear �ow, which is mentioned
above, is used. For the three dimensional representation, S is written instead
of γ̇ and the viscosity is

η(S) = Kp n S
n−1

2 , (4.108)

where S := γ̇2. For shear-thinning �uid, the viscosity is in�nite at zero
shear rate and is zero at in�nite shear rate,

n < 1, lim
S→0

η(S) =∞, lim
S→∞

η(S) = 0, (4.109)

n > 1, lim
S→0

η(S) = 0, lim
S→∞

η(S) =∞. (4.110)

n=1(Newtonian fluid)
n=0.25

n=0.5

η(
S)

S

η(
S)

S

n=3

n=2

n=1(Newtonian fluid)

Figure 4.26: Power-law �uids for n less than 1 or equal to 1 (shear-thinning
or Newtonian) (left) and Power-law �uids for n greater than 1 or equal to 1
(shear-thickening or Newtonian) (right)
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Bingham Fluid Model

The Bingham �uid is a viscoplastic �uid and the proportionality between the
shear stress and the shear rate is linear. The Bingham �uid can be treated as
Newtonian �uid for zero yield stress (Figure 4.27).

Newtonian fluid

Bingham fluid
τ y

γ
.

τ

Figure 4.27: Bingham �uid model

The Bingham model can be represented as

τ = τy + γ̇ KB, (4.111)

where τy is a constant material parameter and called the yield stress. From
Eqn. 4.111, the e�ective viscosity can be obtained as

η(γ̇) =
dτ

dγ̇
= KB. (4.112)

If the shear stress is greater than the yield stress, the shear rate is

τ > τy, γ̇ =
τ − τy
KB

. (4.113)

On the other hand, the �uid does not �ow (γ̇ is zero), when the shear stress
is equal to or smaller than the yield stress

τ ≤ τy, γ̇ = 0. (4.114)
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The Modi�ed Bingham-Papanastasiou Model

The modi�ed Bingham model was proposed by Papanastasiou [90] and Pa-
panastasiou's modi�cation is given by

τ = γ̇ KBP + τy (1− exp(−mγ̇)), (4.115)

where m and KBP are constant material properties. This model was used
for the behavior of visco-plastic materials [55]. The visco-plastic behavior
is possible for all cases that may occur in debris �ow modelling [102]. In
Schneider et al. [102], viscosity function, which is independent on the third
invariant (III) in simple shear �ow, was restricted with yield stress. For the
incorporation of the yield stress, the modi�cation of the Bingham model is
used to avoid the discontinuity in the �ow curve (Figure 4.28). The model
includes an exponential term to permit the use of one equation for the �ow
curve upper and below the yield stress τy [71].

Modified Bingham-
Papanastasiou model

Bingham model

γ
.

τ

m1=1m

m2=2m

Figure 4.28: Papanastasiou's modi�cation for a Bingham model according to
the exponential part for di�erent values of the regularization parameter m
(log-log plot)

The e�ective viscosity function, which is a function of shear rate γ̇, is
de�ned as

η(γ̇) =
dτ

dγ̇
= KBP +m τy(exp(−mγ̇)). (4.116)

In simple shear �ow, S is written instead of γ̇ and the viscosity is

η(S) = KBP +m τy(exp(−m S
1
2 )). (4.117)



62 CHAPTER 4. BASIC PRINCIPLES OF THE RHEOLOGY

From Eqn 4.118, the viscosity function has a constant viscosity at zero and
an in�nite shear rate

lim
S→0

η(S) = KBP +m τy, lim
S→∞

η(S) = KBP . (4.118)

Herschel-Bulkley Model

The Herschel-Bulkley model is mostly applied to non-Newtonian �uids. When
the yield stress is added in the power law model (γ̇n KHB), the model is known
as the Herschel-Bulkley model

τ = τy + γ̇n KHB. (4.119)

The viscosity of the model can be expressed as

η(γ̇) =
dτ

dγ̇
= n KHB γ̇(n−1). (4.120)

In the simple shear �ow, the viscosity can be derived by

η(S) = n KHB S(n−1)/2. (4.121)

A �uid de�ned by the Herschel-Bulkley model can be either shear thicken-
ing or shear thinning. The distinction between these two terms lies in the value
of the �ow behavior parameter n. Values of n that are less than 1 implies shear
thinning, whereas the reciprocal indicates shear thickening. The viscosity in
the limit of vanishing S and in the limit of S tending to in�nity can be written
as

n < 1, lim
S→0

η(S) =∞, lim
S→∞

η(S) = 0, (4.122)

n > 1, lim
S→0

η(S) = 0, lim
S→∞

η(S) =∞. (4.123)

When n is 1, the viscosity is constant and �uid behaves as a Newtonian
�uid.

n = 1, η(S) = n KHB (Newtonian). (4.124)
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The Modi�ed Herschel-Bulkley-Papanastasiou Model

In the current study, the modi�ed Herschel-Bulkley-Papanastasiou model was
used for rheological experiments (�ow curve tests) of particle foam mixtures in
order to match with experimental results (see Chapter 5). As it is mentioned in
[102], some models (Herschel-Bulkley-Papanastasiou, Hesrchel-Bulkley, Bing-
ham etc.) are appropriate for particle laden �ows with low solids concentra-
tion. However, they are not useful for high solids concentration due to frequent
frictional contact between the particles. The Herschel-Bulkley model has an
in�nite viscosity at zero shear rate (Eqn. 4.122), which is physically unreal-
istic [102]. Therefore, a regularized Herschel-Bulkley model was proposed by
Papanastasiou [90]. The modi�ed Herschel-Bulkley-Papanastasiou model is

τ = K
√
γ̇ + τ∗ (1− exp(−a γ̇)), (4.125)

where a, K and τ∗ are constant material parameters. The e�ective viscosity
can be derived from the shear stress τ and is written as

η(γ̇) =
dτ

dγ̇
=

1

2
K γ̇−

1
2 + τ∗ a (exp(−a γ̇)). (4.126)

In addition, the viscosity can be also written in simple shear form. A
mathematical equation of the modi�ed Herschel-Bulkley-Papanastasiou model
is

η(S) =
1

2
K S−

1
4 + τ∗ a (exp(−a S

1
2 )). (4.127)

For the modi�ed Herschel-Bulkley-Papanastasiou model, the shear rate (γ̇)
was calculated with the constant power law index n = 1

2 , meaning that n is
less than 1 and the constitutive equation is shear thinning. The viscosity of
the modi�ed Herschel-Bulkley-Papanastasiou model in the limit of vanishing
S and in the limit of S tending to in�nity are:

lim
S→0

η(S) =∞, lim
S→∞

η(S) = 0. (4.128)

The model has also a disadvantage, like the Herschel-Bulkley model. For
low shear rate regions, the model does not describe viscosity of a material. At
low shear rates, viscosity goes to in�nity rather than to a constant viscosity [71].
However, when the modi�ed Herschel-Bulkley-Papanastasiou model is applied
on the liquid foam or particle-foam mixture, the transient viscosity e�ect (see
Chapter 5) is considered to neglect constant viscosity (Newtonian plateau) at
low shear rate. Thus, the disadvantage of this model can be neglected for the
rheological experiments of the liquid foam and particle-foam mixture.
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The Modi�ed Herschel-Bulkley-Papanastasiou Model for Cone-Plate

Geometry

In cone-plate geometries, the shear �ow for the modi�ed Herschel-Bulkley-
Papanastasiou model at small angle can be obtained by Eqn. 4.115. The only
non-zero component of the stress tensor is

ln τθϕ = ln (K
√
γ̇) + ln (τ∗(1− exp(−a γ̇))). (4.129)

Eqn. 4.129 (Derivation of Eqn. 4.130 was schown in Appendix B) can be
expressed by

τθϕ = K γ̇
1
2 exp(aγ̇). (4.130)

The partial derivative can be used to determine the viscosity

η =
∂τ

∂γ̇
= n

∂m

∂γ̇
+m

∂n

∂γ̇
, (4.131)

where m = K γ̇
1
2 , ∂m∂γ̇ = 1

2 Kγ̇
− 1

2 and n = exp(aγ̇), ∂n∂γ̇ = a exp(aγ̇). From
Eqn. 4.131, the viscosity is

η = exp(aγ̇)
1

2
K γ̇−

1
2 +K γ̇

1
2 a exp(aγ̇). (4.132)

When γ̇ = β
ω (Eqn. 4.22) and exp(aγ̇) =

τθϕ

K γ̇
1
2
were inserted in Eqn.

4.132, the viscosity of the modi�ed Herschel-Bulkley-Papanastasiou model for
cone-plate �ow is

η = exp(aγ̇)K(
1

2
γ̇−

1
2 + aγ̇

1
2 ) = τθϕ

(
1

2
(
β

ω
)−

1
4 + a

)
. (4.133)

On the other hand, from Eqn. 4.16, the viscosity can be also described by

η =
C1

K sin2 θ

(
1

2
(
β

ω
)−

1
4 + a

)
. (4.134)
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TheModi�ed Herschel-Bulkley-Papanastasiou Model for Plate-Plate

Geometry

If the modi�ed Herschel-Bulkley-Papanastasiou model is derived for shear �ow
in plate-plate geometries, Eqn. 4.130, which is the non-zero component of the
stress tensor, was used

τΦz = K γ̇
1
2 expaγ̇ . (4.135)

At "no slip" boundary condition (γ̇ = ωr
h ), the viscosity with expaγ̇ =

τφz

K (γ̇)
1
2
is

η = exp(aγ̇)K(
1

2
γ̇−

1
2 + aγ̇

1
2 ) = τΦz

(
1

2
(
ωr

h
)−

1
4 + a

)
. (4.136)

At "slip" boundary condition (γ̇ = γ̇ + 2us
h ), the viscosity is

η = τΦz

(
1

2
(γ̇ +

2us
h

)−
1
4 + a

)
. (4.137)
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Chapter 5

Rheology of Particle-Foam

Mixtures

5.1 Introduction

Liquid foam consists of gas bubbles surrounded by a liquid cell wall or thin
�lm [76]. It has a linear viscoelastic behavior under small shear stresses and
shows viscous liquid behavior under large stresses [59]. Another phenomenon
is the jamming of foam suspensions, which is the transition from freely �owing
to rigid phase [66]. In this study, we investigate the jamming point of foam
suspensions (particle-foam mixture) with volume fraction of particles through
the rheological experiments. Ha�ner et al. [49] determined the drainage veloc-
ity, in which the drainage stops due to a suspensions jam. The jamming of the
suspension within the interstitial foam was explained by high volume fraction
of particles. The phenomena are not easy to understand, though foam and its
properties have been researched in di�erent areas. Many authors investigated
liquid foam with respect to its rheological and mechanical behavior, such as
body care, oil well drilling, food and tunneling etc. Durian [26] focused on the
mechanics of foam, which explains the linear elastic properties as a function of
bubble volume fraction. Besides, Durian et al. [27] considered suspensions of
hard spheres (emulsions and foam). In [27], the jamming behavior, which is the
function of particle concentration and shear stresses, was studied. In addition,
Katgert et al. [56] dealt with the jamming scenario for foams, including the
di�erences between the mechanics of disordered foams and ordered models. In
Rio et al. [97], liquid foam was mentioned that is thermodynamically unstable.
The instability of liquid foam may occur due to temperature. The temperature
causes the rupture of thin �lms in the liquid foam [109]. Another mechanism
of liquid foam instability may be explained by the aging of foam (coarsening)
because of Ostwald ripening (disproportionation) [101]. Large bubbles grow in
size at the expense of smaller ones in course of time. This phenomenon was

67
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�rst described by Wilhelm Ostwald in 1896. Several chemists reported that
foams can be stabilized by particles [25, 38, 106]. The stability of liquid foam
was taken into account in [106], which explains the increase in the stability
of the liquid foam by adding fumed silica nanoparticles. On the other hand,
few papers are about the rheological behavior of particle stabilised liquid foam
mixtures. The viscoelastic properties of particle laden foam are investigated
by Cohen-Addad et al. [21]. The experiments were performed using shaving
foam (Gillette Classic Sensitive, Procter & Gamble UK) and solid particles
(glass beads, carbon beads and talc platelets) of di�erent average diameters.
Hereby, the volume fraction of glass beads (ns0 = dvs0/dv) were increased up to
only 0.39 in the same study.

The rheological behavior of particle-liquid foam mixture has not been com-
pletely uncovered because of its high complexity. Therefore, many experiments,
such as �ow curve tests and oscillation tests (amplitude sweep), have been per-
formed for particle stabilised liquid foam. Nevertheless, the volume fraction
of particles ns0 can be taken up to 0.30 due to noisy data occuring for higher
values. The noisy data is unpredictable and meaningless data when a measure-
ment is repeated and none of the results can be preferred over the others. The
challenge was explained by the jamming point and the in�uence of particles
that cause jamming transition, was proven with the capillary rise method. The
method is the measurement process of contact angle between small particles
and liquid interface. As it was mentioned in [87], the method depends on direct
measurements of interfacial energies.

To solve this challenge, particles were mixed with distilled water before
mixing with foam. The volume fraction of wetted particles nw+s

0 (up to 0.64)
are mixed with liquid foam. Consequently, the purpose of this experimental
study was to show the stability e�ect of particles in liquid foam and to develop
a better understanding of the rheological behavior of particle-liquid foam mix-
tures with high volume fraction of particles ns0 by rheological �ow curve and
amplitude sweep tests (plate-plate conditions).

5.2 Preparation and Characterization

5.2.1 Preparation of Particle-Foam Mixtures

In order to study the e�ect of particles in liquid foam and capture their rheo-
logical behavior, the strategy shown in Chapter 2, Figure 2.3 has been applied
during experimental work. The e�ective rheology of particle-foam mixtures
depends on the volume fractions of the constituents.

Firstly, the particle-liquid foam mixtures have been used by increasing the
volume fraction of dry solid particles (ns0 = dvs0/dv0), where dvs0 is the volume
of the biphasic mixture. ρα = dmα/dvα represents the partial density with α ε
{s, f} in the unit cell with total volume dv0. In addition, the volume fraction
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of the liquid foam is symbolised by nf0 and is determined by dvf0/dv0. The
total volume dv0 =

∑
α dvα0 has been kept constant at 40 cm3 before mixing

the components. After the mixing process, the total volume, dv, does not
remain constant (dv 6= dv0). This case, which has a high volume of foam and
low volume of glass particles, can be seen in Table 5.1. The values of dv are
given in Table 5.1 for di�erent volume fractions of solid particles. In addition,
FIR discussed in Chapter 2 can also be seen in Table 5.1.

Table 5.1: The volume fraction of dry particle-foam mixtures (t1 > t0), dv0 =
40 cm3

Case 1 2 3 4 5 6 7 8

dvs0[cm3] 0 2 4 6 8 10 12 14

dvf0 [cm3] 40 38 36 34 32 30 28 26

ns0 0 0.05 0.10 0.15 0.20 0.25 0.30 0.35

nf0 1 0.95 0.90 0.85 0.80 0.75 0.70 0.65

dv[cm3] 46.3 48.6 48.6 48 41.3 39.6 39.3 38

FIR[vol%] - 1900 900 566 400 300 233 186

In order to modify the contact angle between particles, they should be
wet by means of distilled water. It moves through the solid particles due to
gravity, separating them from each other. The volume fraction of the distilled
water nw0 = dvw0 /dv0 and solid particles ns0 = dvs0/dv0 have been kept constant
at 0.30 and 0.70, respectively. The total mass of solid particles dms is equal
to 49.8 g and the density of solid particles ρsR is 2.5 g/cm3. The volume of
solid particles without air can be calculated as the ratio of the total mass of
solid particles to the density of solid particles (dvs−a0 = dms

ρsR
= 49.8

2.5 = 20 cm3),

so subtracting it from the volume of solid particles with air dvs0 = 37 cm3

gives the volume of air dva0 = 17 cm3. The porosity φ is the ratio of the

volume of air to the volume of solid particles with air (φ =
dva0
dvs0

= 17
37 = 0.46)

and the water saturation Sw is de�ned as the ratio of the volume fraction of
water to the porosity (Sw =

nw0
φ = 0.30

0.46 = 0.65). For volume of the wetted

solid particles-liquid foam mixtures dvw+s+f
0 , volume of the wetted particles

dvw+s
0 was increased, whereas the volume of the foam dvf0 was kept at 20

cm3. The volume fraction of the wetted solid particles can be determined
by nw+s

0 = dvw+s
0 /dvw+s+f

0 , where dvw+s
0 is the volume of triphasic mixture

ρβ with β ε {w, s, f}. The total volume dvw+s+f , which is the volume after
mixing the components, is higher than dvw+s+f

0 because of wet particles (Table
5.2). In order to obtain reliable results and to reduce the deviation of them,
all cases shown in Table 5.1 and Table 5.2 were carried out three times.
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Table 5.2: The volume fraction of surface wetted particle-foam mixtures
(t2 > t1)

Case 1 2 3 4

dvs0[cm3] 37 37 37 37

dvs−a0 [cm3] 20 20 20 20

φ 0.46 0.46 0.46 0.46

dvw0 [cm3] 16 16 16 16

dvw+s
0 [cm3] 6 10 20 36

dvf0 [cm3] 20 20 20 20

nw+s
0 0.23 0.33 0.50 0.64

nf0 0.77 0.67 0.50 0.26

dvw+s+f
0 [cm3] 28 34 46 56.6

FIR[vol%] 333 200 100 67

5.2.2 Surface Properties of Glass Beads

As mentioned above, the total volume of the mixture decreases with an increase
in volume fractions of dry solid particles. The increase in contact among the
particles causes the particle-liquid foam mixture to behave more like a solid.
To understand interaction between particle and liquid foam, contact angles are
measured. This phenomenon may be explained by the wettability of a material
(hydrophobic and hydrophilic surfaces). Hydrophobic surface: the contact
angle (θ > 90◦) is greater than 90◦ which has high wettability. Hydrophilic
surface: liquids are attracted to solid surfaces (adhesion) more strongly than to
other liquid molecules (cohesion), exhibit a small contact angle, and correspond
to low wettability [122]. Accordingly, the contact angle of the glass particles
should be known and it is possible with the capillary rise method (Figure 5.1).

hw

θ

D 

ht

Figure 5.1: Capillary rise method
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This is a useful method to determine the contact angle of the powders. The
method is expressed by the Washburn theory [119]

h2
w = r

γ cos θ

2η
t, (5.1)

where r is constant and called radius of the capillary. γ, t, θ and η are
surface tension, time, contact angle and viscosity, respectively. For the capil-
lary rise method, a capillary tube with 15 mm height ht and 3 mm diameter
D, distilled water and hexane (CH3(CH2)4CH3) were used. Especially, hex-
ane was used due to its very low surface energy which assumed completely
wet (θ = 0◦, cos θ = 1)[23]. The constant parameter, r, can be determined
and used to �nd the yet unknown contact angle for the investigated glass par-
ticles. To determine r, particles were �lled in the capillary tube and then
�lter paper was put at the outlet of the capillary tube to prevent particles
falling from the tube. The capillary tube �lled with particles was put into cup
�lled with hexane. It was observed that the hexane rised into the capillary
tube and the height of the wet part (hw = 4.75 mm) was measured in 1 min.
The viscosity and the surface tension of hexane are ηH = 3 10−4 Pas and
γH = 18 10−3 Nm−1, respectively [87]. The constant r = 263.9 10−8 m was
determined, which will be used for determination of contact angle. The same
procedure was done for distilled water and the height of the part is equal to
5.5 mm in 1.19 min. The value of contact angle was calculated and is equal
to 36.87◦. It shows that the contact angle smaller than 90◦ which means the
glass particles are hydrophilic.

5.2.3 Morphological Characterization of Foam, Particle and
Particle-Foam Mixtures

The microstructure of liquid foam has been analysed by many researchers
[64, 86, 120]. A liquid foam consists of bubbles, �lms, and plateau borders,
which e�ect the physical properties, like temporal stability. The stability of
foam, which was handled in [60], depends on the bubble size distribution. In
addition, Chu [20] showed that the stability of liquid foams increased with
increasing the amount of hydrophilic solid particles. In our experiment, solid
glass beads (Silibeadsr Glass Beads Type S) were mixed with liquid foam.
Due to its polymer stability and easy accesibility, shaving foam (Gillette Clas-
sic Sensitive, Procter & Gamble UK) was used as liquid foam. As it has been
revealed in the literature, that the microstructure of foam determines the e�ec-
tive rheological properties [61]. The size, shape, and distribution of foam bub-
bles/cells and particles were characterized by lasergranulometer (CILAS 1090
L, Fa. Quantachrome GmbH) and light microscope (Carl Zeiss Microscopy
GmbH) with camera (AxioCam MRc Rev.3 FireWire (D)) and the modular
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Figure 5.2: (a) Probability density function of foam bubble size (left) [89]
and glass beads diameter. (b) Mean value of particle diameter (D̄ = 48.5 µm)
and bubble size (D̄ = 51.8 µm). Standard deviation of the bubble size (σ =
11.6 µm) and the diameter of particles (σ = 15.58 µm)

design of SteREO Discovery.V12 (motorized 12x zoom)[89], Figure 5.2. The
mean diameter of the glass beads (D̄ = 48.5 µm) is close to that of the mean
bubble diameter D̄, which is equal to 51.8 µm. The distributions of both solid
particle diameters and bubble sizes are Gaussian-like.

200 µm

a)

200 µm

b)

Figure 5.3: (a) Microstructure of dry particle-liquid foam mixture with volume
fraction of dry particles (ns70 = 0.30) after 2 min. and (b) after 57 min.

To analyse the microstructure of dry glassbeads-liquid foam and surface
wetted glass beads-liquid foam mixtures, light microscope images were cap-
tured, (see Figure 5.3 and 5.4). The microstructures are shown in Figure 5.3
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for dry solid glass beads-liquid foam mixtures with ns70 = 0.30 after 2 min. (a)
and 57 min. (b).

200 µm

a)

200 µm

b)

200 µm

c)

Figure 5.4: Microstructure of surface wetted particle-liquid foam mixture with
surface wetted particles (n(s+w)4

0 = 0.64) (a) after 1 min., (b) after 10 min. and
(c) after 1 hour.

The glass beads surrounded by bubbles, prevent the coalescence of the liq-
uid foam. They also restrain coarsening of foam bubbles. The coarsening of
foam bubbles can be explained by the Laplace pressure. The Laplace pres-
sure, which is the pressure di�erence between the inside and the outside of a
curved surface, occurs between the small and larger foam bubble due to Ost-
wald ripening [109]. Hence, small bubbles, which have high pressure, cannot
grow easily with time. The reason is that the particles reduce surface energy
of bubbles. At the same time, the bubbles and dry solid particles squeezed
together and the bubbles change from a free �owing state to a jammeu state.
In order to observe the microstructural change, light microscope images at
di�erent times have been captured out. In Figure 5.4, the microstructures of
wetted particles-liquid foam compared with Figure 5.3. The volume fraction
of mixture is n(s+w)4

0 = 0.64 for Figure 5.4 (a) after 1 min., (b) after 10 min.
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and (c) after 1 hour. From Figure 5.4, it is clearly seen that the bubbles
did not deform in 10 min., but the structure of surface-wetted particles foam
mixture deterioated completely after 1 hour. Only the microstructure of glass
beads can be seen in Figure 5.4 (c). The water coming from wetted particles
(absorbed by solid glass beads) causes deformation of the liquid foam during
time. Consequently, the rigidity of the liquid foam decreases, and bubbles lose
contact.

5.2.4 Rheological Characterization of Foam and Particle-Foam
Mixtures

In this study, a rotational rheometer (Anton Paar, MCR301) was used for each
rheological experiment, in combination with a plate-plate geometry, with 50
mm diameter. All experiments were conducted at room temperature, constant
at 296±1◦K. However, it should be noted that the plate-plate geometry causes
a slip e�ect at the interface between the foam and metal plate. Hence, the slip
e�ect, which decreases the shear stress and thereby disrupts the continuity of
�ow, was decreased by using ordinary sand paper (P320) glued on the surface
of the plate-plate geometry. It has a very �ne grain diameter of 46.2 µm, and
is water proof. Moreover, it can be glued easily onto the plate, where the gap
distance between two plates was adjusted as h = 1 mm.
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Figure 5.5: Flow curve test of liquid foam by using smooth plate-plate geometry
and rough plate-plate geometry (with sandpaper P320).

The �ow curve test shows two performances of both smooth and rough
(P320) plate-plate geometries (Figure 5.5). The �ow curve, which is obtained
by using rough plates, is higher than the other. Two rheological experiments
have been performed: Flow curve tests and oscillation tests (amplitude sweep
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tests). For the �ow curve test, the shear rate was given in a range from
0.0001 1/s to 10 1/s, and the total time of the experiment was 8 min. The
amplitude sweep test was applied to the sample with varying range of defor-
mation (strain) and constant frequency. The input strain (γ = s/h) was in a
range from 0.01 % to 100 %, where s is the de�ection during oscillation of the
upper plate and h is the shear gap. The frequency has been kept constant
at 1 Hz. Each rheological experiment was performed three times to check the
repeatability, and the mean values of them were accepted as �nal results.

5.3 Results of Plate-Plate Investigation

5.3.1 Dry Particle-Foam Mixture

As explained in the second part, the dry particles were mixed with foam for 1
min. To perform all the experiments under the same conditions, pure foam was
mixed for 1 min., too. Despite the mixture of the total volume dv was taken
constant, after the mixing process, dv decreases due to decreasing volume of
foam. Figure 5.6 shows that the biggest di�erence of the total volume is in the
range between ns40 = 0.15 to ns50 = 0.20. Maybe, it can be explained by the
jamming of the particles in the mixture. Over this range, solidity appears near
critical volume fraction below which the material is a �uid whose viscosity
or shear stress increases [53]. Hence, the solidity behavior of the mixtures
prevents the performance of a �ow curve test over ns70 = 0.30 volume of solid
particles.
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Figure 5.6: Total volume and normalized total volume of dry particle-liquid
foam mixtures vs. volume fraction of dry particles
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Flow Curve Test
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layer moving plate
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t1= 2 min.    γ=10-3      . t2 = 7 min.  γ=10
-3 .
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Figure 5.7: Transient viscosity e�ect for plate-plate �ow

A �ow curve of pseudoplastic materials, which was explained in Chapter
4, includes three regimes: A low-shear Newtonian plateau (constant viscos-
ity), shear-thinning and second Newtonian plateau. However, the �rst regime
(low-shear Newtonian plateau) can suppose a ”transient viscosity peak”, which
occurs due to short measuring point durations [81]. For the plate-plate geom-
etry, some layers, which are close to the moving upper plate, are shifted and
other layers (near stationary bottom plate) need a certain period of time to
move together (Figure 5.7). Therefore, to avoid the transient e�ect, the mea-
suring point duration was set as a long period of time in the low-shear range.

10
−4

10
−2

10
0

10
2

10
1

10
2

10
3

10
4

10
5

γ̇ [1/s]

η
[P
a
s]

 

 

0.01 min.
2 min.
7 min.

Figure 5.8: Transient viscosity peak in the low-shear range

As it is seen in Figure 5.8, the transient viscosity peak was avoided by using
a longer time period for low-shear rate. If the curve, which has been obtained in
short time, was taken as a result, it might be considered a Newtonian plateau,
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and the results would have an error during �tting with rheological model.
Thus, the �ow curve tests have been performed without transient viscosity
e�ect under a controlled shear rate. In order to show the in�uence of the
solid particles on the liquid foam, the mixture of dry solid glass beads and
liquid foam have been used with di�erent volume fractions of glass beads up to
ns70 . In Figure 5.9, the volume fraction of solid particles e�ects the �owability
of the mixture; the shear stress increases with the increase in the amount of
solid particles. For volume fraction ns0 > ns70 , noisy data was collected. This
phenomenon may be explained by the jamming point, which represents the
transition from the freely �owing to the jammed state [115]. The mixture
behaves more solid-like as far as the �owability is concerned.
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Figure 5.9: Herschel-Bulkley-Papanastasiou model �tted to the �ow curve for
di�erent volume fraction of dry solid particle-liquid foam mixtures (left). From
up to down; ns70 = 0.3, ns60 = 0.25, ns50 = 0.2, ns40 = 0.15, ns30 = 0.1, ns20 = 0.05,
ns10 = 0. The shear stress τ∗ vs. volume fraction of dry solid particles ns0, it
shows that τ∗ increases with increasing ns0 (right).

In this �ow curve test, the yield stress was determined by applying the
modi�ed versions of the Herschel-Bulkley-Papanastasiou model [90], cf. Eqn.
4.126 to the measured curves. The Herschel-Bulkley-Papanastasiou function
gives in�nite viscosity in the limit of zero shear rate and zero viscosity for
in�nite shear rate (Chapter 4). The function is not useful for some materials
that have Newtonian plateaus in the low-shear rate. However, it is the best
one for our �ow curves. As it is mentioned above, viscosity does not have a
constant value for longer periods of time and only the shear thinning regime
was observed in our �ow curve experiment. Hence, this function matches our
experimental results very well.

This model (Eqn. 4.126) describes non-Newtonian behaviour after yielding
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τ = K
√
γ̇ + τ∗ (1− exp(−a γ̇)), (5.2)

where a is the exponent, K is �uid consistency, γ̇ and τ∗ are the shear rate
and yield stress, respectively. The values of a, which controls the exponential
growth of the stress [41], remained constant for pure foam and all mixtures
(Table 5.3). Besides, the �uid consistency K varied for each �ow curve, but
it only e�ects the slope (viscosity) after the yield point. The composition
of the particle-foam mixtures does not have any e�ect on the variety of the
�uid consistency. The modi�cation of this model depends on the function τ∗,
which is dependent on the volume fraction of dry solid particles ns0. Figure 5.9
shows that the function τ∗ increases with increasing the volume fraction of ns0.
Equation 5.3 shows a relationship between τ∗ and ns0 where A = 19606.9 Pa
and B = 77.29 Pa

τ∗ = A (ns0)3.2 +B. (5.3)

The relation can be established by means of the non-linear equation and
was obtained by using the yield points determined from �ow curve test (Figure
5.9). Moreover, it might also be valid for di�erent yield stresses, but this gener-
alization requires further investigations through more rheological experiments.

Table 5.3: Fitting parameter from Herschel-Bulkley-Papanastasiou model

Case 1 2 3 4 5 6 7

K[Pas1/2] 24.97 47.56 58.26 64.21 78.47 102.54 116.52

τ∗[Pa] 75.12 89.23 106.38 134.65 192.49 288.69 349.57

a[s] 560 560 560 560 560 560 560

Amplitude Sweep Test

During oscillation tests (amplitude sweep test), the sinusoidal oscillation stress
or strain is measured while varying (�xed) stress or strain signal is applied.
After performing the oscillation test, the complex moduli are determined. They
are divided into two parts which is explained for the complex shear modulus
G∗; the real part is the storage modulus G

′
and the imaginary part is the loss

modulus G
′′
. To gain insight about the stored elastic energy of the material,

the storage modulus is considered and the loss modulus accounts for the viscous
loss (of energy) of the material. Thereby, it is possible to obtain the viscoelastic
behavior of the material. Thus, the amplitude sweep test was performed to
determine the linear viscoelastic regime of the mixture at di�erent volume
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Figure 5.10: Amplitude sweep test: Normalized storage G′(mixture)/G′(foam)
and normalized loss modulus G′′(mixture)/G′′(foam) vs. strain γ for di�erent
volume fraction of dry solid particles. From down to up; the curves are related
to ns10 , ns20 , ns30 , ns40 , ns50 , ns60 , ns70 , and ns80 .

fractions ns0 (dry solid glass beads and liquid foam mixture) containing particles
of nsi0 (i = [1, ..., 8]).

In Figure 5.10, the storage modulus and loss modulus of each mixture were
normalized by the storage and loss modulus of the pure liquid foam ns10 . The
storage modulus is higher than the loss modulus for each mixture, which indi-
cates the solid-like behavior of the mixture. Mardaru et al. [75] investigated
liquid foam (Gillette Classic Sensitive, Procter & Gamble UK) and experi-
mentally found that the storage and loss modulus are constant from 0.001 to
0.1 strain. The linear and non-linear regimes of pure liquid foam (ns10 ) and
particle-liquid foam mixtures are depicted in Figure 5.10 for shear strain γ
from 10−4 to 100. The initial drop in the storage modulus represents non-
linearity and structural breakdown. While the storage modulus decreases with
increasing shear strain, γ, the loss modulus becomes higher than the storage
modulus, explained by the transition from solid-like to liquid-like behavior of
the mixtures (structural breakdown). In addition, the storage and loss modu-
lus increase as ns0 of particle increases. As it is seen in Figure 5.10, that the
linear regime for the storage and loss modulus was obtained and shown until
the vertical dashed line. On the other hand, values of storage and loss moduli
are very close to each other for varying volume fractions nsi0 (i = [1, ..., 5]).

The values of the normalized storage and loss modulus were taken from a
shear strain amplitude γ = 0.001 (cf. Figure 5.10), and at this value, a relation-
ship was observed between both the normalized storage and loss modulus, and
the volume fraction of particles, ns0 (Figure 5.11). At the same strain value, the
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Figure 5.11: The storage and loss modulus were determined by using shear
stress which is obtained from Eqn. 5.2 - 5.3 and �tted to the normalized storage
G′(mixture)/G′(foam) and normalized loss modulus G′′(mixture)/G′′(foam)
vs. ns

0 using linear scaling at γ = 0.001.

storage and loss modulus will provide the same results, if room temperature,
pressure and volume fraction of the testing sample are constant. However, the
experiments have been performed for di�erent volume fraction of solid parti-
cles, and the moduli increased by the volume fraction of solid particles. In
Figure 5.11, the solid curve of the storage and loss modulus was obtained by
using the Herschel-Bulkley-Papanastasiou model and τ∗ (Eqn. 5.2 and 5.3).
Before �tting the obtained values to the experimental data (from storage and
loss modulus vs. strain curves), they were �rst normalized w.r.t. the lowest
one. The normalized storage modulus, in dependence to the volume fraction
ns0, did not �t well for higher volume fractions of the particles, whereas the
normalized loss modulus �tted well. This can be explained by the function of
the yield stress (Eqn. 5.3) and Herschel-Bulkley-Papanastasiou model (Eqn.
5.2). Figure 5.11 shows that they can be used until ns40 for storage modulus.

5.3.2 Surface Wetted Particle-Foam Mixture

Flow Curve Test

The �ow curve test has also been carried out for the wetted solid glass beads-
liquid foam mixture. By using the wetted particles, the occurence of jamming
e�ect can be shifted to a higher volume fraction, so that the shear stress of
the high volume fraction of particles could be determined and the rheological
behavior of them revealed. It was observed that the shear stress decreased,
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Figure 5.12: Modi�ed Herschel-Bulkley-Papanastasiou model �tted to the �ow
curve test of the wetted particle-liquid foam mixture. From up to down, the
�ow curves are; pure foam, n(w+s)1

0 , n(w+s)2
0 , n(w+s)3

0 and n(w+s)4
0 . The same

�tting curve was used for n(w+s)3
0 = 0.5 and n(w+s)4

0 = 0.64 (left). The function
τ∗ increases with decreasing volume fractions of surface wetted particles.

despite the increase in the amount of wet particles. In addition, the shear
stress of pure foam is greater than that of the mixture of surface wetted particle-
liquid foam. The decrease in shear stress can be associated with increasing the
amount of water, retained on the solid particles by surface forces. Thereby, the
mixture �ows freely. Zhand-Parsa et al. [123] investigated water �lms around
the soil particles and explained that water thickness around soil particles is
large at greater soil-water content. This phenomenon can also be observed by
performing the �ow curve test (Figure 5.12). The smallest shear stress data

was obtained by using n(w+s)4
0 = 0.64.

Table 5.4: Fitting parameter from Herschel-Bulkley-Papanastasiou model

Case 1 2 3 4

K[Pas1/2] 26.16 22.59 17.87 17.87

τ∗[Pa] 61.53 49.48 43.39 43.39

a[s] 560 560 560 560

Equation (Eqn. 5.1) was also used to determine the yield stress of the
surface wetted particle-liquid foam mixture. However, the Herschel-Bulkley-
Papanastasiou model did not �t the experimental results as well as the exper-
imental results of dry particle-liquid foam mixtures (Figure 5.12). For the vol-
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ume fraction of surface wetted solid particles, n(w+s)3
0 = 0.5 and n(w+s)4

0 = 0.64,
they are very close to each other; thus, only one �ting curve was used for
them. Table 5.4 shows the parameters that were determined for surface wet-
ted particle-liquid foam mixtures. The surface wetted particle-foam mixture
causes function τ∗ to decrease with increasing the volume fraction of pre-wetted
particles. Thus, the relationship between τ∗ and nw+s

0 can be represented by

τ∗ = A (nw+s
0 )3.2 +B, (5.4)

where A and B are -297.25 Pa and 74.9 Pa, respectively.

Amplitude Sweep Test
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Figure 5.13: Normalized storage G′(mixture)/G′(foam) and normalized loss

modulus G′′(mixture)/G′′(foam) vs. strain γ for n(w+s)i
0 . From down to up,

ns10 , n(w+s)1
0 , n(w+s)2

0 , n(w+s)3
0 and n(w+s)4

0 .

The normalized curves were obtained by performing amplitude sweep tests
on up to n

(w+s)4
0 = 0.64. After n(w+s)4

0 = 0.64, the linear regime disap-
pears, and they change their solid-like behavior to liquid-like, more easily than
other mixtures for small strains (Figure 5.13). Furthermore, the increase in
the storage and loss modulus can be explained by increasing the amount of
solid particles at the same strain. However, increasing the amount of particles
increases the amount of water in the mixture as well, so that the mixture �owa-
bility increases simultaneously. Figure 5.14 shows the correlation between the
volume fraction of particles, normalized storage, and loss modulus. Both the
storage and loss modulus have a direct relation with the increase in the volume
fraction of particles. The same equations, Herschel-Bulkley-Papanastasiou and
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τ∗, were also used to �t experimental results for the pre-wetted particles-liquid
foam mixtures but with di�erent constant parameters.
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Figure 5.14: The storage and loss modulus determined by using shear stress
which is obtained from Eqn. 5.2 - Eqn. 5.4 and �tted to the normalized storage
G′(mixture)/G′(foam) and normalized loss modulus G′′(mixture)/G′′(foam)
vs. nw+s

0 using linear scaling at γ = 0.001.

5.4 Discussion & Conclusion

The rheological model (Herschel-Bulkley-Papanastasiou model) has three con-
stant parameters and enables us to match shear stress at very small shear
rates. This model helps show the dependency of shear stress or viscosity on
the volume fraction of the solid particles. A question arises from these results;
are they really appropriate models and functions to use for di�erent suspen-
sions, such as hollow glass beads-foam mixtures? The dry particles (solid
glass beads), liquid foam, and pre-wetted particles-liquid foam mixtures were
investigated under strain rates in the rotational rheometer. The linear and
non-linear viscoelastic regimes could be veri�ed by the amplitude sweep tests.
The rheological parameter (yield stress) of the mixtures were determined by
Herschel-Bulkley-Papanastasiou model, which was used to �t with experimen-
tal results. The experimental data show a correlation between the normalized
modulus and volume fraction of solid particles. The volume fraction of solid
particles was increased until the mixture became rigid, indicating the jamming
point. The �owability of the mixture was decreased and the shear stress could
not be measured for the volume fractions of dry solid particles ns0 greater than
0.3. To investigate the rheological behavior of the solid particles in a high
volume fraction, water was added and the in�uence of it was obtained by
performing rheological tests.
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Chapter 6

Slip E�ect on Particle-Foam

Mixtures

6.1 Introduction

Liquid foam has wall slip e�ect on the rheological experiments. Shear �ow
pro�le with slip velocity us is shown in Figure 6.1. The wall slip e�ect is a big
challenge for non-Newtonian �uids and the exhibition of the slip e�ect causes
mistakes in the results of viscosity or measured shear stress. The viscosity
measured with slip e�ect, is called the apparent viscosity. Two assumptions
we are denoted as the Mooney and Oldroyd-Jastrzebski methods deal with slip
e�ect [54, 85]. While the slip velocity depends on the shear stress for Mooney
hypothesis, Oldroyd & Jastrzebski's hypothesis explain that the slip velocity
depends both the shear stress and diameter on the pipe (gap distance between
plate-plate geometry).

h

ω
M

ex

ey
usu(y)

stationary plate

moving plate

Figure 6.1: Shear �ow geometry with slip velocity us, gap distance h, torque
M and angular velocity ω.

85
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The slip e�ect has been investigated in various papers [51, 78, 121] and
both assumptions have been compared by many researchers. To avoid the slip
e�ect, they usually used a grooved plate-plate geometry or serrated couette
cell. Ahuja et al. [6] researched the slip velocity for concentrated suspensions
of non-colloidal particles in Couette �ow. They used both serrated and smooth
types of Couette geometries (stationary cup and rotating bob) with the con-
trolled rate mode. They showed that the apparent viscosity is much lower than
the true viscosity for non-Newtonian �uid. On the other hand, Herzhaft [51]
investigated the rheology of liquid foam with wall slip e�ect. They used par-
allel plate geometry, with a diameter of 35 mm, on a Haake Rotovisco RT20
rheometer. They performed the rheological experiments with di�erent gap
sizes (2 mm & 3 mm) for both smooth and grooved parallel plate geometries.
The shear stress results, which were measured by the smooth type of plate
geometry for di�erent gap sizes, did not match due to slip e�ect. However, the
experiments performed on di�erent gap sizes on the grooved plate were super-
posed; therefore, they minimized the slip e�ect on the rheological experiments
with rough surfaces. In addition, the Mooney and Oldroyd & Jastrzebski hy-
potheses were used and compared to determine slip velocity in [51]. They
proved that the Mooney model cannot be applied to foam due to inconsistency
with the experimental data obtained by means of grooved surface. On the
other hand, aqueous foam with the slip e�ect was deeply researched by Marze
et al. [78]. Their rheological measurements were obtained with a MCR 300
Rheometer (Anton Paar). A homemade cone plate geometry was used with
polydisperse sand grains having a mean diameter of 100 µm. The cone diam-
eter and angle are 175 mm and 0.175 rad, respectively. The experiments were
performed at controlled shear rates. In [78], the experimental results (shear
stress τ) of rough plate surfaces are 10x larger than the results of smooth plate
for small shear rate and they proved it with �ow curve tests. Yoshimura et
al. [121] showed the slip e�ect for oil-in-water emulsions by using Rheometrics
System IV rheometer with parallel disks of 26.85 mm radius and di�erent gap
distances: 0.5 mm and 0.75 mm. Although the experiments have not been per-
formed with rough surfaces, they determined the slip velocity and showed that
it depends on shear stress. Thus, they followed Mooney's hypothesis. After
Yoshimura et al. [121], the slip e�ect of oil-in-water emulsion was researched
by Bertola et al. [13]. At the same time, they also investigated commercial
shaving foam by using a Rheologica Stress-Tech stress-controlled rheometer
with a parallel disk geometry (40 mm diameter). The rheological experiments
have been performed with smooth and rough plate surfaces. They compared
the experimental results of the shear stress-appearent shear rate curves with
theoretical results.

Many recent works have been pointed out the slip e�ect of liquid foam,
both theoretically and experimentally. However, slip e�ect of surface wetted
glass particles-foam mixture has not yet been reasearched with a visualization
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method for rheological experiments. To determine the slip velocity in time,
a camera (Imagesource DFK 31 BU 03.H) were used with 7x precision Zoom
lenses and light source (Schott S80-55 (1021526)). In this study, we inves-
tigated the slip e�ect of shaving foam (Gillette Classic Sensitive, Procter &
Gamble UK) and the surface wetted glass particles-foam mixture, by using
glass plate-plate and metal plate-plate geometry with and without rough sur-
faces. Before the investigation of liquid foam and its mixture, we calibrated
the type of geometry. To be more precise, we used standard �uid (APN145
and APN26) from Anton Paar GmbH having calibration certi�cate that gives
the exact viscosity at the same temperature. Thus, the type of geometry can
be easily calibrated with calibration �uid. On the other hand, the plate-plate
with sandpaper geometry has been used to show the in�uence of roughness
surfaces on the wall slip e�ect. Flow curve tests have been performed with
three di�erent gap distances (0.75 mm, 1.00 mm and 2.00 mm).

6.2 Rheological Experiments

6.2.1 Materials and Methods

APN26 (Anton Paar GmbH) is the calibration �uid used, with a dynamic
viscosity and a density η = 50.30 mPas and ρ = 0.8205 g/ml at 293◦K, re-
spectively. Aditionally, APN145 (Anton Paar GmbH) was also used to mea-
sure the viscosity for small shear rate. The dynamic viscosity of APN145 is
η = 1105 mPas at 293◦K. All experiments were performed at room tempera-
ture 296◦ ± 1◦K, except the calibration test. It was performed at 293◦ ± 1◦K.
However, we focused on the slip e�ect of shaving foam (Gillette Classic Sensi-
tive, Procter & Gamble UK) and surface wetted glass particles-foam mixture.
The average diameter of liquid foam and glass-particles, which was determined
in [88], were D̄ = 51.8 µm and D̄ = 48.5 µm, respectively. A MCR 301 rota-
tional rheometer (Anton Paar GmbH) was used with glass plate-plate and
metal plate-plate geometries to perform rheological experiments. The geome-
tries, such as glass plate-plate (g.p.p), metal plate-plate (p.p), and plate-plate
with sandpaper (p.p sandpaper) were calibrated by using calibration �uid.

Table 6.1: Measuring System

Type of geometry p.p g.p.p p.p sandpaper

Diameter, D [mm] 49.96 50 50

Measuring gap, h [mm] 1 1 1

Grain size diameter [µm] - - 46.2

Volume of material [ml] 1.96 1.96 1.96



88 CHAPTER 6. SLIP EFFECT ON PARTICLE-FOAM MIXTURES

As it is seen in Table 6.1, the measuring system is given for each geometry
type with their properties. The sandpaper (P320) was cut as a circle, with
diameter of 50 mm, and glued on top and bottom plate. The rheological
experiments were performed for shaving foam and surface-wetted particle-foam
mixture. The �ow curve test was used to calibrate the type of geometries with
calibration �uid. In order to show the e�ect of gap distances on the wall slip,
the shear stresses of shaving foam and its mixture were measured in g.p.p, p.p
and p.p sandpaper geometries with di�erent gap distances; 0.75 mm, 1.00 mm
and 2.00 mm. On the other hand, visualization method was used to determine
slip velocity of the foam bubbles and particles close to the wall of the plate.
The main idea of this method is that the slip velocity of the visualization
method and the slip velocity of the �ow curve tests can be compared easily.

6.2.2 Calibration of Di�erent Type of Geometries

h=1mm 

ω

M

Figure 6.2: Gap distance for p.p sandpaper

Before starting the calibration test, the gap distance should be given as
setting parameter for g.p.p, p.p and p.p sandpaper. The gap distance of g.p.p
(Figure 6.2), p.p and p.p sandpaper was set at 1 mm. In order to get accurate
results, the gap should be �lled completely. However, the sample can �ow out
of the gap and also lead to mistakes in rheological tests. It should be trimmed
to prevent the mistake during the tests.

As it is known the dynamic viscosity of a Newtonian �uid does not depend
on the type of geometry. When rheological tests are carried out at the same
conditions with di�erent geometries for the same Newtonian �uid, the viscosity
should always be identical, otherwise something is missing in the setup of
the rheometer. Therefore, APN26, which is a Newtonian �uid, was used to
calibrate the geometries. The �ow curve tests were carried out to determine
shear stress and viscosity vs. shear rate curves in Figure 6.3. The apparent
shear rate γ̇ was varied logarithmically over a range of 100 1/s - 600 1/s. Below
100 1/s with the torque M from 10−8 Nm to 10−3 Nm, the viscosity of the
APN26 may be measured, but in this range, it gives noisy data (some negative
results) because of low viscous sample. In order to measure the viscosity of the
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Figure 6.3: The viscosity-shear rate curves for APN145 (left) and for APN26
(right) by di�erent surface of geometry

material below 100 1/s, the APN145 was used. The results of all geometries for
same calibration �uid are closed each other and give approximately the same
viscosity. It shows that the type of geometries were calibrated and can be used
for di�erent samples like non-Newtonian �uids. Even though the viscosity
vs. shear rate test of g.p.p gives approximately the same data as p.p and p.p
sandpaper, the viscosity, which was measured by g.p.p, has di�erent values
at the begining of the experiment. The deviation between the g.p.p and p.p
sandpaper (Figure 6.3, right) might be caused by local �ow on rough surface.
It should be noted that the sandpaper was glued to the plates which were
also produced for these experiments and have the exactly same dimensions
compared to the original ones.

6.2.3 Flow Curves of Liquid Foam and SurfaceWetted Particle-
Foam Mixture

In Figure 6.4, we carried out �ow curve tests for foam and surface wetted
particle-foam mixtures at room temperature. Di�erent type of geometries were
used to compare shear stress of foam over shear rate. The shear rate was given
as an input parameter and varied logarithmically for each test. We know
that liquid foam behaves like a non-Newtonian pseudo-plastic material, which
can be described by the Herschel-Bulkley-Papanastasiou, the Bingham, or the
power law model. In this study, we wanted to show the variety of �ow curves,
by measuring rough and smooth surfaces on p.p and g.p.p. The variety of
the experimental results occurs due to complexity (slip e�ect) of the non-
Newtonian �uid. When the slip e�ect is minimized, the shear stress increases
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Figure 6.4: Flow curves for pure foam (left) and surface wetted particle-foam
mixtures (right) obtained with di�erent measurement devices (plate-plate).

at small shear rate (Figure 6.4). The shear stress, which was obtained by p.p
device, is approximately 10 times larger than the shear stresses measuring by
smooth surfaces (p.p and g.p.p). This result is qualitatively as same as the
result of Marze et al. [78] for Sodium Dodecyl Sulfate (SDS) foam. They
compared shear stress versus shear rate curves by using smooth and rough
plate surfaces. In order to get a rough surface, they covered the cone-plate
geometry with polydisperse sand grains. The slip e�ect can be seen for pure
foam in Figure 6.4 on the left and surface wetted particle-foam mixture in
Figure 6.4 on the right. The surface wetted particle consists of nw0 = 0.55
volume fraction of distilled water and ns0 = 0.45 volume fraction of solid glass

beads. From this mixture, n(w+s)1
0 = 0.23 volume of wetted solid glass beads

was taken to mix with nf1
0 = 0.77 volume of shaving foam. Although the shear

stress vs. shear rate curves have di�erent values, p.p and g.p.p show same
attitude for both pure foam and its mixture.

Wall Slip E�ect on Liquid Foam and Surface Wetted Particle-Foam

Mixture

The wall slip velocity is a non-zero tangential velocity of the �uid at the wall.
The wall slip is a big challenge during rheological tests, especially for liquid
foam due to its complex �ow behavior and the existence of a thin liquid �lm
near the wall. The foam bubbles could have been sliding at the interface
between the plate-plate geometry. This phenomenon causes a lower e�ective
measure of shear stress and viscosity. The slip e�ect also disrupts continuity
of �ow and it can be divided into two groups; ”true slip” and ”apparent slip”.
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True slip is a discontinuity in velocity at the wall and especially, it can be seen
in polymer melts. However, apparent slip occurs due to large velocity gradients
and it can be seen in gels, foam and concentrated suspensions etc. Walls et al.
[118] explained that a thin liquid �lm exists next to the wall with the particles
either not interacting with the wall or interacting weakly in suspensions. The
slip e�ect on the liquid foam was handled by many researchers. Besides, we
handled the slip e�ect on liquid foam and on wetted particle-foam mixtures.
The no-slip condition between a �uid and a solid boundary in contact with the
�uid is one of the most classical assumptions in �uid mechanics. Therefore, we
need to minimize or eliminate the slip e�ect which is possible with sandpaper.
In order to minimize the slip e�ect, we should use rough surfaces. The surface
of the plate-plate geometry can be ribbed, or sandpaper can be glued on it.
We used sandpaper for our experiments. On the other hand, to determine
slip e�ect three di�erent gap distances (0.75 mm, 1.00 mm and 2.00 mm) are
used with smooth and rough surfaces. In order to use a smooth surface, the
experiments have been performed with a plate-plate geometry made out of
metal and glass surfaces. The glass surface was used to get visualization of the
sample easily.

The slip velocity was determined with two hypotheses of Mooney and
Oldroyd-Jastrzebski [54, 85]. For the Mooney model, the slip velocity depends
only on the shear stress (us = ατ). However, the slip velocity depends on the
both the shear stress and pipe diameter or gap distance Dp (us = (β/Dp)τ) for
the Oldroyd-Jastrzebski model. The parameters α and β are proportionality
constants. Yoshimura et al. [121] investigated the slip e�ect of the oil water
emulsion by following Mooney's hypothesis. They researched the slip e�ect
with two di�erent gap distances. The actual ”γ̇ac” and appearent ”γ̇app” shear
rates were also explained and a mathematical equation for the correction of
the wall slip was obtained with the slip velocity us (Figure 4.9)

γ̇app = γ̇ac +
2us
h
. (6.1)

h1 h2

ω ω

M M

Figure 6.5: Plate-plate geometry with di�erent gap distances

The actual shear rate can be determined by two diferrent gap distances
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γ̇ac =
h1 γ̇app1(τ)− h2 γ̇app2(τ)

h1 − h2
, (6.2)

where h1 is the �rst gap distance and h2 is the second gap distance at the
�ow curve test (Figure 6.5). The viscosity and shear stress can be determined
from the actual shear rate. The slip velocity depending on the shear stress (τ)
can be seen in Eqn. 6.3.

us =
γ̇app1(τ)− γ̇app2(τ)

2( 1
h1
− 1

h2
)

. (6.3)

In [121], viscosity was determined by using a power law model which is
the simplest way to obtain viscosity and shear stress. However, Enzendorfer
et al. [29] and Herzhaft [51] revealed that the Mooney hypothesis cannot be
applied to liquid foams, since it causes the determined negative actual shear
rates which are nonphysical. Herzhaft [51] applied the Oldroyd-Jastrzebski
model to their experiments and the apparent shear rate was written by using
Eqn. 6.1

γ̇app1 = γ̇ac +
2βτ

h2
1

γ̇app2 = γ̇ac +
2βτ

h2
2

. (6.4)

The actual shear rate can be determined with in the square of the two gap
distances (h2

1 and h2
2)

γ̇ac =
h2

1 γ̇app1(τ)− h2
2 γ̇app2(τ)

h2
1 − h2

2

. (6.5)

The wall slip e�ect of a shaving foam was also determined by Leong et al.
[65]. They used the experimental data of the shaving foam from Bertola et al.
[13]. Their experimental results (the steady shear data) were converted into
a shear stress-shear rate function and shear stress-slip velocity function with
Tikhonov regularization method.

In order to show the slip e�ect on the liquid foam, and especially on the
surface wetted particle-foam mixture, the Oldroyd-Jastrzebski hypothesis was
used. From the �ow curve test, the appearent shear rates were obtained at
the same shear stresses and used to calculate actual shear rate ”γ̇ac”. The
slip velocities were calculated at 0.75 mm - 1 .00 mm and 2.0 mm. The liquid
foam and the surface wetted particle-foam mixture was compared with their
slip phenomena.
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Wall Slip E�ect Through Image Analysis

A visualization method was performed by some authors to get evolution of
foam structure and slip velocity. Herzhaft [51] used a CCD camera to obtain
the structure and size of the foam bubbles. In addition, the slip velocity
was determined for foam. The slip e�ect in pastes of soft particles was also
investigated by Meeker et al. [80]. They used a Haake RS 150 stress-controlled
rheometer with cone-plate geometry and microgel pastes was imaged onto a
camera with zoom lenses.

glass plate

glass plate

    camera

1.5X Auxilary Lens for 

  

light source

(Imagesource DFK
    31 BU 03.H)

(Schott S80-55 (1021526) 
     (S/N 20/10/2031))

VIS 7X zoom lens, Modular

R= 25 mm

h= 0.75 mm

Figure 6.6: The sketch of the glass plate-plate with camera

In this study, visualization method is used to determine slip velocity of
liquid foam (Gillette Classic Sensitive, Procter & Gamble UK) and pre-wetted
glass particles-foam mixture during rheological measurements. To capture �ow
velocity �elds, Particle Image Velocimetry (PIV) can also be used. However,
it is not suitable compared to the visualization method due to its costs and
need for specialised user.

Images were obtained by IC capture software. The software is manufac-
tured by The Imaging Source, which includes video converters. By using this
software, single images or image sequences can be saved manually. Addition-
ally, it is also possible to save image sequences via a timer. A camera (Im-
agesource DFK 31 BU 03.H, The Imaging Source), which is connected to the
software, was �xed under the glass plate (Figure 6.6), making it possible to see
the movement of the particles and foam bubbles. Therefore, we can only show
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images which were obtained with glass plate geometry.

Figure 6.7: Top view of the glass plate with printed transparent paper

For foam and particle visualization, the camera was used with 1.5X Auxil-
iary Lens for VIS 7X Zoom lenses (Edmund Optics (EO)). The magni�cation
of the lens is 1.5X. The camera records 15 pictures per second and the di-
mension of the picture is 720*480 pixels. For calibration, pixels should be
converted to mm. Thus, we drew circles with their centerline having a same
centerpoint with di�erent diameter (Figure 6.7). The center of the circles is
overlapped with the center of bottom glass plate geometry. The circles were
printed on transparent paper and the paper was put on the bottom of the glass
plate (Figure 6.7). It was �xed up glass plate to visualize out of the center of
the glass plate with the camera. The visualization was syncronized with the
�ow curve test to get the results at the same time. The shear rate range was
used to measure the velocity of the bubbles and particles. For visualization
method, we speci�ed four points in the corners of the video frame (Figure 6.8,
left). The edge from 1 to 2 is the bottom side and 3 to 4 is the top side of the
image. The dimension of the video is in pixels and must be converted to mm.
We determined that 1 pixel is equal to 0.14 mm. In order to get the tangen-
tial velocity (slip velocity) with visualization method, we need to determine
angular velocity between two bubbles. As it is mentioned before, the non-zero
tangential velocity at the wall gives the slip velocity. The tangential velocity
can be determined

ut = ωr =
2 π r ψ

360(t2 − t1)
, (6.6)

where r is the radius, ψ is the angle between two points from t1 to t2
and t is the time. The unity of the slip velocity is in mm/min. We convert
it to mm/sec. From the tangential (slip) velocity, the actual shear rate was
determined by Eqn. 6.4.
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Figure 6.8: The �xed circles with a same centerpoint were printed out on the
transparent paper (left). The locations of four points from 1 to 4 were obtained
by using camera (right). The location of the center point was also �xed.

In order to determine the tangential velocity, the angle between two bubbles
must be known. A �xed circle can be obtained by three points and one point
is the center of the circle, which is seen in Figure 6.8. The other two points
were obtained from the movement of the bubbles at �xed time.
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Figure 6.9: Images were obtained for pure foam (left) and surface wetted
glass beads-foam mixture (right) by performing �ow curve test at constant
shear rate. The smooth glass plate with 0.75 mm gap distance is used for
visualization method.

We focused on bubbles that �ow at a constant shear rate and specifeid it
in the video. The video at 0.04 min was saved as a jpeg �le. By using the jpeg
�le in Matlab, the location of the bubble was found to be at 0.04 min. The
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same procedure was also repeated for the same bubble at 0.12 min. The shear
rate was taken constant for �ow curve test to determine slip velocity easily.
Di�erent shear rates such as 0.1 1/s, 0.5 1/s, 1 1/s and 5 1/s were used to show
the e�ect of the shear rate on the slip velocity for pure foam. Additionally, the
shear rate 10 1/s was also applied to the surface wetted particle-foam mixture.
The reason is that the shear rate 5 1/s corresponds to the shear stress 43 Pa
is not possible to compare with high shear stresses. For each shear rate, the
same procedure was applied. This visualization method was used for both pure
foam and surface wetted particle-foam mixture. In Figure 6.9, an example for
pure foam (left) and surface wetted particle-foam mixture were obtained with
circles in Matlab. As explained above, when we determined the location of
the bubble, speci�ed time (t1 = 0.04 min, t2 = 0.12 min) was used, except the
experiment at 5 1/s. The shear rates (5 1/s and 10 1/s) are very high to �x
the location of the bubble; therefore, the time di�erence between two points
(bubbles) was taken smaller than other shear rates. The second point was �xed
at t2 = 0.06 min for 5 1/s. On the other hand, the tests of the surface wetted
particle-foam mixture show that the bubbles of mixture move faster than the
bubbles of pure foam due to distillized water. Therefore, the time di�erence
was taken as 0.01 min (t1 = 0.03 min, t2 = 0.04 min) for the highest shear rate
(10 1/s).

6.2.4 Experimental Results

Pure Foam

10
−2

10
−1

10
0

10
1

10
2

10
0

10
1

10
2

10
3

γ̇ [1/s]

τ
[P
a
]

 

 

hpp1=0.75mm

hpp2=1.00mm

hpp3=2.00mm

10
−2

10
−1

10
0

10
1

10
2

10
0

10
1

10
2

10
3

γ̇ [1/s]

τ
[P
a
]

 

 

hgpp1=0.75mm

hgpp2=1.00mm

hgpp3=2.00mm

Figure 6.10: Flow curve test of liquid foam for di�erent gap distances (0.75
mm, 1.00 mm and 2.00 mm) by using plate-plate (left) and glass plate-plate
surfaces (right).

The experimental data of liquid foam with plate-plate and glass plate-plate
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are presented in Figure 6.10. During the tests, the sample was subjected to
shear rate that increased logarithmically with time from a low value to a high
value of shear rate, and then the resulting shear stress was measured. As
mentioned above, both of the �ow curves show that the liquid foam behaves
like shear-thinning (pseudo-plastic) materials. The shear stress increases with
increasing the shear rate. Although the plate-plate and glass plate-plate ge-
ometries show a similar treatment for the �ow behavior, the shear stresses of
glass plate-plate are higher than the shear stresses of plate-plate. In order to
check the �ow curve test of the liquid foam for di�erent gap distances, it is
clear that di�erent shear stresses were measured due to slip velocity. If the gap
distance is increased, the shear stress increases for both metal and glass plate
surfaces.

Glass Bead-Foam Mixture
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Figure 6.11: Flow curve test of surface wetted glass beads-foam mixture for
di�erent gap distances by using plate-plate (left) and glass plate-plate surfaces
(right).

Slip e�ect increases complexity of the liquid foam. When we mixed it with
pre-wetted particle, it became more complex in its slip behavior. Therefore,
the test of the surface wetted particle-foam mixture has also been performed
to show the rheological behavior with slip e�ect (Figure 6.11). Obviously, we
can see that the shear stress of the mixture is smaller than the shear stress
of the pure foam for both the plate-plate and the glass plate-plate geome-
tries. It shows the e�ect of the distilized water, which decreases the viscosity
and the shear stress of the mixture. In order to compare both smooth and
grooved surfaces, the experiments of the pure foam and the surface wetted
glass particles-foam mixture were done by using the plate-plate sandpaper ge-
ometry. In Figure 6.12, the shear stress for both materials, which is higher than
the smooth geometries, starts at 10 Pa. It is very well known that the appear-
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ent shear stress becomes smaller with the slip velocity. Hence, the rheological
results of the grooved surfaces should be higher than the smooth surfaces. On
the other hand, Figure 6.12 shows that variety of the gap distance does not
e�ect on the grooved surfaces. In addition, the shear stress, which is obtained
by di�erent gap distance, is not the same value for very small shear rates. For
both pure foam and surface wetted glass particle-foam mixture, the variation
of shear stress is not huge between small and high shear rates.

Sandpaper Geometries
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Figure 6.12: Flow curve test for di�erent gap distances of liquid foam (left) and
surface wetted glass beads-foam mixture (right) by using plate-plate sandpaper
geometry.

The slope of the �ow curve (viscosity) of the grooved surfaces is smaller
than the viscosity of the smooth surfaces. On the contrary, the shear stress,
which was measured by using smoooth surfaces, have a wide range of shear
rate. The slip velocity has even more in�uence on the shear stress at small
shear rate and few in�uence at high shear rate for smooth surfaces. Thus,
the variety from the �rst to last shear stress is very high. The slip velocity of
both plate-plate and glass plate-plate geometry is determined by using Eqn.
6.3 and the slip velocity from image analysis is calculated by Eqn. 6.6. The
three di�erent slip velocities, with respect to shear stress, can be seen with
their error bars in Figure 6.13 (left). In order to determine the slip velocity,
each �ow curve test was performed three times with new samples. In addition,
the slip velocities of the di�erent gaps 0.75 mm-1.00 mm, 1.00 mm-2 mm and
0.75 mm-2.00 mm were summarized to calculate the average of slip velocity
for plate-plate and glass plate-plate geometries (Figure 6.13). When the error
bars of the plate-plate geometry are considered, the velocities of di�erent gaps
are the same at low and high shear stresses. For the glass plate geometry, the
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error bars show that the slip velocities do not give the same values for di�erent
gap distances at high shear stress. However, they are nearly the same at very
low shear stress. The slip velocity of the visualization method is the average
of four rheological experiments. The slip velocity from visualization method is
very close to the slip velocity of the glass plate-plate for pure foam.
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Figure 6.13: Average of the slip velocity for p.p, g.p.p and g.p.p with camera
for liquid foam (left), corrected data for Jastrzebski & Oldroyd model by using
g.p.p and p.p surfaces, determined data from SPH method (S = 0 (no slip))
and measured data by using p.p sandpaper geometry for liquid foam (right).

The actual shear rates have positive values for plate-plate (p.p) by using
the Jastrzebski & Oldroyd model. Contrary to plate-plate (p.p), all the actual
shear rates of glass plate-plate (g.p.p) are not positive, when the Mooney model
was used. On the other hand, the actual shear rate, which is determined
from visualization method, are also negative. Thus, they are not shown in
Figure 6.13 (right). At low and high shear rates, the corrected data of the
Jastrzebski & Oldroyd model is not consistent with the experimental data
that was recorded by using plate-plate sandpaper (p.p sandpaper). In order
to compare the corrected data at low and high shear rates, the Smoothed
Particle Hydrodynamics (SPH) method [107] was used to determine the actual
shear rate vs. shear stress curve for comparable systems. The SPH method
was extended by a non-Newtonian [77, 124] and quasi-incompressible �uid �ow,
and a modi�ed Herschel-Bulkley-Papanastasiou model. The modi�ed Herschel-
Bulkley-Papanastasiou model (Eqn. 5.2) has three constant parameters [88]

for pure foam and particle-foam mixture n(w+s)1
0 = 0.23. The �uid consistency

K is 24.97 Pas1/2 and the exponent a is 560 s while the yield stress is 75.12
Pa for pure foam. In addition, K is 26.16 Pas1/2 and a is 560 s while the yield
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stress is 61.53 Pa for n(w+s)1
0 = 0.23. When we consider the range of shear rate

from 0.01 1/s to 0.05 1/s, the �ow curve from the SPH method is di�cult to
compare to the other curves (Figure 6.13, right). However, the SPH method
shows that the curve for no slip matches the curve of p.p sandpaper very well
over the 0.05 1/s shear rate. In Figure 6.13 (right), the noisy data of the
SPH method can be explained by the inaccurateness of particle discretization.
Although the Jastrzebski & Oldroyd model is used to determine the actual
shear rate of the p.p, g.p.p and g.p.p with camera, they are not corrected well
and they have already the slip e�ect. The Jastrzebski & Oldroyd model is not
enough to minimize the slip e�ect in rheological experiments.
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Figure 6.14: Average of the slip velocity for p.p, g.p.p and g.p.p with camera
for pre-wetted particle-foam mixture (left), corrected data for Jastrzebski &
Oldroyd model by using g.p.p and p.p surfaces, determined data from SPH
method (S = 0 (no slip)) and measured data by using p.p sandpaper geometry
for pre-wetted particle-foam mixture (right).

The slip velocities and the corrected data were also computed to surface
wetted particle-foam mixture and can be seen in Figure 6.14. The slip ve-
locities, which were determined for surface wetted particle-foam mixture, are
smaller than the slip velocities of pure foam. It can be explained by the insta-
bility of the mixtures. The stability of foam increases with the particles. Fur-
thermore, the in�uence of wetted surface cannot be ignored since it decreases
the viscosity and the shear stress of the foam mixture. This e�ect can be sub-
stantiated with Figure 6.13 and Figure 6.14. When we compared the shear
stress of the surface wetted particle-foam mixture (Figure 6.14) to the shear
stress of the liquid foam (Figure 6.13), the shear stress of mixture is smaller
than the shear stress of the liquid foam. The Jastrzebski & Oldroyd model was
also used to determine the actual shear rate of surface wetted particle-foam



6.3. CONCLUSION AND DISCUSSION 101

mixture. On the contrary, the values of actual shear rates of surface wetted
particle-foam mixture determined by Jastrzebski & Oldroyd model are positive
for both plate-plate and glass plate. As it is established by Herzhaft [51] , the
Jastrzebski & Oldroyd model is more adequate than the Mooney model for
foam behavior. In order to get accurate results, the Jastrzebski & Oldroyd
model can be used for foam and its mixtures. In Figure 6.14, the �ow curve
of SPH method are close to the �ow curve of p.p sandpaper over 0.05 1/s
shear rate. Additionally, the actual shear rates, which were corrected by the
Jastrzebski & Oldroyd model, have slip e�ects and they do not give the same
results as the experiments of the p.p sandpaper.

6.3 Conclusion and Discussion

The slip e�ect is very important for rheological experiments. In order to un-
derstand the slip e�ect some rheological tests were performed. Especially, the
visualization method was used to capture pictures with slip phenomena. Fur-
thermore, the slip velocity and corrected shear rate were calculated by using
Jastrzebski & Oldroyd models. The measurement devices were calibrated with
calibration �uids (APN26 and APN145). Until now, researchers did not men-
tion calibration tests, but they should also be taken into account, to improve
the reliability of results. The slip e�ect has been investigated with three di�er-
ent gap distances of the plate-plate and glass plate-plate geometries. In order
to compare the liquid foam to the surface wetted particle-foam mixture, �ow
curve tests were performed and the slip velocities were determined. The visu-
alization method can also be used to determine slip velocity. The measured
shear stress and viscosity of the surface wetted particle-foam mixture is smaller
than the pure foam due to the use of distillized water and its e�ects on the
structure of the liquid foam. In addition, the Mooney hypothesis is not suitable
to determine the slip velocity of foam or its mixture. This is because the cor-
rected data, which follows the Mooney hypothesis, has negative values and the
negative shear rates are unphysical. Contrary to the Mooney hypothesis, the
Jastrzebski & Oldroyd hypothesis can be used since the corrected shear rates
are positive. However, it is not possible to say that the corrected data does not
include the slip e�ect. The actual shear rates, which were determined by the
Jastrzebski & Oldroyd hypothesis, were not corrected well. The phenomena
can be shown with the SPH method. The rheological experimental results of
the plate-plate sandpaper and the results of SPH method for no slip are very
close to each other. On the other hand, the actual shear rates of the p.p, g.p.p
and plate-plate camera do not have the same results of the p.p sandpaper and
SPH method.
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Chapter 7

SPH Method and Mini Slump

Test

7.1 Introduction

In the construction industry, such as earth pressure balance (EPB) tunnelling,
a mixture of soil and water is used for the excavation process. Thus, the pri-
mary application range of the EPB machine, which can be conditioned only
by water, is in �ne-grained soil d ≤ 0.063 mm [39, 72]. According to Thewes
[112] and Budach et al. [19], liquid foam is needed as a conditioning agent
to achieve safe and economical EPB tunneling for coarse-grained soils. For
this reason, workability and �owability should be known to describe the �ow
properties of the surface wetted soil (particle)-foam mixture. The term work-
ability can be explained in various de�nitions, such as ”a measure of how easy
or di�cult sample is to place [58]” and ”the ability to perform satisfactorily in
some transporting operation or forming process [110]”. Flowability is de�ned
as the �ow of granular solids or powders [5].

The particle-foam mixture is rheologically complex (non-Newtonian) as
de�ned in Özarmut et al. [88]. The slump test can be used to determine the
�ow behavior of complex �uid due to its simplicity. In order to measure slump
of a sample, a truncated cone open at both ends is placed on a horizontal surface
and is �lled with the sample [31, 48]. After �lling process, the cone is lifted
vertically upwards. For a standard slump test, the �nal slump of a sample is
related only to the yield stress [32, 33]. According to Ferraris [31], the existence
of a yield stress causes the �ow of sample. On the other hand, Ferraris et al.
[32] assumed that the time dependence of slump is related to the viscosity
for a modi�ed slump test. A correlation between slump �ow and viscosity
was observed by Laskar [63]. The percentage increase in average diameter
of the spread over the base diameter of the cone related to the viscosity was
determined for slump �ow [63].

103
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As it is known, an ASTM [1] standard slump test is performed to mea-
sure workability and �owability of the material in macro-scale. Considering a
micro-scale experiment of the material, a mini slump cone, which was produced
approximately by one-seventh of the standard slump cone scaling, was used
to measure the �ow properties of the material experimentally. On the other
hand, the �ow properties can be determined numerically by using numerical
approaches allowing to take into account free surface �ow like the Smoothed
Particle Hydrodynamics (SPH) method. In order to identify and to compare
the rheological parameters of the surface wetted particle-foam mixtures, the
modi�ed Herschel-Bulkley-Papanastasiou equation [90] was implemented in
SPH. Several researchers have previously applied the SPH method and inves-
tigated slump test experiments. SPH is a particle simulation method, which
was parallel developed and invented by Lucy [69], Monaghan [83] and Gingold
[42]. In 1994, Monaghan [84] applied the SPH method to free surface. The
SPH technique is also applied to viscoelastic �ow problems [30]. Additionally,
some numerical simulations of the slump test have been carried out by Roussel
et al. [99]. For the numerical simulations, they considered two classical conical
geometries, the ASTM Abrams cone [1] and the ASTM minicone [2]. Roussel
[98] and Schowalter and Christensen [103] worked on the slump test which has
a relation with yield stress.

The �owability and workability of the surface wetted particle-foam mixture
have not yet been investigated using Direct Numerical Simulations for com-
parisons with heteregenous experimental data of mini slump tests. In order
to understand the �owability and workability of this suspension, both, exper-
imental and numerical researches are needed. This investigation will help to
understand the suspension rheologically very well and to solve some problems
related with transportation in EPB tunnelling.

7.2 Smoothed Particle Hydrodynamics (SPH)

In Chapter 5, the modi�ed Herschel-Bulkley-Papanastasiou rheology in 1D was
used for pure foam and surface wetted particle-foam mixtures. The rheological
properties of pure foam and it's mixtures (non-Newtonian �uids) were obtained
by using rheometer with plate-plate geometry. In this chapter, the slump
experiment was performed to describe the �ow properties of non-Newtonian
�uids. However, it is not always easy to interprete the experimental results
without a numerical solution due to the lack of an analytical solution [124].
Thus, the lagrangian SPH method has been applied to the �ow of the non-
Newtonian �uids, and the numerical analysis was performed by Sivanesapillai
et al. [105].

The advantage of SPH as a particle method is the Lagrangian character
as well as its meshfree nature that allows the simulation of free surface �ow
without modeling the non-linear convective terms in the conservation laws.
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Accordingly, it has gained increasing in modeling the �ow of �uids. Zhu et al.
[124] and Martys et al. [77] used a SPH approach to model non-Newtonian �u-
ids. In order to validate this approach, the regularized Papanastasiou-Bingham
model [90] was implemented into the SPH model. The regularisation method
provides to avoid the singularity in viscosity in the limit of zero shear rate (un-
yielded region) [77]. Thus, the regularized model can be used for both yielded
and unyielded regions [108].

The basic idea of SPH is the approximation of �eld quantities f(x) and
partial di�erential operators on the basis of the reproducing convolution-based
kernel interpolation [68, 83, 107]

f(x) ≈
∫

Ω
f(x′)W (x− x′, h) dv, (7.1)

where W is a non-negative continuously di�erentiable kernel function with
compact support that is zero for ||x− x′|| > κh, with the smoothing length h
and compactness factor κ. For simplicity, we chose h to be constant in space
and time. W (x− x′, h) has to satisfy the Dirac delta property limh→0W (x−
x′, h) = δ(x− x′, h) with δ being the Dirac delta function. To provide zeroth
and �rst order completeness, the completeness conditions

∫
ΩW (x, h)dv = 1

and
∫

Ω xW (x, h)dv = 0 have to be ful�lled. The kernel function is used to be

symmetric such thatW (x−x′, h) = W (r, h) and gradW (x, h) = (x/r)[∂W (r,h)
∂r ]

with the radius r = ||x − x′||. The approximation gradients of �eld functions
is done by

gradf(x) ≈
∫

Ω
f(x′) gradW (x− x′, h) dv, (7.2)

where, as shown, the gradient operator is switched to the continuous di�eren-
tiable kernel function.

We solve the numerical integration of the kernel interpolation by using
quadrature rule over neighboring particles j = 1...N forces. Therefore every
arbitrary �eld function and its derivative is approximated by

f(x) =
∑
j

fjWij Vj , (7.3)

gradf(x) =
∑
j

fj
∂Wij

∂rij

xi − xj
rij

Vj . (7.4)

7.3 SPH Discretization of Balance Equations

Early SPH algorithms, derived from probability theory, did not conserve lin-
ear and angular momentum [67]. Although these algorithms are suitable for
many astrophysical problems, they have some challenges involving accuracy
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and stability in the simulation of �uid mechanical problems. In order to solve
these challenges, Gingold et al. [43] proposed a SPH algorithm that conserves
both linear and angular momentum. The SPH algorithm was used to identify
the criterion for instability in the tensile regime by Swegle et al. [107]. On
the other hand, Bonet et al. [16] discussed the linear and angular momentum
which preserves properties of a new corrected SPH algorithm. Thus, the dis-
crete SPH algorithms propose exact mass and momentum conservation. The
continuous balance equations are approximated partially by the occurring in-
teracting particle forces with the presented scheme. The discrete form of the
mass balance and the momentum balance equation therefore have the form

ρ̇ =
∑
j

mj (ui − uj) · grad Wij , (7.5)

miu̇i =
∑
j

FVij +
∑
j

FPij + FGi . (7.6)

The local balance equation is transformed into a system of ordinary di�er-
ential equations for the particle velocity ui. Therefore the total forces acting
on each particle can be divided into gravitational forces FGi = mig and particle
interaction forces between particles i and j, represented by pressure interaction
forces FPij and viscous interaction forces FVij . Thus the discrete formulation of
the interaction forces is

FPij =

[
1

ni
+

1

nj

] (
piρi + pjρj
ρi + ρj

)
∂Wij

∂rij

xi − xj
rij

, (7.7)

FVij =

[
1

ni
+

1

nj

]
2µiµj
µi + µj

ui − uj
rij

∂Wij

∂rij
, (7.8)

with the particle number density ni =
∑

jWij and µi = µE. The parti-
cle interaction forces act between particle i and each neighboring particle j
included in the compact support κh of Wij(rij , h) with respect to the interpo-
lation point xi.

7.4 Mini Slump Test

The �owability and workability of pure foam and it's mixtures have been tested
by using the mini slump test. The same mixing process (Chapter 2) was used
to prepare surface wetted particle-foam mixtures. The mixtures were taken
n

(w+s)1
0 = 0.23 , n(w+s)2

0 = 0.33 and n(w+s)3
0 = 0.5 for surface wetted particles.

In order to neglect the e�ect of the temperature on liquid foam, all experiments
were carried out at room temperature. From the mini slump cone, the spread
and slump of the pure foam and mixtures were measured to compare with
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numerical simulations. In Roussel et al. [99], the slump and the spread were
de�ned that the di�erence in height between the beginning of the test and after
�ow stops, and the last diameter of the collapse sample, respectively.

Figure 7.1: Cone setup (middle), front and top view of the cone (left) and
camera (right)

As it is known, standard slump cone is lifted manually which cannot be
controlled the lifting process precisely. Contrary to the lifting process of stan-
dard slump cone, the mini slump cone was lifted automatically. Cone setup
was prepared to perform mini slump test. (Figure 7.1, middle). The movement
of the cone was controlled by the Maxon DC motor with a digital positioning
system (Epos 60W). By using software program, the speed of the movement
was set 3 mm/s for all the experiments. The mini cone is stopped at 20 mm,
meaning that lifting of the cone takes 6.6 s. An aluminium plate (DIN AlMgSi)
with transparent paper was used to show the spread �ow of the materials. To
be more precise, many octagons with the same centerpoint were printed on the
transparent paper (Figure 7.1). The slump test was synchronously recorded
by two digital cameras. One is vertically orientated (Figure 7.1, right), while
the second one is horizontally �xed in front of the cone setup. The horizontally
�xed camera (DFK 31 BU03.H, The Imagingsource) used with the Nikon ob-
jectiv Nikkor AF (range: 35-70 mm, f/1:3.3-4.5) takes 15 photos per seconds.
The vertically �xed camera (U-Eye UI 149xSE-C, IDS) with the Nikon Objec-
tiv Micro-Nikkor (range: 55 mm, f/1:3.5) takes a photo in 1.5 s. The duration
time of the slump test is approximately 1.20 min. According to a smaller ver-
sion of standard slump cone (ASTM Abrams cone) [1], the mini slump cone is
homemade and produced from aluminium (DIN AlCu4PbMgMn). As seen in
Figure 7.2, the mini cone shape has dimensions that are approximately seven
times smaller than the standard slump cone. The internal diameters of the
mini slump cone are 28 mm at the base and 13.5 mm at the top. The height
of the cone is 43.5 mm.
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The mini cone was �lled with foam and surface wetted particle-foam mix-
tures in two layers and each layer is compacted 4 times by a 15 mm rod. Before
�lling the sample, the inside of the cone moisturized with wet swab due to slip
e�ect inside the cone. The moisturizing process leads to sticky surfaces (ad-
hesion). Thus, the sticky surfaces prevent to slip inside the cone. For each
sample, the mini slump test was performed three times to check repeatability.
After �lling process, the mini cone was lifted automatically. The slump and
spread of the sample were recorded by cameras.
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Figure 7.2: Mini cone geometry

7.5 Experimental and Numerical Results

7.5.1 Pure Foam and Surface Wetted Particle-Foam Mixture
(n

(w+s)1
0 = 0.23)

The rheological experiments of pure foam and n(w+s)1
0 = 0.23 surface wetted

particle-foam mixture were performed and matched with the Herschel-Bulkley-
Papanastasiou model [88]. In order to investigate the rheology, the mini slump
test can be used. In this test, the geometrical quantities, slump (the last height
of the testing material) and spread (the last diameter of the testing material)
are measured to get �owability of the testing material. Generally, the relation
between slump or spread and yield stress of the material is considered for
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the slump test. Coussot et al. [22] showed that the spread is more apposite
to obtain the yield stress of the testing material. The relation between the
spread and yield stress was also investigated by Domone [24]. The slump
experiment was not performed to show the connection between the slump or
spread and the yield stress of the material in this study. However, in order to
obtain �owability and to compare the experimental and numerical results, the
slump test was performed not only for pure foam but also for surface wetted
particle-foam mixtures with n(w+s)1

0 = 0.23, n(w+s)2
0 = 0.33 and n(w+s)3

0 = 0.5.

Figure 7.3: Slump test front view of the pure foam for t1 = 3 s (left), t2 = 6 s
(middle) and t3 = 11 s (right).

As seen in Figure 7.3 and Figure 7.4, the testing material (pure foam and

n
(w+s)1
0 = 0.23 surface wetted particle foam mixture) were �lled in the mini

cone. In Figure 7.3 and Figure 7.4, three pictures were taken at di�erent
times; t1 = 3 s, t2 = 6 s and t3 = 11 s. For both �gures, the slump tests
cannot be conducted to show the slump and the spread of the pure foam and
n

(w+s)1
0 = 0.23 surface wetted particle-foam mixture due to high resistance to

�ow. A signi�cant amount of the pure foam sticks to the mini cone, whereas
the rest remains on the bottom plate (Figure 7.3). According to Tyrode et
al. [114], the surfactants of liquid foam (Chapter 4) leads to very high foam
stability at room temperature and foam �ows after several hours. Thus, the
mini slump test shows that pure foam cannot �ow easily at room temperature
because of the high stability of pure foam. On the other hand, it is clear that
the measurement of slump and spread is not possible for pure foam.

The surface wetted particle-foam mixture shows the same treatment as
pure foam (Figure 7.4). The volume percentage of the surface wetted particle

(n(w+s)1
0 = 0.23) is not enough to �ow through the mini cone in t3 = 11 s.

Contrary to pure foam, the part of the surface wetted particle-foam mixture
remains on the cone �ows after t4 = 21 s. The result of the mini slump test can
also be related to the result of �ow curve test in Chapter 5. As it is shown in
Chapter 5, the shear stress or viscosity of pure foam is greater than that of the
surface wetted particle-foam mixtures. The �ow resistance (viscosity) of pure
foam and surface wetted particle-foam mixture can be observed qualitatively
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Figure 7.4: Slump test front view of n(w+s)1
0 = 0.23 surface wetted particle-

foam mixture for t1 = 3 s (left), t2 = 6 s (middle) and t3 = 11 s (right).

if the results in t4 = 21 s are compared for mini slump test (Figure 7.5). The
mini slump test shows that the viscosity of pure foam greater than the viscosity
of surface wetted particle-foam mixture.

Figure 7.5: Slump test front view of pure foam (left) and n(w+s)1
0 = 0.23 surface

wetted particle-foam mixture (right) for t4 = 21 s.

Although �owing of the remaining part, slump and spread cannot be mea-
sured for n(w+s)1

0 = 0.23 surface wetted particle-foam mixture due to an in-
correct result. The mini slump test gives an incorrect result even if repeated
three times. Considering the slump test of the pure foam and n(w+s)1

0 = 0.23
surface wetted particle-foam mixture, the experimental results are not com-
parable and suitable to measure the slump and spread. Thus, the numerical
simulation (SPH) was not carried out for both pure foam and n(w+s)1

0 = 0.23
surface wetted particle-foam mixtures.

7.5.2 Surface Wetted Particle-Foam Mixture (n
(w+s)2
0 = 0.33)

The mini slump was also tested for higher amount volume of surface wetted
particle. In order to observe the slump test of the mixture, the liquid foam with
the volume nf2

0 = 0.67 was mixed with n(w+s)2
0 = 0.33 surface wetted particle.

Due to the high volume of the surface wetted particle, the slump test was
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accomplished. When the mini cone is lifted automatically, the mixture �ows
and the slump and the spread can be measured at di�erent time. As it is known
from standard slump test, spread and slump cannot be measured during the
lifting process. For a slump test, the measurement of the spread and the slump
should be taken after lifting process [31, 48]. Therefore, the time at which the
foam separates from the cone is taken as the initial time t0 = 0 s (Figure 7.6,
left). The initial height and the initial base diameter of the mixture are 24 mm
and 34.5 mm, respectively.

Figure 7.6: Slump test front view of n(w+s)2
0 = 0.33 surface wetted particle-

foam mixture at t0 = 0 s (left), at t1 = 1 s (middle, left), at t2 = 3 s (middle,
right) and at t3 = 50 s (right).

Four pictures, which were taken at t0 = 0 s, t1 = 1 s, t2 = 3 s and t3 = 50 s,
can be seen in Figure 7.6. Generally, the duration of the mini slump test was
set at tfinal = 1.10 min to measure the �nal slump and spread of the mixture.

Figure 7.7: SPH simulation with the slip parameter (S=0.99) for

n
(w+s)2
0 = 0.33 surface wetted particle-foam mixture at t0 = 0 s (left), at
t1 = 1 s (middle) and at t3 = 2.5 s (right).
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The �nal slump and spread of the mini cone test were not compared with
the �nal slump and spread of SPH due to the long simulation time. This
high simulation time arises because of small timesteps and a high number of
neighboring particles in 3-dimensional simulations. In Figure 7.7, the results of
SPH were taken at t0 = 0 s , t1 = 1 s and t2 = 2.5 s. For the initial boundary
condition (t0 = 0 s), dimensions of the mini cone were set as initial values in
the numerical simulation. The slump of SPH shows that the mixture �ows
very rapidly at the beginning, after a short time. As it is seen in Figure 7.8,
the results of SPH (Figure 7.7) were taken to compare with the experimental
data (Figure 7.6).
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Figure 7.8: Comparison of the slump and the spread between experiment and
simulation with di�erent slip parameter S at texp = 3 s and tsim = 2.5 s (left),
and with S=0.99 at various time (right).

The spread of experiment at texp = 3 s and the spread of numerical simula-
tions at tsim = 2.5 s were compared for the slip parameter S (Figure 7.8, left).
However, the slump of the experiment is di�cult to compare with the slump of
the simulation due to high di�erence in the initial height values of experiment
and simulation. In order to show the e�ect of the slip on the �owability of
the mixture, di�erent slip parameters (S=0.6, 0.8, 0.9 and 0.99) were used in
SPH method. The slip parameter a�ects on the spread of the mixture. When
the total slip is taken into account, the spread has the highest value. It is also
clear that the mini slump experiment has been performed by considering total
slip due to transparent paper on the metal plate. Thus, the experiment and
numerical simulation with S=0.99 gave the same spread. On the other hand,
the slump and spread of the mixture are identical for di�erent small slip pa-
rameters (S= 0.6 and S=0.8). At various time, the slump and the spread with
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the same slip parameter (S=0.99) can be seen in Figure 7.8. The slump and the
spread between t1 and t2 have approximately the same value for experiment
and simulation that the proportional �ow of the mixture is identical.

Figure 7.9: Top view (spread) of mini slump test of n(w+s)2
0 = 0.33 at t3 = 50 s

(left) and at tfinal = 1.10 min (right).

The same spread value was measured 43 mm at t3 = 50 s and tfinal =
1.10 min (Figure 7.9). The experimental result shows that the �ow of mixture
stops after t3 = 50 s and the �nal stage can be taken at t3 = 50 s.

7.5.3 Surface Wetted Particle-Foam Mixture (n
(w+s)3
0 = 0.5)

Figure 7.10: Slump test front view of n(w+s)3
0 = 0.5 surface wetted particle-

foam mixture at t0 = 0 s (left), at t1 = 1 s (middle, left), at t2 = 3 s (middle,
right) and at t3 = 50 s (right).

The slump experiment has also been performed for n(w+s)3
0 = 0.5 surface

wetted particle-foam mixture. The same procedure used for n(w+s)2
0 = 0.33
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was applied to this mixture. In order to show how the volume of surface
wetted particle a�ects �owability or workability of the mixture, the volume of
the surface wetted particle was increased, while the volume of foam was taken
constant. The front view of the slump test, shown in Figure 7.10, was taken
at various time t0 = 0 s, t1 = 1 s, t2 = 3 s and t3 = 50 s. It can be clearly
seen that n(w+s)3

0 = 0.5 surface wetted particle-foam mixture �ows rapidly in
a short time.

Figure 7.11: SPH simulation with the slip parameter (S=0.99) for

n
(w+s)3
0 = 0.5 surface wetted particle-foam mixture at t0 = 0 s (left), at t1 = 1 s

(middle) and at t2 = 3 s (right).

The numerical simulation of slump test at various time t0 = 0 s, t1 = 1 s
and t2 = 3 s were shown to compare with the experimental results (Figure
7.11). For the initial boundary condition (t0 = 0 s), diameter and height of
the mini cone were also set as initial values. At various times, the result of
experiments and simulations show that the spread is similar for the mixture.
On the other hand, the slip e�ect should also be considered to analyse how it
a�ects the results for the slump test for n(w+s)3

0 = 0.5 surface wetted particle
foam mixture. Experimentally, showing the in�uence of the slip is di�cult.
However, it can be shown by using the SPH method by using various slip
parameter, such as S=0.6, S=0.8, S=0.9 and S=0.99 (Figure 7.12, left). We
compare the experimental result, which are on the left of the dashed line and
the numerical results on the right of the dashed line. The results (spread and
slump) of experiment and numerical simulation were taken at texp = tsim = 3
s. If the spread is considered, the simulation with the slip parameters S=0.6,
S=0.8 and, S=0.9 yields nearly same results. The spread of the experiment
gives the same result as the spread of the numerical simulation with the slip
parameter S=0.99. As has been discussed previously, the same slip e�ect in the
results of n(w+s)2

0 = 0.33 surface wetted particle-foam mixture can be seen for

n
(w+s)3
0 = 0.5 surface wetted particle-foam mixture. Therefore, the numerical

simulations were carried out with the total slip (S=0.99) at t1 = 1 s and t2 = 3 s
(Figure 7.12, right). As seen in Figure 7.12, spreads of experiment are equal
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to spreads of numerical simulation. However, slump of experiment is di�cult
to compare with slump of numerical simulation.
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Figure 7.12: Comparison of the slump and the spread between experiment and
simulation with di�erent slip parameter S at texp = tsim = 3 s (left), and with
S=0.99 at various time (right).

The spread of mixture was measured 53 mm for both t3 = 50 s and
tfinal = 1.15 min (Figure 7.13). In order to compare �ow of the mixture

(n(w+s)3
0 = 0.5) with the mixture (n(w+s)2

0 = 0.33), the total slump test was
measured approximately at the same time tfinal = 1.15 min.

Figure 7.13: Top view (spread) of mini slump test of n(w+s)3
0 = 0.5 at t3 = 50 s

(left) and at tfinal = 1.15 min (right)

The spread of this mixture is larger than the spread of n(w+s)2
0 = 0.33

surface wetted particle-foam mixture. The reason for this is the large volume
of water. n(w+s)3

0 = 0.5 surface wetted particle-foam mixture consists of a large
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volume of water and it is very well known that the viscosity of a water is very
low, which increases the �owability of the mixture. Thus, when the �owability
increases, the �ow of the spread increases.

7.6 Conclusion

In this Chapter, the rheological properties (�owability and workability) of
the non-Newtonian material (surface wetted particle foam mixture) were re-
searched with the comparison of experimental (mini slump test) and numerical
simulation (SPH method). The in�uence of increasing the volume of surface
wetted particle on the suspension (mixture) was shown with experimental re-
sults. Numerical simulations were used to predict experimental results and to
clarify the range of validity of the constitutive model in 3D. Especially, numer-
ical simulations are very important to show how the slip e�ect can a�ect on
the spread and slump of the mixture, which is not possible to show with the
mini slump test.

The mini slump test can be used for high volume percentage of surface
wetted particle-foam mixtures (n(w+s)2

0 = 0.33 and n
(w+s)3
0 = 0.5). The ex-

perimental results show that pure foam cannot �ow easily at room tempera-
ture after several minutes. The high stability of pure foam prevents to �ow
easily. Thus, the mini slump test cannot be performed for pure foam. On
the other hand, the measurement of slump and spread are also not possi-
ble for n(w+s)1

0 = 0.23 surface wetted particle-foam mixture due to small vol-
ume of surface wetted particle. If we compare �owability of pure foam and
n

(w+s)1
0 = 0.23 surface wetted particle-foam mixture, it is clear that the mix-

ture �ows after several seconds while pure foam cannot �ow after several min-
utes. Considering the �ow of both materials, viscosity of pure foam is higher
than n

(w+s)1
0 = 0.23 surface wetted particle-foam mixture. For the high vol-

ume percentage of surface wetted particle-foam mixtures (n(w+s)2
0 = 0.33 and

n
(w+s)3
0 = 0.5), spread and slump were measured at various times by using mini

slump test. The spread was used to compare the experimental and numeri-
cal results. When the total slip is taken into account, the spread values for
both numerical simulation and experiment are consistent with each other. The
consistency of the numerical and experimental results shows that slip e�ects
should be taken into account for surface wetted particle-foam mixtures.



Chapter 8

Conclusion

The main objective of this research was to investigate the rheological proper-
ties of soil conditioning with the appropriate constitutive model on micro-scale
for the face stability of the EPB shield machine. The general introduction
elucidated the rheological experiments of the soil conditioning and the consti-
tutive model. For the rheological experiments, the slip e�ect, the mini slump
test and SPH method were also addressed in the general introduction.

Chapter 2 was focused on the working process of the EPB shield machine
and soil conditioning in mechanized tunnelling. Foam is the most suitable
conditioning agent, when the properties of foam is evaluated with various tests.
Especially, the rheological properties and workability of foam have an in�uence
on the soil conditioning which can change the perfoemance of the EPB shield
machine, thereby this phenomenon changes the cost of working process.

Chapter 3 was focused on the theoretical background of �uid �ow. The
three laws of mechanics, constitutive and Navier-Stokes equations were pre-
sented to use for the �uid �ow between plate-plate and cone-plate.

In Chapter 4, the rheological experiments and the working process of the
modern rheometer were explained to use the appropriate tools (geometry type)
for foam and particle foam mixtures. The general information about rheology
and rheometer with various types help to analyse rheological experiments of
materials and to classify the type of materials. A relationship between the
constitutive model and the �ow of plate-plate and/or cone-plate geometry was
obtained to understand the derivation of the model analytically. Additionally,
the constitutive model was derived to use for numerical simulation in Chapter
7. In order to analyse the �ow between plate-plate, cone-plate and cup &
bob geometries, the Navier-Stokes equations and rate of deformation tensors
were used in cylindrical and spherical coordinates. Due to in�uence of the wall
slip on the rheological experiments, the model was also derived for plate-plate
geometry at the special boundary conditions (with and without slip e�ect).

The rheological properties and the microstructure of foam and particle

117
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foam mixtures were investigated in Chapter 5. As it is explained in Chapter 2,
the parameter of foam (FIR), which are de�ned by volume of foam to volume
of soil, is important for mechanized tunnelling. Thus, foam was mixed with
various volume fraction of the dry particle and the rheological experiments
were performed for the mixtures up to 0.3 volume fraction of particles due to
noisy data occuring for higher values. When the volume fraction of particles is
taken higher than 0.3, the mixture behaves like solid that means many small
particles connect with each other and this phenomenon causes jamming of the
particles. Due to jamming of the particles, the rheological experiments give
noisy data (negative results) for viscosity or shear stress. For a high volume
fraction of particle, foam was mixed with the surface wetted particle (up to
0.64 volume fraction of particle). It is also known that, water can be used
as an additional conditioning agent in mechanized tunnelling and thereby the
rheological investigation of the water can help to analyse e�ect of it on the
soil conditioning. To obtain the rheological parameters, such as yield stress,
�uid consistency, and exponent, the constitutive rheological model (the modi-
�ed Herschel-Bulkley-Papanastasiou model) was developed to use for dry and
surface wetted particle foam mixtures. The linear and non-linear viscoelastic
regimes of the mixtures were veri�ed and a relation between complex modulus
and volume fraction of dry and surface wetted particle mixtures was obtained.

The slip e�ect, which is a challange for rheological experiments, was ad-
dressed in Chapter 6. It causes to get inaccurate results, when �uid �ows at
the solid boundaries. Thus, the non-Newtonian �uid between plate plate ge-
ometry was considered with slip e�ect by using the Jasterzebski & Oldroyd
model, and the slip velocity of liquid foam and particle-foam mixtures were
determined to get the actual shear rate and shear stress. Moreover, the shear
stress was obtained by visualization method to compare with the actual shear
stress. On the other hand, the sandpaper P320 was a good choice to minimize
the slip e�ect on the plate plate geometry. The experimental result obtained
by plate plate with sandpaper was veri�ed by the numerical simulation (SPH
method).

In Chapter 7, the SPH method and mini slump test were presented for non-
Newtonian �uid �ow. The �owability and workability of the non-Newtonian
�uid were considered by mini slump test. The experimental results were also
veri�ed by SPH method and the slip e�ect was taken into account for the
numerical simulation.

In conclusion, the rheological behavior of the foam and particle-foam mix-
tures were described by the modi�cation of Herschel-Bulkley-Papanastasiou
model in continuum mechanics. Thus, it helps to understand the �ow be-
haviour of the foam and particle-foam mixture. All of the rheological exper-
iments and their results in Chapter 5 and Chapter 7 are serves as a bridge
between micro- and macro-scale in EPB shield machine.
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Appendix A

Navier Stokes Equations

An arbitrary velocity vector in cartesian coordinate system is

u = uxex + uyey + uzez. (A.1)

The equations of motion with three components in cartesian coordinates:
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An arbitrary velocity vector in cylindrical coordinate system is

u = urer + uΦeΦ + uzez. (A.2)

The equations of motion with three components in cylindrical coordinates:
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An arbitrary velocity vector in spherical coordinate system is

u = urer + uϕeϕ + uθeθ. (A.3)

The equations of motion with three components in spherical coordinates:
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Appendix B

The Derivation of Stress Tensor

for Cone-Plate Geometry

The derivation of the modi�ed Herschel-Bulkley-Papanastasiou model at small
angle is

ln τθϕ = ln (K
√
γ̇) + ln (τ∗(1− exp(−a γ̇))),

ln τθϕ = ln (K) + ln(γ̇
1
2 ) + ln (τ∗)− ln (τ∗exp(−aγ̇)),

ln τθϕ = ln (K) + ln(γ̇
1
2 ) + ln (τ∗)− ln (τ∗)− ln (exp(−aγ̇)),

ln τθϕ = ln (K) + ln(γ̇
1
2 ) + ln (τ∗)− ln (τ∗)︸ ︷︷ ︸

=0

− ln (exp(−aγ̇)),

ln τθϕ = ln (K) + ln(γ̇
1
2 )− (−aγ̇),

ln τθϕ = ln (K) + ln(γ̇
1
2 ) + aγ̇,

exp(ln τθϕ) = exp(ln (K) + ln(γ̇
1
2 ) + aγ̇),
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APPENDIX B. THE DERIVATION OF STRESS TENSOR FOR

CONE-PLATE GEOMETRY

τθϕ = exp(ln (K)) exp(ln(γ̇
1
2 )) exp(aγ̇),

τθϕ = K γ̇
1
2 exp(aγ̇).
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