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1 Introduction

1.1 Motivation and objectives

Phase transformation in solids are a topic of active research with a particular focus on shape memory
alloys. This class of materials is characterized by the unique capability ofeversible phase transitions
that are also mechanically induced which is a strong deviation from regular metals. Here, \reversible"
transformations in between the crystallographic phases austenite, martensite, ferrite, and bainite are
inducedthermally, a mechanical transformation e.g. in TRIP-steels (transformation induced plasticity)

iS permanent.

Shape memory alloys, in contrast, possess transformation strains, from austenite to variants of marten-
site and from one martensitic con guration to a di erent one, that are (nearly) volume preserving (e.i.
the transformation strains are traceless). This capability allows for reversible phase transformations
also during mechanical loads. This e ect on the microstructural scale shows simultaneously a great
in uence on the macroscopic behavior of entire construction parts that are made of shape memory
alloys: they are able to sustain large strains in a reversible way which opens a wide eld of industrial
applications such as medical engineering, actuator engineering, and aeronautics. However, the specic
material reaction strongly depends both on the applied external loads and the ambient temperature.
This complex thermo-mechanical coupling makes a precise, reliable, and predictive knowledge of the
speci c expected material behavior highly appreciated.

A famous tool in engineering is the application of simulation software which allows for a virtual
investigation of the behavior of a construction part. This lowers the amount of experiments which

in return reduces the necessary time for prototyping and hence costs. Most simulation software for
the described purpose is based on a nite element calculation which essentially solves the balance of
linear momentum in a numerical way. However, it remains to nd a solution for the basic problem:
the system of equations, that is given by the physical balance laws for mass, energy, and momentum
and the entropy inequality, is undetermined. It is thus necessary to close it by postulating appropriate
constitutive laws that interrelate mechanical strains to mechanical stresses in a material-dependent
way. These material laws are thus also referred to as material models.

Various strategies exist for the derivation of material models. Most importantly, it is demanded that
these models agree with the First and Second Law of Thermodynamics which is, obviously, a rather
soft limitation for modeling techniques, and it is Hooke's law which is the most famous model that
ful lls the aforementioned requirements. However, materials with a more complex behavior than a
proportional relation between strains and stresses have to be treated in more sophisticated ways.
For instance, rheological approaches model non-linear materials by application of so-called Hooke
elements (springs), Newton elements (dampers), and St.-Venant elements (friction) which provide in
a material-dependent way stresses as a direct function of strains.

A di erent strategy of modeling complex material behavior is the introduction of so-called internal
variables which describe the changes of the underlying microstructure in time. Thereby, they can be
interpreted in a physical sense and referred to experimental observations. In contrast to the rheological



2 1 Introduction

approaches, an explicit formulation of the stresses follows directly from

@

— (1.1)

@
which is a result from the Second Law of Thermodynamics. Here, is the Helmholtz free energy
(which is speci ed later) and " are the strains. This relation is of great bene t since the Helmholtz
free energy is a scalar-valued quantity and thus the inclusion of an orientation-dependent information
is not possible at rst glance. Consequently, if the \correct" energy has been found, stresses in all
possible orientations can be derived consistently. On the other hand, the introduction of additional
unknowns in terms of internal variables requires the formulation of equations that exactly describe
the evolution of the internal variables in time and hence close the system of equations, e.g. by

T e (1.2)

which has to be specied for each material considered (is the temperature). The internal variable
is denoted by which has been assumed possessing tensor-valued dimension for sake of generality.
The time derivative is indicated by _ for which these equations are usually referred to as evolution
equations. In this regard, several di erent approaches are possible. For instance, a rate-dependent

formulation constitutes as 1

_ Ep (1.3)

with a viscous parameterr, and the thermodynamical driving forcesp @ ~@ . Another famous
example are rate-independent evolution equations

sSs@ (1.4)
Iy @
with a consistency parameter CO, a yield function SpSry B0 which indicates microstructural

change only for 0 and the Kuhn-Tucker condition 0. The parameterry indicates a yield
criterion which is, again, a material-dependent quantity.

Modeling approaches of these fundamental form have been presented for a huge variety of material
classes in literature. They are very successful for realistic and reliable modeling and consequently
simulation of construction parts of di erent kinds. However, it can be problematic to directly derive
evolution laws for materials in which internal variables have to ful Il complicated constraints (e.qg.
mass conservation): in these cases, the sole use of the driving forces as presented in Eqgs. (1.3)
and (1.4) is not su cient and the postulation of the yield function is much more sophisticated.
Additionally, the calibration of those direct models is sometimes di cult and a predictive character
cannot be guaranteed. Fortunately, these limitations can be avoided by a variational-based treatment
of the concept of internal variables. The entire process is described here in energetic terms which are
orientation-independent quantities. Thus, if a calibration of such an energy-based description is able
to display the experimentally observed material behavior correctly (which depends on the orientation,
e.g. in terms of loads or microstructures), it can be assumed that the material model is also able to
display the material behavior in other directions. This property is referred to as universality.

The objective of this thesis is the presentation of the bene ts of variational material modeling by
application to shape memory alloys. A brief introduction to variational calculus and to variational
modeling is given below to ground a methodical basis. After these brief technical preliminaries, nine



1.1 Motivation and objectives 3

chapters follow which show a continuous evolution of the modeling and simulation of shape memory
alloys using variational techniques. Each of the chapters has been published as one scienti ¢ publica-
tion in renowned journals and thus passed through an evaluation process of the experts’ community.
A detailed list of the individual chapters along with a short summary is given in the following.

" Chapter 2: P. Junker, K. Hackl:
Finite element simulations of poly-crystalline shape memory alloys based on a micromechanical
model Comput. Mech. 47(5): 505{517 (2011).
This chapter presents the implementation of an existing variational material model into a nite
element routine in which it is analyzed for construction parts for the rst time. Several di erent
boundary value problems are solved and a detailed inspection of the material behavior is carried
out. To this end, the orientation distribution function is evaluated at di erent material points
within the specimens and the in uence of pre-texture is investigated.
E PJimplemented the material model, produced all simulation results and wrote the vast majority
of the publication.

" Chapter 3: P. Junker, K. Hackl:
A thermo-mechanically coupled eld model for shape memory alloysContinuum Mech. Therm.
26(6): 859{877 (2014).
This chapter provides a di erent variational approach to the modeling of shape memory alloys.
This approach, termed the principle of maximum dissipation, allows for the thermo-mechanically
coupled modeling of phase transformations. Furthermore, the model is equipped by a localization
aspect which in turn requires a regularization of the underlying energy. Along with the tem-
perature eld, which is computed in parallel to the displacement eld and the regularizing eld
variable, a much more sophisticated nite element implementation is employed. Furthermore, a
rst attempt is presented on the estimation of the energetic material parameter indicating phase
transformations based on experiments.
E PJ derived the material model, including the estimation of the material parameter, and the
nite element procedure, implemented it, performed all simulations and wrote the vast majority
of the publication.

" Chapter 4: P. Junker, K. Hackl:
About the in uence of heat conductivity on the mechanical behavior of poly-crystalline shape
memory alloys Int. J. Struct. Changes Sol. 3: 49{62 (2011).
This chapter builds on the previous model by inspecting here the interrelation between phase
transformations and temperature to a greater degree. The latent heat produced by the phase
transformations serves as a heat source or a heat sink. The temperature increase or decrease,
respectively, modi es the caloric energy of the material and thus stabilizes or destabilizes the
austenite phase. This, in turn, in uences the thermodynamic driving force and damps or am-
pli es the phase transformation locally. The result are multiple transformation fronts and a
complex thermo-mechanically coupled material behavior.
E PJ derived the material model, implemented it, performed all simulations and wrote the vast
majority of the publication.

Chapter 5: P. Junker:

A Novel Approach to Representative Orientation Distribution Functions for Modeling and Sim-
ulation of Polycrystalline Shape Memory Alloys Int. J. Numer. Meth. Eng. 98 (11): 799{818
(2014).

This chapter presents a novel parameterization of the martensite strain orientation distribution
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function. In contrast to the models used before, the orientation distribution function is not
discretized in a static manner with a large amount of di erent discretized directions any more:
Euler angles are introduced that allow for a dynamic (i.e. time-dependent) description of the
orientation distribution function. This reduces the amount of necessary internal variables drasti-
cally and thus increases the calculation velocity by a factor of ten. Several examples for di erent
initial values of the Euler angles are investigated for the shape memory alloys CuAINi and NiTi.
It closes with a comparison to the previous material model.

E PJ is the sole author of the publication and thus responsible for the entire content.

Chapter 6: P. Junker, J. Makowski, K. Hackl:

The Principle of the Minimum of the Dissipation Potential for Non-Isothermal Processes Con-
tinuum Mech. Therm. 26 (3) : 259{268 (2014).

This chapter presents an enhancement of the variational principle of the minimum of the dissi-
pation potential such that it is applicable to non-isothermal processes. In this regard, a uni ed
and generalized heat conduction equation is derived in which the microstructural evolution of
a material contributes to the generation of heat. Starting with thermodynamic fundamentals,
the principle of the minimum of the dissipation potential is generalized and a uni ed variational
framework for the derivation of thermo-mechanically coupled material models is established.
The examples of plasticity and shape memory alloys are presented for demonstration purposes.
They show that this novel approach yields much simpler equations compared to the principle of
maximum dissipation and furthermore allows for a more intuitive physical interpretation.

E PJ set up the general idea, derived all equations and wrote the vast majority of the publication.

Chapter 7: P. Junker, K. Hackl:

A condensed variational model for thermo-mechanically coupled phase transformations in poly-
crystalline shape memory alloys, J. Mech. Behav. Mat22 (3-4): 111{118 (2013).

This chapter employs the principle of the minimum of the dissipation potential for non-isothermal
processes to the novel representation of the martensite strain orientation distribution function
introduced in Chapter 5. The evolution equations for the crystallographic phases and the Eu-
ler angles are derived. Simultaneously, the uni ed heat conduction equation from Chapter 6 is
speci ed for shape memory alloys. Numerical examples are presented for material point investi-
gations. In this case, the time discretization results in a time-independent material behavior. To
still show the in uence of di erent loading conditions, the value for the heat capacity is varied.
This treatment is not necessary if the gradient term does not vanish and the time-dependence
is directly included. Variation of the value of heat capacity immediately shows that the forma-
tion of martensite is delayed for higher loading velocities which results in an increase of stresses
instead of the plateau during phase transformation. Thus, the impact of thermal coupling is
displayed well by the new material model.

E PJ derived the material model, produced all numerical results and wrote the vast majority of
the publication.

Chapter 8: P. Junker, S. Jaeger, O. Kastner, G. Eggeler, K. Hackl:

Variational prediction of the mechanical behavior of shape memory alloys based on thermal ex-
periments, J. Mech. Phys. Solids80: 86{102 (2015).

This chapter presents a huge progress both in the modeling of shape memory alloys and the
fundamental understanding of variational modeling. The material model derived in Chapter 5
is investigated for purely temperature-induced phase transformations which allows for a relation
between the caloric energy and the dissipation parameter which is a material-dependent quantity.
DSC (di erential scanning calorimetry) experiments are performed for Ni51Ti49 from which the
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caloric energy can be determined and thus the dissipation parameter. This thermally calibrated
set of material data is applied to nite element simulation of tensile test of specimens with dif-
ferent geometry and at various temperatures. A comparison between the predictive simulations
and mechanical experiments for the same tensile tests reveals that there exists a nearly perfect
agreement between simulation and reality. Beside this being a further remarkable improvement
of the modeling of shape memory alloys, it also serves as rst demonstration example that a
unique calibration of variational material models is su cient for a predictive simulation which
separates this modeling technique from others.

E PJ derived the material model, produced all numerical results and wrote the majority of the
publication, except of Section 8.3 and Appendix A.1.

" Chapter 9: P. Junker:
An accurate, fast and stable material model for shape memory alloys, Smart Mater. Struct23
(11): 115010 (2014).
This chapter presents a further improvement of the model derived in Chapter 5 concerning
numerical e ciency and stability. A homogenization of the individual martensitic twins is em-
ployed which results in only three martensitic variants. Furthermore, the evolution equations
are formulated in an elasto-viscoplastic manner which ensures a very high numerical stability.
Simple formulas are derived which allow for a model calibration and parameter identi cation
based on stress/strain diagrams for tensile test. Various boundary value problems are solved for
combined mechanical and thermal boundary conditions.
E PJ is the sole author of the publication and thus responsible for the entire content.

~ Chapter 10: J. Waimann, P. Junker, K. Hackl:
A coupled dissipation functional for modeling the functional fatigue in polycrystalline shape mem-
ory alloys, Eur. J. Mech. A-Solid : accepted for publication(2015).
This chapter presents the inclusion of plastic e ects into the material model which has also been
used in Chapter 2. Thus, the crystallographic phases and the plastic strains serve as internal
variables for this model whereas the plastic strains are formulated for each phase in each direc-
tion. The model is equipped with phenomenological approaches for a load-dependent relation
between dissipated energy and plastic strains. This results in a decrease of the transformation
stress which hence changes the shape of the hysteresis in a stress/strain diagram. Various nu-
merical examples are presented for a material point analysis showing how the model can be
calibrated to experimental data.
E PJ developed the fundamental idea, contributed to the writing of the publication and to the
interpretation of the numerical results.

The contents of the individual chapters were developed in the time interval between 2011 and 2015.
The Chapters 2, 3 and 4 were (partly) developed and published during the time when PJ was a
PhD student. They are presented in this thesis to present a smooth and comprehensive basis for the
modeling and simulation of shape memory alloys using variational principles. The Chapters 5 to 10
were developed during the time when PJ was a group leader in which J. Waimann was one member.
The thesis closes with conclusions and an outlook to future perspectives.
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1.2 Brief introduction to variational calculus

1.2.1 Basics

Variational calculus allows for the elegant mathematical investigation of so-called functionals which
are speci ed later. A very convincing treatise concerning variational calculus is given by Elsgolc in
[46]. Struwe presents an application towards nonlinear partial di erential equations in [175], and
another standard textbook is the one by Dacorogna (see [37]). In this section, a brief introduction to
variational calculus is given to establish the basis for the later fundamentals which serve as framework
for the subsequent chapters.

A functional F is a function which relates a number to each function. A classical example is the length
of a curve, given by - »
1 _—
F s 1 “f ®xee2dx F f xe (1.5)

Xo

or the surface area Y,
F Sg 1 z2z;2dA Fz'xye (1.6)

where partial derivatives are abbreviated by a comma @z@x z;x; see Figure 1.1).

#(z,y)

>

>

o

Figure 1.1: Two examples for functionals: length of a curve (left hand side) and surface area (right
hand side).

Yy

The value of F obviously depends on the current function (heref “xe or z°x;y ) for which it is
evaluated. Although there are some similarities between functions and functionals, there also exist
important di erences. The properties of functionals can be compared to those of functions. This is
carried out in Table 1.1.

1.2.2 The derivative as linear approximation

Scalar-valued functions A linearization of a function may be executed e.g. by application of a
Taylor expansion. However, for an intuitive introduction to variational calculus, a modi ed approach
is more suitable. First, a function f "x with f R R is investigated and the following coordinate
transformation is employed

fxe f7x Xe a.7)
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functions functionals

f™xe v Ffx w

x(v foxe (W

f : function F: functional

X: variable f “xe: function = \variable"

v: number w: number

increment variation of the argument

X X Xp f f°xe fg'xe

f "x* is continuous if small changes ofx | F f "xe is continuous if small changes of

result in small changes inf "xe

f "xe result in small changes inF f “xe

Table 1.1: Properties of functions and functionals after [46].

Here, x may be interpreted as a \normal vector" and as the length in direction of X, or equivalently
as a coordinate transformation fromx to x. The quantity X serves as new origin. A plot is given in
Figure 1.2. For the linearization around x the associated derivative is required which can be calculated

by

i1‘ "X XV lim fix e fx f ®xe x  Df "xo" xe (1.8)
d 0 0
Finally, the linearized form for f "xe around x reads
Lf "xe"xe  f"xe Df"xe"xe f7xe f®xe x (1.9)
A
f(x) linear
} >
X X X

Figure 1.2: Linear approximation of a function f "x* in point x and new direction x.

For a function g that maps from the R" to the R, g R" R, a similar procedure is employed. It

holds
gxe gXx Xe (1.10)
and the derivative is calculated analogously by
d . . gXx Xe  g'Xxe @g A
—Qg'X XV lim —Xi ©g x Dgxe xe 1.11
q 9 , Q Gy Xi ©9 g (1.11)
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with the gradient ©g. Hence, the linearization is given by

Lg"xs" x* g'xe Dg'xe” xe gxe ©g X (1.12)

Vector functions A similar approximation is now applied to vector functions, thus f R" R™.
Again, it holds

fxe f7x Xe (2.13)
and the derivative reads
if "X xeV GE@ Xj* J x Df7xe xe (1.14)
d 0 @x

where the Jacobian

J ©af of (E@ @eiej (1.15)
@x  @x
has been introduced. The linearization is given by
Lf "xe” xo f7xe Df"x" xo f'x J X (1.16)

Thus, in all cases a derivative evaluated inpoint x and direction x is present in terms of the \di-
rectional derivatives" f ®xs x, ©f "x» x, and J"x* X, respectively. This procedure can now be
expanded to the application on functionals.

1.2.3 Gateaux derivative and stationary point

A functional maps a function, which is characterized by its speci ¢ function space, to a number, thus
F HP R. For this thesis the use of the Sobolev spack P as function space is su cient. It is de ned

by

HP: Re T R TSS @; with O Br BpZ (1.17)
where the Sobolev semi norrh
2
Sfs “fif «F2  with f;f o g <g;- dx (1.18)

is introduced.

Analogously to the previous section, the derivative of the functionalF is required for the linearization.
However, it is not immediately obvious how a derivative of a functional, thus a function which depends
on functions, has to be calculated. To solve this problem, the former notation is employed. Then, a
functional is called Gateaux di erentiable in point f and in direction f

§ DF f "xe IiOme L (1.19)

from which follows that the derivative of a functional is calculated by perturbation of the argument by

"Note that Sf$ is \only” a semi norm since Sf$ 0 is also possible forf ~0i.e. S5 0 f const, r AO.
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the variation of the same which is multiplied by a scalar factor and a subsequent \regular" derivative
with respect to . Afterwards, is set to zero.

Consequently, the linearization of a functional is given by

LF f"fe Ff DFf xe (1.20)

This allows the following de nition: f is called stationary point of F
DF f °f « 0 |f (1.21)
i.e. the derivative equals zero in pointf all directions f . It thus follows
DF f °f « 0 |f F T Wninmax (1.22)

as necessary condition folr being extremal in f. The variation of the argument is denoted by f ,
whereas the variation (of the functional) is just DF f " f e F in short.

1.3 Hamilton's principle and variational methods

1.3.1 Fundamental relations

The methods for material modeling which are used in the following chapters of this thesis are all based
on variational strategies. They all share the fundamental idea that processes, which are observed in
nature, tend to be extremal which roots back to Aristotle or even before (see [18]). This concept was
embedded into a mathematically consistent setting in the late 1700's by Leibniz, Euler, Maupertuis,
Lagrange, and others. A historical review and a critical investigation of the underlying assumptions
of the three latter ones was given by Pulte (see [157]). The general procedure is the minimization
of the energy-based quantity termed as \action". Thereby, the problem of brachistochrone could
also be solved such as light refraction, the motion of a conservative oscillator, and many more. An
energy-based description for static systems that points into an roughly comparable direction is the
well-known principle of Castigliano and Menabrea (see [133, 31]). Here, the elastic energy is minimized
with respect to the unknown displacements in order to calculate the resulting forces, or vice versa.
An interesting historical review on the principle of Castigliano and Menabrea is given in [28].

A generalization of the principle of least action is Hamilton's principle (see [73, 74]) which can also
be expanded in order to take non-conservative forces into account. A nice introduction to Hamilton's
principle is given by Bedford (see [17]), while Bailey presents a clear distinction between di erent
energy-based methods (see [9]).

Hamilton's principle is derived for a system of rigid bodies for which the position in time, described in
terms of the generalized coordinatesq;"tee  q’te, is unknown. The system is described in energetic
guantities, precisely in terms of the potential energyU, e.g. due to gravitation or spring forces, and in
terms of the kinetic energy K. Then, Hamilton's principle postulates that the so-called action tends
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to be stationary:
t1
Fat s "KL qtes UTE qtesed t stat (1.23)
0 qte

for which it is assumed that the position of the system is known for the xed points in time tg and t;.
The argument K U seems quite confusing and a direct interpretation or origin may be not obvious
at this point. However, it is possible to interpret the action as will presented in Section 1.3.4. The
stationary point of F q”te is calculated by use of the Gateaux derivative

te i @K @u
F K U« dt — — qQgedVv O 1.24
S, Se ‘@ & @ (1.24)
and a subsequent integration by parts yields
. @L d@L
F - N . ! 12
where the LagrangeanL K U has been introduced. It thus follows from Equation (1.25) that
@L d@L
— ——— 0 1.26
@ da (1.26)

describes the positiongy in time such that F in Equation (1.23) is stationary. In general, a di erential
equation results from a stationarity condition which is termed Euler equation. The equation (1.26),
however, is usually referred to as Lagrange equation of second kind. It holds true also for the more
general caseK K7t qte; q'tee and U U"t; q'te; q tee.

For static systems, i.e. K 0, Hamilton's principle according to Equation (1.24) reduces to

@u @u
@ G

which equals the principle of Castigliano and Menabrea.

U 0 ! 0 (1.27)

The potential energy allows also for the derivation of the generalized forces by

@UuU
p — (1.28)
@
which are subsequently used to de ne the so-called virtual work W as
W p (q (1.29)
This expression can be inserted into Equation (1.25) which yields
t
F s "S§K  Wedt O (1.30)
0

However, all forces that are acting along q contribute to the virtual work, both conservative and non-
conservatives ones. It is thus convenient to separate all conservative forces iW by introducing the
potential energy and collecting the in uence of the non-conservative forces, which cannot be derived
from the (conserving) potential energy U, in W, resulting in the transformation W U W.
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Hence,
t
F s 8K U Wedt 0 (1.31)
to

where W g is the virtual work due to non-conservative forcesp. This implies that the forces p
which can be derived from the potential energy according to Equation (1.28) are the conservative forces
(p @U~@). Equation (1.31) is referred to as Hamilton's principle for non-conservative systems.

1.3.2 Hamilton's principle for conservative continua

Hamilton's principle can also be applied to continuous systems. For this purpose, some thermody-
namical quantities are recalled here (see e.g. [81, 130, 167, 189] for a more detailed elaboration). The
Helmholtz free energy is de ned as

s dv E g sdv (1.32)

with the internal energy E, the absolute temperature , entropy s and the body's volume . Employing
a Legendre transformation on the Helmholtz free energy and subsequently Clapeyron's theorem (see
[64]) results in the Gibbs free energyG de ned by

G g dv g budv S@t u dA (1.33)

where the body forcesb, the tractions t, the displacements u, and the surface area@ have been
used. An alternative formulation (or interpretation) of the Gibbs free energy is its separation into two
potentials i, and

G in e (1.34)

Here, the internal potential is given by the Helmholtz free energy
in S dVv (1.35)

which measures the amount of stored energy inside of a (deformable) body and the potential owing
to external forces
ex S b udv S@ t udA (1.36)

The Gibbs free energy thus may be interpreted as the total (conservative) potential of a continuous
body
G i ex (2.37)

Comparison to the Hamilton's principle as stated in Equation (1.24) thus yields K K, U G, and
neglecting dissipative forces)
t1 t1
S - K in ex® dt S - K G' dt 0 (138)

to to

in which the kinetic energy for continuous media is given by

K s %Su_g dv (1.39)
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with the mass density . Trivially, Hamilton's principle simpli es for static and conservative continua,
implying u. 0, to
G O (1.40)

As presented in Section 1.3.4 in more detail, Equation (1.40) represents the so-called weak form of the
balance of linear momentum. This expression is solved using the nite element method.

1.3.3 Materials with evolving microstructure

Variational approaches are employed in this thesis to derive material models that make use of \in-
ternal variables" which describe the underlying and time-dynamic microstructural state inside of a
material. However, the principal variational methods explained above were derived before the con-
cept of internal variables was introduced (see [83]): internal (state) variables were mentioned for the
rst time between 1820 and 1850 by Carnot [29], Joule [90], and Clausius [32] and embedded af-
terwards into a thermodynamical context by Helmholtz [191], Thomson [186], Maxwell [131], Gibbs
[55], and Duhem [42] (for a detailed historical presentation see [83] and [129]). Consequently, a direct
formal application of variational techniques to the treatment of internal variables was not possible
since they were formulated only for macroscopic quantities such as generalized coordinates. However,
it was recognized that indeed the aforementioned strategies can also be applied to micromechanical
and microstructural processes as well. Before this was carried out, it was Onsager (see [146, 147])
who used a thermodynamic approach for the derivation of physical models which serves as linking
element between the rst fundamentals and the current methods. He recognized that thermodynamic
uxes _ and thermodynamic forcesp @ ~@ are related to each other owing to the (reduced)
Clausius-Duhem inequality

p _CO (1.41)

which follows from the Second Law of Thermodynamics. Thus, he postulated

Ap (1.42)

with some positive and symmetric system matrix A. Equation (1.42) can be regarded as a general
strategy for the derivation of material models since it can be used also for the time-dependent evolution
of internal variables (see the general work by Ziegler [199] and as an example for an application [117]).
However, Onsager's principle is not a variational approach.

Roughly at the same time, Bridgman [24] and Eckart [43] established a link between thermodynamics
and continuum mechanics. Later, it was Truesdell who opened the eld of rational thermodynamics

which includes usage of Equation (1.41) in [188], and also Coleman and Noll with their contribution to

thermodynamics of materials with fading memory and internal variables [36, 33, 35]. It is also worth

mentioning the work by Rice [160] and the work on the the structure of evolution equations given by
Lubliner [124]. These important contributions along with others established the concept of internal

variables in its current form.

Approximately ten years later, attempts to the application of variational principles to the modeling

of materials by means of internal variables were made. Lubliner published in 1984 a work related
to maximum dissipation for the calculation of the internal variables [125] so as Simo did in 1988
[168]. Ortiz and Repetto reported in 1999 on non-convex energy minimization which turned out to
be bene cial for the modeling of materials with evolving (crystallographic) phases (see [149]) which
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built on the very famous work of Ball and James who published the primal foundations in [10]. As
compared to Hamilton's principle given above, it is obvious that these works are also directly related
to variational modeling since energy minimizers are assumed to describe the associated microstructure
realized in the material.

Related works on fundamentals for the variational modeling of materials were published by Hackl [65],
Hackl and co-workers [30, 67, 69, 68] and Fischer and co-workers [181, 180]. Here, a way of deriving
evolution equations based on variational strategies was used which was termed as thginciple of
the minimum of the dissipation potential. This principle was published in varying forms also in
[127, 126, 72, 128] and compared to the complementanyrinciple of maximum dissipation in [67]. The
principle of the minimum of the dissipation potential was also expanded to the non-isothermal case
in [103]. All of these works share the common basis that the dissipative forces (which contribute to
W ) are included via a potential which had been rst mentioned by Onsager in [146, 148].

The intention is now to forge a bridge from Hamilton's principle to the principle of the minimum of the
dissipation potential just mentioned. Hence, the application of Hamilton's principle for materials with
internal variables is presented in the subsequent section, during which the general case that includes
also the gradient of the internal variables is treated rst. Afterwards, the simpli ed case for vanishing
gradients of is presented.

1.3.4 Hamilton's principle for non-conservative continua

Hamilton's principle for conservative continua was given in Equation (1.24), and it is also valid for
materials with internal variables as long as the associated processes of microstructure evolution con-
serve the elastic energy. This is, however, not true for many materials and their associated processes.
Consequently, Hamilton's principle has to be expanded such that it is able to also account for non-
conservative continua, similarly to the expansion for Hamilton's principle for non-conservative sys-
tems as stated in Equation (1.31). Therefore, a so-called dissipation functionaD is introduced (see
[146, 148]) which accounts for the amount of elastic energy that is converted into heat production and
which is thus dissipative. For the sake of generality, the internal variables are treated as vectorial
guantities (in the case of tensorial dimensions, appropriate tensor products have to be substituted in
the following derivations). The purpose of the dissipation functional is the derivation of the associ-
ated dissipative forces de ned byp @D~@_ (which must not be confused with the thermodynamic
driving forcesp @ ~@ ). For non-conservative continua there are (at least) two variables which
describe the material state: the displacement eldu and the eld of internal variables . The dissipa-
tive forces p work consequently along the \path" instead of u. This is, of course, a deviation from
Hamilton's principle which was postulated for systems that could completely be described (only) in
terms of the single variableq. Thus, the virtual work owing to dissipative forces in a continuum may
be introduced as

W s p dv (1.43)

which allows for converting Equation (1.31) into its form for continuous bodies including internal

variables as .
1
s "K G Wedt O (1.44)

to
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where W W has been used. In the quasi-static case, Equation (1.44) reads
G W O (1.45)

which indicates that the virtual work of the conservative forces G equals the virtual work of the
dissipative forces W. Of course, the virtual work can be reformulated by aid of the dissipation
functional as

@
w — dv 1.46
S @ (1.46)
which transforms Equation (1.45) to its more convenient form

Obviously, the application of this formula demands the dissipative forces to be deducible from the
dissipation functional D which might not be true for all cases (although no physically meaningful
counterexample has been presented until today).

General case: G G"; ;© -

In the most general case, the internal variables themselves and the associated gradieat contribute
to the Gibbs free energyG. According to Hamilton's principle in Equation (1.47), it holds

6s?® @& 06 6s5s@ @ o (1.48)

@ Q@_
where the individual variations of G with respect to the displacements and the internal variables are
denoted by Gand G, respectively. This yields

GWS<%"% %@-dv w4)
1.4

@
b udVv t udA — dv. 0 ! u;
S S@ S @ I

The variation of the displacementsu and the internal variables can be chosen arbitrarily. Thus, the
following conditions result from Equation (1.49)

@ |

s 'V sbud s t udh 0 u (1.50)
s% dv5%©dv5% dv. 0 ! (1.51)

The second equation (1.51) is called evolution equation for the internal variable . After speci cation
of the Helmholtz free energy and the dissipation potential D, it can be evaluated for a specic
material. An example in which this strategy has been employed is given in [101].

Both equations (1.50,1.51) are integrated by parts, respectively. This yields for Equation (1.50)

© b 0 (1.52)
n t on @ (1.53)
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where the identity @~@" has been used (ndenotes a normal vector on the surface). Equation
(1.52) constitutes as the balance of linear momentum (which is also known as Euler-Lagrange equation
or Helmholtz equation) and Equation (1.53) is referred to as the Cauchy hypothesis. In turn, this
allows to interpret the action K U as the (variational) potential form for the balance of forces for a
system of rigid bodies.

Integration by parts of Equation (1.51) gives

@ @ @
@ © < @ @ 0 (1.54)
< @% *n 0 on@ (1.55)

The rst term in the Helmholtz equation in (1.54) is the negative of the driving force for the internal
variable (\source term"). The second term indicates a contribution due to interfaces (\gradient term")
whereas the third and last term introduces a viscous contribution (\transient term"). The entire
equation has the same structure as the governing equation for phase eld models when the transient
term is replaced byr," with some viscous parameterr,. Equation (1.55) is the boundary condition
(\ux term" for an \adiabatic" system). This general formulation of Hamilton's principle has also
successfully been applied to the context of topology optimization [101] which shows that the principle
is detached from material modeling but it can also by transferred to other physical problems.

Special case: G G™"; -

The introduction of the internal variables' gradient is not necessary in many cases which indicates
that a local or pointwise evaluation is possible. Consequently, these models are usually referred to as
material point models or Gau point models. In the case of absent gradient of , the variation with
respect to the internal variables in Equation (1.51) simpli es to

S % dv s % dv 0 | (1.56)
from which immediately follows that
% % 0 (1.57)

Equation (1.57) can be integrated with respect to the internal variables' rate which yields the potential
form

@
—_— D C stat 1.58
@ - 2 (1.58)
with some arbitrary integration constant which is setto C @~-@" ". This gives the Lagrangean
L _ D stat (1.59)

which is indeed referred to as the minimum of the dissipation potential. Hence, under consideration
of the fact that the dissipative forces may be derived from a dissipation functionalD and that no
gradients of internal variables are present, the principle of the minimum of the dissipation potential
coincides with Hamilton's principle for continuous bodies including dissipative variables.
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1.3.5 Example for rate-independent and rate-dependent microstructural evolution

The great benet for both variational principles discussed here (see Hamilton's principle in its most
general form Equation (1.47) and for the special case in which gradients of internal variables are not
present in Equation (1.59)) is the easy inclusion of constraints: they can be taken into account by
adding them to the respective functional. As short example, a material exhibiting perfect plasticity
is analyzed here.

The creation of dislocations and their movement is combined to a dissipative, non-reversible part of
the strain which is referred to as plastic strain and denoted by"P. In a kinematically linear setting,

the total strain is given by superposition of the elastic and plastic part. The Helmholtz free energy
thus reads 1

~nn nPg C ~n np, 160
> (1.60)

where the total strain is given by " and the elasticity tensor of order four C.

For a rate-independent material behavior, which is assumed for the plastically deforming material, the

dissipation functional D is homogeneous of order one. This can be justi ed by a simple example. The
most simple case for a dissipative force in a rate-independent setting is the force due to (dry) friction.

It is a constant which points in opposite direction to the (assumed) moving direction: R SRSsgn.

The associated dissipative potential which yields the friction force byR ~ @Dr~@ is thus

Dr RIS (1.61)

which is indeed homogeneous of order oneDR~ ue Dr"ue). A schematic plot is given in Figure
1.3.

\ A 5=R
\

R=-| R sgnu
~—

Figure 1.3: Friction force R and the associated dissipative potentialDg as functions of the (relative)
displacementu.

In contrast to the dissipative potential Dg which depends on the (relative) velocity u, the dissipation
functional D depends on the rate of the internal variable [see e.g. Equation (1.47)] which is in the
present case the rate of the plastic strains: _  "P. Thus, the analogous formulation to Equation
(1.61) is

D rSPs (1.62)

with some material constant r A0 which is referred to as dissipation parameter. A one-dimensional
sketch is presented in Figure 1.4.
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Figure 1.4: Dissipation functional D r S"Sfor the one-dimensional case and its subdi erential accord-
ing to Equation (1.67).

It is well-known that plastic deformations evolve in a volume-preserving way. This property is a

constraint that has to be included into the material model, and while using variational modeling

principles this can be archived in a straight forward way. Volume-preservation reads (in the case of
linearized strains)

"P¢ (1.63)

]
where Einstein's summation convention has been employed. The constarg depends on the initial
conditions and equals zero in most cases. However, the constraint has to be formulated in terms of
the rates which gives (for all constantsc)
P (1.64)

—H

This constraint is taken into account by means of a Lagrange parameter , and the nal form of the
minimum of the dissipation potential constitutes as

L - b P stat (1.65)
The stationarity condition demands
@ @ e 1o
a @ rag”"s 17?0 (1.66)

with the identity tensor of order two | and the subdi erential
$-3PB1. for 8PS 0
@Ps | P
a 3PS

1.67
else ( )

Owing to the set-property of the subdi erential, the stationary point in Equation (1.66) transforms
into a di erential inclusion, see also the plot in Figure 1.4. Note that the subdi erential may be
interpreted as the negative of the dissipative force ( friction force).

Summation of all entries in Equation (1.66) with double indices results in

Il.p

rapg 3 O (1.68)

Pii
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where the driving force pj @ ~@"ﬁ-’ has been introduced:

@ ~
e ¢

It follows from Equation (1.69) that the driving forces are indeed the mechanical stresses .

p (1.69)

Equation (1.68) allows to estimate the Lagrange parameter when considering the constraint given
in Equation (1.64) by

1 1
é i étr (170)
where tr is the trace operator. Inserting this result back into the stationarity condition in Equation

(1.66) nally results in

3Ps 1
"P T( §| tr o for SPS 0 (1.71)
The structure of Equation (1.71) is already well-known: the expression dev I tr ~3is the

deviator which results in this framework just from the constraint of volume-preservation.

Equation (1.71) remains rather cumbersome to solve. Thus, it is transferred to its more conventional
form
"P dev (1.72)

with a consistency parameter SPS~rC 0. For further mathematical simpli cation, a Legendre-
Fenchel transformation of the dissipation potential D is employed. This gives

D' S"L'J)pT"*‘_p p DT o0z (1.73)

Inserting Equation (1.72) into Equation 1.73 identically ful lls the constraint:

p
D' supoes?—sdev dev  r3Ps;
"p
SPS .
supce—Jaev  dev r?z (1.74)
"p

The prefactor is obviously positive and may also take (at least theoretically) arbitrarily high values. It
is hence necessary that the expression given in brackets is less or equal zero to bound the supremum.
Thus, it serves as an indicator function

Sdev@ r2BO (1.75)

for which plastic deformations may evolve if 0 (Sdev8 dev dev ). Hence, the dissipation
parameter r constitutes in this example as a deviator-type norm of the yield stress. The entire system
of equations for perfect plasticity is given by the evolution equation in Equation 1.72 in combination
with Kuhn-Tucker conditions

Co; BO; 0 (1.76)
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There exist other approaches for the dissipation functionalD as e.g. a quadratic approach
p lvgrg 1.77)

In this case, the stationarity condition reads

@ @ "
? @ I’V _p O (178)
which transforms to 1 1
P Zp = 1.79
oo (1.79)
In the case of volume-preservation, an analogous procedure yields
" 1
"P = dev (1.80)
Iy

From Egs. (1.79) and (1.80) it can be deduced that a quadratic approach for the dissipation func-
tional results in rate-dependent evolution equations for a viscous material. Accordingly, the material

parameter ry is the viscosity in this case. The speci c choice for the dissipation functional is thus a

part of material modeling. However, the general structure (i.e. a homogeneous or quadratic approach)
is already determined when the rate-(in)dependence of the material behavior has been speci ed.
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2 A basis for the simulation of nite dimensional shape memory alloys

Published as: P. Junker, K. Hackl : Finite element simulations of poly-crystalline shape memory alloys
based on a micromechanical modelComput. Mech. 47(5): 505{517 (2011)

We present a nite element implementation of a micromechanically motivated model for polycrystalline
shape memory alloys, based on energy minimization principles. The implementation allows simulation
of anisotropic material behavior as well as the pseudo-elastic and pseudo-plastic material response of
whole samples. The evolving phase distribution over the entire specimen is calculated. The nite-
element model predicts the material properties for a relatively small number of grains. For di erent
points of interest in the specimen the model can be consistently evaluated with a signi cantly higher
number of grains in a post-processing step, which allows to predict the reorientation of martensite
at di erent loads. The in uence of pre-texture on the material's properties, due to some previous
treatment like rolling, is discussed.

2.1 Introduction

Shape memory alloys undergo solid to solid phase transformations during loading and unloading.
These phase transformations are equivalent to changes in the lattice structure through which the

material can minimize its elastic energy. Furthermore, most specimens are polycrystals with a huge
number of crystallites in which the phase transformation takes place separately. Driven by the phase

transformations, shape memory alloys can display either pseudo-elastic or pseudo-plastic behavior,
depending on temperature. Hence, such materials o er a huge variety of industrial applications such as
stents or micro-actuators, but micromechanical modeling of shape memory alloys remains a challenging
topic in material science.

Our aim is the micromechanical simulation of the pseudo-elastic and pseudo-plastic material behavior
of whole specimens made of shape-memory-alloys. As there exists a high number of di erent models of
shape-memory alloys, we mention just a few of them. Phenomenological models for polycrystals were
presented in [22, 79, 120]. Foundations for micromechanical models based on variational arguments
were laid down in [10, 110, 138, 190]. Micromechanical models can be found in [60, 177] for single
crystals, and in [174] for polycrystals. Finite element implementations were presented in [153] where
a model introduced in [185] is used, [60, 174].

We use a micromechanical model for polycrystalline shape-memory alloys presented by [70]. This
model synthesizes works in [61], [57], [77] and in [70] and is based on a relaxation of the elastic energy.
Relaxation can be carried out for xed volume fractions of the di erent phases (austenite and several
martensite variants) and gives the energy minimizing elastic strains. In contrast to the work in [70],
we extend the modeling from the material point level to the macroscopic scale of specimens. This is
achieved by applying the nite element method to the variational equations for the minimum of the
total potential. To nd evolution equations for the volume fractions, we follow [149] by minimizing a
Lagrange functional composed of the rate of the relaxed elastic energy and a dissipation functional.

The micromechanical model is solved using a Newton algorithm and implemented into a nite el-
ement code. We present some numerical results such as the distribution of the average austenite
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and martensite volume fractions within the specimen, the orientation distribution of the variants in
selected elements and load-displacement-curves for specimens with di erent pre-textures.

2.2 Micromechanical model for poly-crystalline shape memory alloys
2.2.1 Relaxation of the elastic energy

For describing the complex behavior of polycrystalline shape memory alloys, we minimize the elastic
energy as shown in [70]. It is a well-known phenomenon that a shape memory alloy can minimize
its elastic energy if the strain " coincides with a certain so-called transformation strain ; for one of
the crystal variants i (i O for the austenite phase,i A0 for the di erent martensite phases). These
transformation strains can be measured as shown in [163].

Depending on the system's temperature, either the austenite or the martensite phases are stable in
an undeformed specimen. The temperature dependence leads to a di erence in the chemical energies.
This di erence is called ; and given with reference to the martensitic phases (all martenitic phases
have the same chemical energy). Hence we can write; ~ 0 only for the austenite. Therefore, we
assume an elastic energy | of the crystalline phasei in the crystallite j of the following form

i 1’\". . I . .
e Tl ded 0 @)

with C! as material constants, | as transformation strain, ! as strain of variant i in grains of direction
j. To describe the orientation of every crystallite j in a polycrystal, we introduce rotation matrices
R} >S0"3. which map the global Cartesian coordinate system to the orientation of the local cubic,
and therefore Cartesian, austenite coordinate system. We account for the unstructured distribution

of the di erent crystallite directions by choosing R! randomly.

With R at hand, we can calculate the transformation strain of each varianti in the direction of each
crystal | by

LRE O RE; (2.2)
and the elastic tensor of fourth order by
Clogrs  RipRlgRU RlysCirtovw (2.3)
Let us denote the volume fraction of grains with orientation R! by I, collected into a vector = .
The constraint of mass conservation N
Q1 1 (2.4)

i1
has to be satis ed, whereN denotes to total number of grain orientations considered.

In this paper we will assume a pre-texture of the poly-crystal given by

: kTa)((S Npret R N-10,00k a (2.5)
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with
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In order to ful Il the constraint (2.4), we use
j

N — .
PN, |

(2.6)

Herenprer describes the preferred orientation belonging to a higher volume fraction of grains. This way
previous treatments like rolling or deep-drawing can be taken into account. The exponent] controls
the intensity of the pre-texture's in uence, q O referring to an isotropic texture.

In an analogous way to the volume fractions of the directions !, the volume fraction of each variant

in each crystallite will be denoted by { . Once again mass conservation requires

n .

Q 1 1 1) LiunN; 2.7)
where n denotes the number of di erent phases i 0 being the austenitic phase).
The elastic energy of the entire polycrystal will be minimized over the strains in each phase and

orientation 'I , with the constraint that the macroscopic strain " is accommodated by the crystalline
strains in each of then phases andN crystallites (2.8),

(2.8)

nO z
'O =

o

jLli
Consequently the energy can be written for xed volume fractions as the weighted sum of the energies
for each phase in each grain orientation where the volume fractions of the phases,, and of the grain

orientations, !, serve as weighting factors. Thus,

I ] ¢nNon Co N n .£
“v . infiQQ 1 MIE QQ ! lMs: 2.9
i ajlio0 j1i0 ¥
Minimization yields [70]
1
rel~. o 5 et Ce T et e (2.10)

with
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2.3 Evolution of the volume fractions

The approach presented in the previous section is valid for given volume fractions. Of course, during
loading and unloading, the state of strains and, therefore, the volume fractions of the phases change.
Hence, it is necessary to describe these changes in time by evolution equations.

Following [149], we minimize a Lagrange functional consisting of the total power of the system and a
dissipation functional [67] in order to nd evolution equations for the phase fractions, — ‘_Ji ». The
Lagrangian consists of the derivative of the elastic energy with respect to time and of a dissipation
functional. We assume that dissipation only occurs as a result of phase transitions. Therefore we
make an ansatz for the dissipation functional as

>0

PR ez (2.11)

O -

o

N
_Q j

I

[any

|
with r as a dissipation coe cient, [136]. The Lagrange functional then reads

. g reln. . ~ @ rel . @ rel .,
b dt b @ —_— @ b
which we intend to minimize with respect to — In this equation, the term @ "'~@ is identi ed as

the thermodynamical driving force for phase change which is now denoted by. Di erentiation of the
relaxed energy "' with respect to the volume fractions yields

. rel
i <
@; (2.13)
1 .

] Jl Ce o e ® EA" e . SQ AC%. 1 Ce ¢« ™ e . i

(2.12)

Again, the minimization requires the observation of mass conservation, as in (2.7). Furthermore, the
volume fractions must not become negative. Therefore we introduce a Lagrange parameter for
mass conservation and a Kuhn-Tucker parameter f for non-negativity. The Lagrangian now becomes

. . N n N n .
s+ Bl a0 Q@ Q4 QQ 4 (2.14)
i1 i0 j1i0
The Kuhn-Tucker parameter is inactive if the volume fractions are positive; otherwise, ,’ is a number
greater than zero, namely
¢ j ~ j
by : (2.15)
AQ else

o]
By choosing two sets, the passive seB! and the active setAl, the mathematical derivation can be
simpli ed and there is no need to specify the Kuhn-Tucker parameter. The passive set collects all

those phases which have a volume fraction of zero within one crystallite or orientation, whereas the
active set comprises all those phases which are in the passive set, but intent to grow, and furthermore
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all phases which are not included in the passive set. Hence,
B tis! o-; (2.16)
Al "i >BIS) A0-87i >BI. (2.17)

This yields the following set of evolution equations [70]

“devaigel s . — for i>Al and J ~0;

PN 2" . . (2.18)
,Q 7 Q S'dew qele _ Br  for j>Al and 4 O;
j1 i0

“deva, g! I @ for i>Al;

Whereo{ ﬁ P k>ai q‘< “dev,; q’I is the active deviator and n,; is the number of variants in the
active set.

These equations completely describe the evolution of the phase fractions. Nevertheless, we introduce
the Legendre transformation of the dissipation functional

J’ qe sup™devaqe — S7
(2.19)
The functional J "q+ has the form
g
. =0 for “ge BO
o else
with
N l n . .2
g Q = Q Sdevygele r?: (2.21)
i1 )io
Therefore, "q * may be interpreted as 'yield function’, well known from plasticity.
Then, the rst equation from (2.18) gives
4 devaiq a (2.22)
CO0;  BO; 0; devaq BO for i >Al (2.23)

where the last expression in (2.18) controls the evolution the active and the passive sets during the
calculation.
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2.4 Implementation within the nite elements method

2.4.1 Algorithm for the model

We use the notation introduced by [132] for the transformation of the strain and stress tensors to
vectors and the elasticity tensor of fourth order to a matrix. The rotated elasticity constants can be
obtained by rst transforming them to matrices and afterwards rotating them by special 6 6 matrices
which can be obtained from the original 3 3 rotation matrices. Inversion of the elasticity tensors is
simpli ed by this notation, too.

In order to solve the problem numerically, we use a staggered Newton algorithm. During gredictor
step, we evaluate a guess for the consistency parameterwhich will then be updated by a corrector
step in order to reach the exit criteria of "qe 0. The update of the active set can be realized by
applying a step function to the obtained volume fractions during each step of the calculation. After
that, a re-normalization is necessary.

2.4.2 Implementation into the nite element method

We implement the micomechanical model for polycrystalline shape memory alloys into the nite
element program FEAP, [1]. The method is used to minimize the well know potential

s ™dv g u fdv Sg U tdA  min (2.24)

with the body's volume , the free energy '® from (2.10), the displacementsu, the body forces f
and the traction vector t. Minimization yields

Ry, s BT ~dVv g N, fdv S@NutdA!O: (2.25)

Again, in (2.25) the notation of [132] is applied. N , denotes the shape functionsB the operator
matrix connecting displacements and strain and the stress. The stress can be calculated according to

rel
@ Ce ™ . (2.26)

@ ¢
from which the tangent matrix needed for the Newton algorithm can be calculated in a straightforward
way.

The common Gau integration is applied wherefore the material model has to be evaluated for every
Gau point. Then the strain calculated by the nite element approach is used to calculate the resulting
stresses and tangent operator matrix, Ce , with updated volume fractions . The stresses and the
tangent operator matrix form then the basis for an iteration step within the nite element code. If
the residual is small enough the global load is increased further.



2.5 Results 27

2.5 Results

2.5.1 Finite element calculations

The following plots show the results obtained from a mesh consisting of 1712 elements. We use one
layer of hexahedral elements through the specimen thickness in order to impose plane stress conditions.
From the point of view of the material model the calculation is completely three dimensional. For each
element, we use eight Gau points and tri-linear shape functions. The number of orientations within
the nite element calculation was set to 100 which yields representative results as shown in [70]. We
present results for exemplary problems without pre-texture (the exponentq in formula (2.6) was set

to zero) and with pre-texture (q 2). In this case we nd a higher number of crystallites which are
orientated in direction of the longitudinal axis of the specimen (et "1; 0;0¢).

As material data, we use the transformation strains and elastic constants for CUAINi [163]. The elastic
constants for the austenite and the martensite phases in Mehrabadi-Cowin notation are

' 142:38 124:10 124:10 0 0 0

12410 142:38 12410 O 0 =
Z124:10 124:10 142:38 0 0 0=

Caust = —GPa (2.27)
Z 0 0 0 9524 0 0=
-0 0 0 0 9524 0—
"0 0 0 0 0 9524

and

' 184:46 140:41 70:09 0 0 0"
140141 151:45 86:83 0 0 —
Z70:09 86:83 23858 0 0 0=

Cmat = —GPa: (2.28)
- 0 0 0 66:39 0 0—
- 0 0 0 0 2285 0—
"0 0 0 0 0 6055

The transformation strains for the six martensite variants are summarized in Table 2.1, with
0:0657501, 0:0810031 and  0:0239604. The transformation strain of austenite is equal to zero.

The pseudo-elastic results were computed using ; 0:025 GPa for the chemical energy of the
austenite phase and a dissipation coe cientr 0:012 GPa.

As boundary conditions, we prescribe the displacements ix direction (longitudinal) at one side of
the body, while we enforce zero displacements at the other edge i and y direction.

Results shown in Fig. 2.1 and 2.2 present the average volume fraction of dierent phases {
Ple ! Ji), namely that of the austenite phase and the martensite 3 phase, respectively. For each
Gau point, the volume fractions of all variants are averaged over theN 100 orientations. The red
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Figure 2.1: Average volume fraction during tension and compression of the austenite phasep.
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t=1 t=502
t=119 t=652
t=164 t=751
t=204 =866
t=250 t=1000
t=368

t=433

Figure 2.2: Average volume fraction during tension and compression of the martensite 3 phases.
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Table 2.1: Transformation strains of the di erent martensite variants.

o o 0 0" ' 0
120 5 7= 20 5 5= 5 20 0=
05 5 05 "2 0 &
7 0 - = O - = O
. =0 0= 5 =5 — 0= § = — 0=
:To 2-_ 3 0 . "0 0 .

displacemet

Figure 2.3: Load displacement curve for specimens with di erent pre-texture.

color indicates 100 percent of the speci ¢ phase, where the blue color coincides with zero percentage
volume fraction. The minimum value for the austenitic phase is 11.4 %, the maximum value for
the mastensitic 3 phase is 12.8 %. The evolution of the volume fractions show asymmetric behavior
between tension and compression. Furthermore, the phase transition takes place in the part of the
specimen where the maximum stresses occur. Interestingly the transformation starts in the shoulders
of the specimen due to geometrically expected stress peaks. But in contrast to experimental results
the subsequent transition takes place very homogeneously distributed over the geometry. The volume
fractions of all phases are changing in the middle part of the body with a constant rate over space
during tension and compression. Although front like transformations are observed in experiments, the
global material reaction is mapped quite well which can be seen from the load-displacement curve,
Fig. 2.3.

In Fig. 2.3 we show the average load-displacement curve. The dashed line represents the results for the
same geometry under the same boundary conditions, but with a pre-texture. The preferred direction
of the orientations is assumed to be parallel to the longitudinal axis of the specimen.

In contrast to the deviation of the phase distribution from experimentally observed behavior, the
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Figure 2.4: Distribution of the average austenitic phase (o) in a rectangular plate with centered hole
at maximum load without (left) and with pre-texture (right).

resulting load-displacement diagrams display the typical characteristics of shape memory alloys. We
see rst the linear, pure austenitic material response when no transformation occurs. After reaching
a critical point the curve runs parallel to the x axes. This phenomenon, which is characteristic for
shape-memory alloys, is observed during the transition from the austenitic to martensitic state. During
unloading the occurring load reduces linearly again which is expected since in the rst part of the
unloading no transformation takes place. Analogously to the behavior during loading, again a critical
point is reached and the martensite starts to change to austenite. In contrast to the loading state,
during unloading we do not see the curve running parallel to thex axes, but having a small slope.
The slope of the curve increases as the deformation tends to zero. We still have, although relatively
small, residual stress when the deformation equals zero. During compression a similar, but asymmetric
behavior can be observed.

The application of a pre-texture has only a small in uence on the occurring reaction force. Main
di erences can be found in the elastic region since the e ective stinessC, is calculated with a set
of C’i which is orientated in a stronger way in the direction of the tension axes.

Additionally to the presented numerical results for a dog-bone shaped specimen under tension we
investigate a rectangular plate with central hole which will exhibit more inhomogeneous stress states.
The plate is xed at the left hand side and pulled at the right hand side. We show the distribution

of austenite and the maximum principal stress in the left hand sides of Fig. 2.4 and 2.5, respectively.
As material parameters we use 0:045 GPa and r 0:002 GPa. Here, the distribution of stress
is naturally more complicated in comparison to the basically one-dimensional stress state in tension
tests. As expected stress peaks occur in the vicinity to the hole. Perpendicular to the horizontal
direction the maximum principal stress is the highest. This is why phase transformations start here.
At the maximum load the austenite vanishes with exception of an amount of approximately 9%.

On the right hand sides of Fig. 2.4 and 2.5 we present numerical results for a geometrically identical
plate but now with a presumed pre-texture, q 2. The distributions of austenite content and stress
are similar. However, the transformed zone is larger compared to the case without pre-texture which
causes that the residual austenite is higher in the case with pre-texture. Same observations are valid
for the stress which is slightly more concentrated but has higher absolute values in the case with
pre-texture.
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Figure 2.5: Distribution of the maximum principal stress in a rectangular plate with centered hole at
maximum load without (left) and with pre-texture (right).
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Figure 2.6: Polar plot in "1; 0;0e-direction of the orientation distribution of martensite without (left)
and with (right) pre-texure ( N 10;000).

2.5.2 Calculation of the orientation distribution

In order to save computing-time the nite-element calculations in the preceeding section have been

performed with a small number of grains assumed in the material model. However, the stress-strain-
behavior does not vary signi cantly between 100 and 10,000 orientations as can be seen from Fig.
2.7. This fact allows us to calculate detailed orientation-distributions in a post-processing step using

a much higher number of grains.

The pole gures displayed in Fig. 2.8 and 2.9 are obtained from a succeeding calculation on the material
point level with 10,000 orientations and the strains received from the nite element calculation for the
dog-bone shaped tension test. The corresponding element is located in the center of the specimen. A
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500"

002 004
- N=100

— N=1000C

Figure 2.7: Comparison between stress-strain curves witiN 100 (used in FE calculation) and
N  10;000 (used in subsequent calculation for the pole gures) orientations. indicates the load
state.

polar plotin ™1; 0;0--direction of the orientation distribution of martensite for the case of a pre-texture
with g Oandq 2 is given in Fig. 2.6. Plotted are representative points scaled with their volume
fraction on the unit sphere.

In Fig. 2.8, the pole gures for the austenite phase for di erent pre-textures are shown in a comparative
way, while Fig. 2.9 presents the pole gures for the martensite 3 phase. For all diagrams the rst,
third and last plot refer to zero prescribed displacement. The second plot indicates the distribution
of preferred evolution directions at the end of the tension state whereas the fourth plot refers to the
compression state. As already observed for the phase distribution, the pole gures show an asymmetric
behavior during tension and compression. The pre-texture does not have a signi cant in uence on the
directions in which the evolution takes place.

Fig. 2.10 shows the pole gures without any pre-texture,q O for the rectangular plate with hole. On
the left hand side the results are given for an element located at the 12 o'clock position directly next
to the hole. On the right hand side we present pole gures for the element again at the 12 o'clock
position but this time with some distance to the hole. As expected the pole gures show a quite
di erent behavior since the stress state di ers. Most phase transformations are observed in directions
which have an 'inclined' orientation with respect to the reference coordinate system.

To complete the analysis of re-orientation we present pole gures for the same elements in the plate
as before but now for a calculation with some assumed pre-texture (q 2), Fig.2.11. The results are
comparable to the previous results without any pre-texture. In the case of a prescribed pre-texture
the general reorientation demonstrated by the pole gures in Fig. 2.10 is more pronounced.
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Figure 2.8: Pole gures for the austenite phase without (q 0, left) and with (q 2, right) pre-texture
at the time points t "1; 250;500;750;1000¢ (from top to bottom).
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Figure 2.9: Pole gures for the martensite 3 phase without @ O, left) and with (g 2, right)

pre-texture at the time points t

"1; 250;500;750;1000e (from top to bottom).
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Figure 2.10: Pole gures for the austenite (top) and martensite 3 (bottom) without pre-texture for the
12 o'clock directly next to the hole (left) and with some distance to the hole (right) in a rectangular
plate at maximum load without pre-texture.

Figure 2.11: Pole gures for the austenite (top) and martensite 3 (bottom) without pre-texture for the
12 o'clock directly next to the hole (left) and with some distance to the hole (right) in a rectangular
plate at maximum load with some pre-texture.
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