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Kurzfassung

In dieser Arbeit wird die Anwendung der Full-Waveform Inversion (FWI) in einer Tunnelum-
gebung untersucht. Genauer gesagt wird versucht, Objekte zu erkennen, die unter Verwendung
der FWI unterschiedliche mechanische Materialeigenschaften aufweisen als der Rest der Tun-
nelumgebung.

Die Vorhersage der geologischen Struktur vor einem Tunnel erfolgt in der Regel durch die Lauf
der ersten re ektierten Wellen, die aufgrund von geologischemMderungen zemckprallen.

FWI verlasst sich nicht nur auf die ersten angekommenen re ektierten Wellen, sondern auf
alle auftreffenden Wellen aller Amplituden. Um ein FWI Problem esen, wird der Unter-
schied zwischen den berechneten und realen Modellen minimiert. Die Minimierung wird durch
Ausfahren einer gro en Anzahl von Vorarts-Simulationen erzielt. Aus diesem Grund ist es
sehr wichtig, ein pmzises Vonartsmodell aufzustellen. Re ektierendeafer sind eines der
Hindernisse, die in einem Tunnelmode#ihrer angegangen werdemgsen. Wir verwenden die
Technik der Perfectly Matched Layers (PML), die eine sehr beliebte Tecandbsorbierende
Rander ist und in unserem Modell sehr effektiv scheint. Die \data+Modelle werden mit Hilfe

der Finite-Elemente-Methodasherer Ordnung gekt. Dabei sind Polynomesherer Ordnung
erforderlich, um die Wellen gizise modellieren zudanen.

Um die Vorwartsmodelle zu testen, wird die numerisclgsung mit einem analytischen Modell

und mit Modellen aus einem allgemein anerkannten Programm der Geophysik-Community ver-
glichen. Zur Vereinfachung wird zachst mit der akustischen Wellengleichung begonnen, die
lediglich Druckwellen bascksichtigt. Als mchstes werden realistischere Komponenten wie bei-
spielsweise inhomogenedhpfung- und Dichteverteilungen zum Vaartsmodell hinzugesgt.
Darmgber hinaus wird die elastische Wellengleichung in Betracht gezogen, weil sie Druck-, und
Scher- und Oberachenwellen beinhaltet, dierfden Grundbau realistischer sind.

Die Wellengleichung wird im Frequenzbereichgsl Diskrete Fourier-Transformationstechniken
werden eingesetzt, um die Wellenformen im Zeitbereich zu erkennen. Auf diese Weise kann
festgestellt werden, wie stark diegite ektion aus den absorbierenden Randbedingungen ist.
Die Modellierung von Wellen im Frequenzbereich hat beigsén des Vorartsmodells einen
Rechennachteil im Vergleich zu einigen Methoden im Zeitbereich. Allerdings bietet die Model-
lierung im Frequenzbereich Flexibdit, um die Antwort eines Systems bei einer bestimmten
diskreten Frequenz zu betrachten. Diese Flexdtilrereinfacht das inverse Problem und infol-
gedessen kann ein besseres Inversionsergebnis erzielt werden.

Meist wird das CG-Verfahren verwendet, um die Zielfunktion zu minimieren, welche die Dif-
ferenz zwischen dem berechneten und realen Model beschreibt. Allerdings wird sowohl die
Methode des steilsten Abstiegs als auch das PCG-Verfahren in dieser Arbeit verwendet. Beim
Aufstellen des inversen Problemsgssen zuachst wichtige Faktoren, wie der Frequenz-Satz
und die Quelle-Emginger-Kon guration abgearbeitet werden. Es wird versucht, optimale und
praktische Optionen auszavlen und gleichzeitig ein gut gestelltes inverses Problem zu erhal-
ten. Die Positionen der Quelle-Engpfger-Standpunkte mssen mit Bedacht ausgatlt wer-

den. Sie n@ssen an erreichbaren Orten platziert werden. Obwohl sie in einem Computermodell
an jedem beliebigen Ort platziert werdearken, werden sie nur an bestimmten Stellen ge-
setzt, um die Feldarbeit praktischer und kostergiiger zu gestalten. Auf diese Weise kann
auf zusitzliche Bohrungen verzichtet werden. Die Standorte und die Anzahl dersaggaf

sind entscheidendaf die Wohlgestelltheit des inversen Problems. Sassen an jenen Orten



angebracht werden, an denen sie ausreichend Re exionen der geologiscAedevangen an-
fangen lgnnen. Sonstdite die Systemantwort nicht gegend Informationember die geologi-
sche Gegebenheit und das inverse Problarevinkorrekt gestellt. In dieser Arbeit werden die
Standorte und die Anzahl der Quelle-Emp§er-Standpunkte untersucht. Ferner wird versucht,
die Standpunkte so zagglich wie neglich und deren Anzahl so gering wieaglich zu halten,
und damit das bestagliche Ergebnis mit dem geringsten Aufwand zu erziehen.



Summary

In this work, we investigate the application of full waveform inversion (FWI) in a tunnel en-
vironment. More precisely, we try to detect objects which have different mechanical material
properties than the rest of the tunnel domain by using FWI. Predicting the geological structure
ahead of a tunnel is done usually by the traveltimes of the rst re ected waves bounced back
from the geological changes. FWI relies on not only rst arrivals of the re ected waves, but all
arrivals and amplitudes of all waves.

To solve an FWI problem, the difference between the computer and real models has to be
minimized. The minimization task is carried out by performing many forward simulations. For
this reason, it is very crucial to have a precise forward model. Re ecting boundaries are one of
the obstacles which must be tackled in a tunnel model. We use perfectly matched layers (PML)
technique which is recently very popular absorbing boundary technique and they turn out to
be very effective in our model. The forward models are solved by higher-order nite element
method because high order polynomials are required to model the waves precisely.

To test the forward models, we compared the numerical solutions with the analytical models
and the models in a well-accepted program in the geophysics community. For the sake of sim-
plicity, we start with the acoustic wave equation which accounts only for pressure waves. Next,
more realistic elements, such as inhomogeneous attenuation and density elds, are added to the
forward model. Furthermore, the elastic wave equation is taken into consideration because it
accounts for pressure, shear, and surface waves which are more realistic for soils.

We solve the wave equation in the frequency domain. Discrete Fourier transformation techni-
gues are deployed to see the waveforms in the time domain. This way, it can be observed how
much spurious re ection is bounced back from the absorbing boundaries. Frequency domain
modelling of waves has a computational drawback in solving the forward model compared to
the time domain modelling. However, it provides exibility to observe the response of a system
at a speci c discrete frequency. Moreover, in an inversion simulation, this exibility plays an
important role as the inverse model can be inverted over a speci ¢ set of discrete frequencies.
This exibility makes the simpli cation of the inverse problem easier and as a result, a better
inversion result can be obtained.

We mostly use the conjugate gradient method to minimize the penalty function which describes
the difference between the computer and real models. However, steepest descent and precondi-
tioned conjugate gradient methods are also used throughout this work. There are certain issues
which must be done precisely while setting up the inverse problem such as frequency set and
source/receiver con guration. We try to choose optimal and practical options and at the same
time, to have a well-posed inverse problem. The locations of the source/receiver points must
be carefully chosen; they must be placed at reachable locations. Although they can be placed
anywhere in a computer model, they can only be at certain locations to make the eld work
more practical and less expensive such that there is no need to make a borehole. Their locations
and numbers are decisive on well-posedness of the inverse problem. They have to be at such
locations that the receivers can catch enough re ection from the geological changes. Otherwise,
the system response would not have enough information about the geology of the domain and
the inverse problem would become ill-posed. We investigate the locations and numbers of sour-
ce/receiver points and try to keep them as practical and as few as possible and try to produce
the best possible result at the same time.






Abbildungsverzeichnis

[2.1 Stress/strain relationship in brittle and ductile materials . . . . . . . ... . .. 8
(2.2 Bodywaves . . . . . ... e e e e 10
2.3 Surfacewaves . . . . . ... 11
2.4 P- and SV-waves at solid-solid interface . . . . . . ... ... ... ... ... 12
[3.1 Perfectly-matchedlayer (PML) . . . . . . .. ... ... ... .. .. ..... 21
4.1 Rickerfunctioninthetimedomain . . . .. .. .. ... ... ......... 27
4.2 Ricker functioninthe frequency domgin . . . . . . .. .. ... ........ 28
4.3 Seismogramwitharapidstop. . . .. ... .. ... .. . ... . . ... ... 31
4.4 Sample window function . . . . . . . .. 32
4.5 Seismogram multiplied with the window function . . . . . . . . .. ... ... 32
5.1 Lagrange (Ieft column) and Hierarchical (right column) shape fun¢tions . . . . 41
[6.1 Gradients with the adjoint and functional approaches. . . . . .. ... ... .. 49
6.2 Globalandlocalminima . . . . .. .. ... ... . .. ... .. ... ... 50
6.3 Minimization (optimization) process . . . . . . . . . . . . ... 55
[7.1 Acoustichalf-spate . . . ... . ... . . . ... o 60
[/.2 Wave elds In the acoustic halt-space with|[FE . . . . . ... ... .. ... .. 60
[7.3  Comparison of FE and analytical solutions overlines . . . ... ... ... .. 61
[7.4 Norm of FE result and norm of the difference btw. FE and analytical results . . 62
[/.o Comparison of FE and analytical solutions over a frequencyjrange . . . . . . . 63
[7.6 Pressure wave elds in the tunnel by FE, homogeneous velocity eld . . . . . . 64
[7.7 Pressure wave elds in the tunnel by FE, homogeneous velocity eld . . . . . . 65
[/.8 Source/recelverconguratipn . . . . . . . . ... Lo 65
[7.9 Comparison between the time and frequency domainmjodels . . . . . .. ... 66
[7.10 Inhomogeneousvelocity €ld . . . . . .. ... ... ... ... ... ..... 67
[7.11 Wave elds from homogeneous and inhomogeneous mjodels . . . . . .. .. .. 67
[7.12 Attenuation in a half-spaceexample . . . . . ... ... .. ... ... .... 68
[/.13 Viscoacoustic wave elds inhalf-space . . . . ... ... ... ... ...... 68
[7.14 Attenuation at receivers over a frequency intérval . . . . ... ... ... ... 69
[/.15 Viscosity Inuenceonwaveelds . . . . . .. .. ... ... ... ... 70
[7.16 Tn uence of inhomogeneous densityonwave élds . . . . . . ... ... ... 71
[7.17 Tn uence of inhomogeneous attenuationonwavekglds . . ... ... ... .. 72
[7.18 3D full-space, pressurewave elds . . . .. ... ... ... ... ....... 73
[7.19 3D half-space, pressurewaveélds . . . . .. ... .. ... .......... 74
[7.20 3D tunnel, pressurewave eéld . . . . . . . ... ... ... ... .. ... 75
[7.21 2D elastic tunnel source/receiverconguration. . . . . . . . . ... ... ... 76
[/.22 2D elastic tunnel seismograms . . . . . . .. ... ... .. ... L. 77
[/.23 Seismograms atpoint20 . . . . . . . . . . . ... 78




[3.2 Source/recelvercongurations . . . . . . . . . . ... e e 80

3.3 Resultant velocity elds; searchfar. . . . .. ... ... .. ......... 82

8.4 Resultantvelocity elds;searchfes| . . ... ................. 83

8.5 #1, mistfunctional vs iteration,logscale . . . ... .. ... ......... 84
[8.6 #1, norm of the gradient vsiteration,fogs¢ale . . . . . . ... ... ... ... 84
[c.7 #1, velocity distribution over the verticalcuts . . . . . . .. ... ... .... 85
[8.8 Comparison among experiments #7,#8, and #11, mis t function vs iteration . . 88
[8.9 Comparison among experiments #7,#8, and #11, norm of gradient vs iteration . 89
[8.10 Scenario 2, syntheticvelocity eld . . . . .. .. ... ... ... ....... 90
[B.11 Reconstructedvelocity elds . . . . . ... .. ... ... ... ... ..., 91
[8.12 Resultant velocity elds using higher frequenties . . . . .. . ... ... ... 92
[8.13 Velocity distribution over vertical line passing through the tringle . . . . . . . 93
.14 CGvs SD, mistfunctionvsiteration . . . . . . . . . . ... .. ... .. .. 94
[8.15 CGvs SD, norm of gradientvs iteration . . . . . .. ... ... ........ 95
[6.16 Sourcefreceiversefup . . . . . . . . . 96
[8.17 Reconstructed velocity elds . . . . . .. ... ... ... ... ... .. ... 97
[8.18 BIind test, source/receiver con guration (scenarjol1l) . .. .. .. .. ... .. 98
[8.19 Wave elds at the receivers, sousk(scenariol) . . . .. ... .. ... ... 99
[8.20 Wave elds at the receivers, sous®(scenariol) . . . . . .. ... ... ... 100
[8.21 Wave elds at the receivers, sous®(scenariol) . . . . ... ... ... ... 101
[8.22 Reconstructed velocity elds after certain frequencies (scengriol) . . . . . .. 102
[8.23 Blind test synthetic model(scenario 1) . . . . . .. ... ... ......... 103
[8.24 Vertical velocity distributions through the center of the objects (scenario1l) . . 104
[8.25 BIind test, source/receiver con guration (scenarfjo2) . . ... ... .. .. .. 105
[B.26 Scenariol2 . . . . . .. 105
[B.27 Scenariol3 . . . . . . 106
[8.28 Scenariold . . . . . .. 107
[8.29 Scenariols . . . . . .. e 107
[8.30 Wave elds at receivers, soursgé (scenario3) . . . . . ... ... ....... 108
[8.31 Scenario 5, wave elds at receivers, sows2éscenariod) . . . . . . .. .. .. 109
[8.32 Scenario 5, wave elds at receivers, sowsg8éscenariod) . . . . . . ... ... 110
[8.33 Inversion of viscoacoustic waves, hali-space example . . . . . ... ... ... 112
[8.34 Inversion of viscoacoustic waves, tunnelmpdel . . . . ... ... ... .... 113
[8.35 3D half-space syntheticvelocity eld . . . . . . .. ... .. ... ....... 114
[8.36 MistFunctionvs lteration . . . . . . . ... .. ... Lo 115
[6.3/ Norm of gradientvsiteration . . . . . . . . . ... ... ... ... ..., 116
[8.38 Reconstructedvelocity €ld . . . ... ... ... ... ... ... ... ... 117
[8.39 3D acoustic tunnel, syntheticvelocity éld . . . . ... .. ... ........ 118
[8.40 Reconstructedvelocity €ld . . . ... .. ... ... ... ... .. .. ... 118
[8.41 Synthetic mode] . . . . . . . . . ... 119
[8.42 after inversion over each frequency group . . . . . . . . . . . . ... ... 120
[8.43 Reconstructed with the second conguration . . . . . . . ... ... .. ... 121
[8.44 Reconstructedand | . . . . . . . . .. 121

[8.45 Searchfor, ,and ;reconstructed|. . . . . ... ... ... ........ 122




Xi

Tabellenverzeichnis







Xiii

Inhaltsverzeichnis

1 Introduction |

2 \Waves!

21 Waves in earth

[2.1.1 Linear elastic theory and Hooke’s [aw

[2.2 Categorization of waves

[2.2.1  Body waves

2.2.2 i

2.4 Boundarigs

[2.4.1 Re ecting boundaries

[2.4.2  Absorbing boundaries

|3 Absorbing boundaries |

(3.1 Paraxial approximations

[5.2 Pertectly-matched layers

[5  Numerical methods for wave equations |

6.1 Finite element method (FEM)

(.1.1 Weak Formulation of the Acoustic Equation

[(.1.2  Weak Formulation of the Elastic Equation

(.1.3~ Shape Functions

6 Seismic inversion |

[6.1  Full waveform inversion (FW|I)

6.1.1

De nition of the inverse problem in the frequency domain

6.1.2

Discrete approach and discrete adjoint method

6.1.3

6.1.4

6.1.5

WaVeS . . . . . o e e e
[2.2.3 Re ecfion and refraction of waves at free boundaries
[2.3 Wave equations
[2.3.1 Elastic wave equatipn
[2.3.2  Acoustic wave equatipn

[3.2.1  Perfectly-Matched Layers (PML) in Acoustic Wave Equation
[3.2.2  Perfectly-Matched Layers (PML) in Elastic Wave Equation

Continuous approach and functional gradlient . . . . . . . .
Relation between discrete and continuous gradlients . . . .
Comparison of the discrete and continuous gradients . . .
[6.2 Important concepts of an inverse problem



Xiv Inhaltsverzeichnis
0.5 Minimization methods . . . . . . . . .. ... .. 53
[6.3.1 Steepestdescentmethod . . .. ... ... .. ... .......... 55
6.32 Newtonsmethdd . . . . .. ... ... .. ... . ... ... ... 55
[6.3.3 Generalized conjugate gradientmethod . . . . . .. ... ... .... 56
[6.3.4  Pre-conditioned conjugate gradientmethod . . . . .. ... ... ... 57
[/ Forward modelling: Numerical experiments and veri cation | 59
(/.1 2D acoustichalf-space . .. ... ... ... . . . ... . ... . .. 59
[7.2 2D acoustictunnlel . . . . .. . . . . . .. 64
[/.2.1 Veri cation of the model with Specfem software . . . . . . ... ... 64
[/.3 2D viscoacoustic half-space . . . . . . . . . . .. ... . ... ... 67
7.4 2D vi ictundel . . . . . .. .. 69
[7.5 3D acoustic forward simulationresuilts . . . . . . . .. ... ... .. ..... 72
[7.5.1 3D half-space and veri cation of the code with the analytical solution . 72
[7.5.2 3D acoustictunnelmodel. . . . ... ... ... .. .......... 75
[7.6 2D elasticforwardmodel . . . . . ... ... ... . ... 75
[7.6.1 Veri cation of the 2D elastic tunnel model with Spectem softyare . . . 75
[8  Application of Full Waveform Inversion | 79
.1 Inversion ot 2D ICWAVES . . . . o e e e e e e e e e 79
B.1.1 Scenarioll. . . . .. .. . . . 79
[8.1.2 Scenariol2. . . . .. . . e 89
8.2 Blind test on the 2D acoustic tunnelmadel . . . . . . ... ... ... ..... 97
.21 Scenarioll. . . . . . . ... 98
B.22 Scenariol2. . ... ... .. 105
.23 Scenariol3. . . . . ... 106
[8.24 Scenarlold . . . . . . . 106
B.25 ScenarolS. . . . . .. 107
6.3 Inversion of 2D viscoacoustiCwaves . . . . . . . . . . . .. 111
[6.3.1 Experimentinahali-space . . . . ... ... ... ... ........ 111
[8.3.2 Experimentinatunnelmodel . ... .................. 112
8.4 Inversionof 3D acousticwaves . . . . . . . . .. ... ... 113
[68.4.1 3D acoustic half-space experiment . . . . . . . ... ... ... .... 113
[6.4.2 3D acoustic tunnel experiment . . . . . . ... ... L 117
6.0 Inversionof 2D elasticwaves . . . . . . . .. . . .. ... 118
nclusions an look 123



1 Introduction

This work is a part of the project SFB 837 whose aim is to research on various aspects of tun-
neling process. This project has a few millions euro budget and dozens of employees who carry
out investigation on a variety of issues in tunneling. SFB 837 is divided into several subpro-
jects and this work is done under umbrella of subproject A2. The main goal of this subproject
is to use full waveform inversion to detect anomalies and obstacles ahead of a tunnel. These
anomalies can be fracture zones, erratic rocks, cavities, faults, or other geological structures.

Since the mankind started civilizing, they have been building different structures to support the
daily life. Very surprisingly, they even built tunnels thousands of years ago which can be called
an engineering miracle considering the fact that not much technology was available in those
days. An example of such an ancient tunnel was found beneath the ancient city Teotihuacan in
Mexico.

Nowadays, technology is growing very fast in all branches and we can see its effect also in
tunneling. With growing population of countries, governments try to nd optimal solutions to
traf c and transportation. Big cities are becoming so condense that solution above the ground
is not an option in some cases. For this reason, nding the solution under the ground becomes
more attractive solution especially in urban areas. This is a common practice in the world,
especially in developed countries. As an example, Karlsruhe, Germany, can be mentioned. The
city is designed to handle more traf ¢ with underground transportation and it is done smoothly
in the city center by not blocking the traf c ow.

Tunnels are not implemented only to resolve traf c problems in big cities. They are implemen-
ted also when the landscape blocks the traf c. Mountain can be an example for such a landscape,
and tunnels, in some cases, are the best option to create a traf ¢ connection between the areas
divided by the mountain. Such a solution saves a lot of energy because vehicles consume a lot
more fuel going up a hill and a tunnel can connect two points with a straight line with almost
no altitude difference. Furthermore, such shortcuts decrease accident risks, especially in bad
weather conditions, and make the journey shorter and painless. Mont Cenis Tunnel is one of
many tunnels in the Alps which can be mentioned as an example to the tunnels in mountains.

Another landscape which can block the land traf ¢ is water. Underwater tunnels unite the land
traf c of two pieces of lands separated by water. For example, there is a long tunnel from
France to United Kingdom which combines the European continent with the British Isles, and
eases traf ¢ and transportation problems signi cantly. The dimensions of the tunnel and the
depth of water above it says a lot about how enormous the engineering structure is; it is about
50 km long and it is about 100 meters below the water surface.

With the growing technology, tunneling process has been becoming easier, especially over few
decades. Previously, the only option to build tunnels was conventional methods. The method
has been improved enormously by time and still protects its validity. This method consists of
drilling and blasting with explosives. Low cost prior to construction, possibility to replace fai-
ling equipments easily, variable response to fracture zone are advantages of the conventional
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tunnel construction. However, the drawbacks are low safety, slow tunneling progress and inten-
sive effort in lining. Apart from this, this method cannot be applied in all types of soil; it can be
used in hard rocks, whereas it is almost impossible to use it in soft soil.

In some cases, the conventional methods are replaced by mechanical tunneling which is very
new method and which takes advantage of growing technology a lot. Very sophisticated tunnel
boring machines (TBM) are produced which eases and speeds up the whole process of tunnel
excavation and construction. Each TBM is designed to a single tunnel diameter and a speci c
geological structure, which are drawbacks of TBMs. High cost prior to the tunneling, high
maintenance costs, and the fact that damage to the TBM stops the whole construction process
are other disadvantages of TBMs. Despite the disadvantages, it has big preferable advantages
such as high safety, fast progress in construction, low lining effort, low construction costs in the
construction of long tunnels, and ability to deal with dif cult geological structures including
both soft and hard rocks, [Jetschny, 2010].

In case of long tunnels, with big diameters mechanical, or automated, tunneling is a very at-
tractive choice when other advantages of this process are also taken into account. Since sudden
changes in the geological structure of the ground, such as fault zones and caverns, during ex-
cavation can damage the TBMs, it becomes very crucial to gure out the ahead of the tunnel.
Damage to TBM causes a delay in the construction. Any delay in the process costs money and
time, as tunnel boring machine is very expensive and as it is important to keep the machine
functional during its stay at the construction site. In other words, if the work delays at the con-
struction site, the money spent for the machines and employees in the meantime is loss of the
company. Once an anomaly is detected few dozens of meters ahead of tunnel, a measure can be
taken before reaching that area, which, in return, will prevent money and time loss. Furthermo-
re, some anomalies in the ground may cause big settlements on the surface which can damage
structures on the ground. Thus, detecting anomalies ahead of tunnel is very important not only
in terms of money and time, but also in terms of safety of people and structures. It again prevents
big money loss along with human lives and health which are more important than money. Sear-
ching for anomalies can also be important in the case of conventional tunneling. For example,
several seismic survey were performed during the construction of the Centovalli railway tunnel,
[Sattel et al., 1992]. The tunnel was excavated through gneiss rock mass which is overlain by
unconsolidated moraine deposits. If the tunnel intersected the moraine deposit suddenly at a
low angle, the mining work and the tunnel could have been hazarded. Moreover, the city area
of Locarno could have been imposed to high settlements.

If the geological structure is known, the solution to the wave propagation is unique; this is a
direct or a forward problem. On the other hand, the problem is called an inverse problem if
the wave response of the system is known and the geological structure is sought. In contrast to
forward problems, inverse problems usually suffer non-unique solutions; there can be several
possible solutions to an inverse problem. Seismic surveying is important in tunneling to localize
the anomalies ahead of tunnel. To do so, sources and receivers are required. Sources are points
where the vibrations are triggered and the seismograms are read by geophones which we call
receiver points. Source can be triggered by a small explosion, a sledgehammer, or by TBM
itself. In theory, source and receiving geophones can be places in any location. Nevertheless, it
is only practical to place those points at certain locations. For example, in some applications,
geophone array is placed in a borehole whose cost is high. In some cases, it is even not practical
to make boreholes when a tunnel is constructed in urban areas such as crowded city centers.
It becomes dif cult to place geophones at locations deep below the surface. When it comes to
sources, it is not always practical to excite vibration by explosion, especially in urban places.



In other words, in real world application, we have restrictions over the locations of source and
receiver geophones.

The waves start propagating in the ground as soon as the source is red. They propagate in

form of pressure and shear waves. At the boundaries of different materials, some of the energy
is re ected back and some are refracted. The refracted waves continue moving forward. Some

energy is even transformed into surface waves. The seismograms become chaotic by all kinds of
re ected and refracted waves which are superposed in a single seismogram. The chaos is even
bigger with higher degree of heterogeneity of the medium.

To do so, ef cient geophysical techniques are used in the industry. Some very interesting me-
thods and results are presented|in [Ashida, 2001], [Kneib et al.] 2000], [Jetschny et al., 2011]
and [Yamamoto et al., 2011], which all rely on the seismic surveying. Furthermore, [Miro, 2012]
use the static displacement response at the surface to identify the ground model in the case
of some special ground model scenarios. Mostly, in tunneling applications, seismic migration
techniques, which rely mainly on traveltimes of re ected and refracted waves, are used. The
restrictions over the locations of the sources and the receiver geophones increase the ambiguity
of the inverse problem even more. The idea of this work is based on to reduce the ambiguity of
seismic inverse problems in tunneling applications. We aim to do it by having an input which
contains more than traveltime information. We plan to achieve it with the help of full waveform
(FWI) technique.

Full waveform inversion is the seismic inversion technique that we utilize throughout this work.
From 1980s, Tarantola [Tarantola, 1984], [Tarantola, 1987] is one of the main pioneers of FWI.
[Nguyen, 2015] investigates the application of FWI in a tunnel model in the case of some spe-
ci ¢ ground model scenarios. The goal of FWI is to t the computer seismograms and observed
seismograms in a rigorous sense. In contrast to migration techniques, FWI tries to t not only
traveltimes, but also amplitudes of seismograms thru an iterative process which runs till the
de ned convergence criteria is satis ed. Although computational cost of FWI is high, it takes
advantage of full waveforms that carry a lot more information than only traveltimes. This fact
brings advantages as well as drawbacks. A lot of information can end up with a more precise
geological image. However, the advantage comes with a price and the abundance of the infor-
mation increases the nonlinearity of the inverse problem. According to [Ajo-Franklin} 2005],
inversion in frequency domain may decrease the non-linearity of the problem. There are several
groups of discrete frequencies that are sorted in increasing order. The inverse problem is in-
verted over the frequency groups starting from the smallest group up to the highest group. The
results of lower frequencies are used as an initial model of higher frequencies. The non-linearity
of the inverse problem in high frequencies is tackled by an initial model which is closer to the
global solution. This fact is our main motivation to solve the inverse problem in the frequency
domain.

An inverse process is nothing else but a big bunch of forward processes. That is why the rst
step of a feasible and successful inversion is a right forward model. We start with the simplest
case and improve the forward model by integrating real-world effects into the model. We in-
vestigate acoustic waves in 2 dimensional space and later, extend it to 3D. We add viscosity
effect to the acoustic equation to make the model more realistic as no material is attenuation
free. Only for some models, such as small scale model consisting of hard rock, the effect of
attenuation is negligible. Since we work in the frequency domain, we use Kolsky-Futterman
model, [Kolsky, 1956],[[Futterman, 1962], which replaces velocity eld with a complex veloci-

ty. In this case we also take the effect of inhomogeneity of density eld. In this case, we search
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not only for velocity eld, but also for density eld simultaneously. The inverse problem beco-
mes more complicated as number of sought elds increase. We try to search for 2 and 3 elds
simultaneously by using FWI.

It is important to mention that acoustic waves accounts for only P-waves. This is completely
true for uids. However, ground is solid and it has P-waves and S-waves. It even has surface,
Rayleigh and Love, waves at the surface and at the interface of different layers. Acoustic waves
are a good start and it can be applied to real world problems if P-waves are extracted from the
seismograms. However, elastic wave equation describes the response of the earth a lot more pre-
cise. For this purpose, after obtaining successful acoustic model, we also investigate the elastic
wave equation in the tunnel domain and try to model elastic waves appropriately. Furthermore,
we run inverse simulation to search for Larparameters as well as density eld. The inverse
problem becomes complicated here too since the number of sought elds is more than one.

To model the waves correctly, we need to introduce absorbing boundaries. Since the numerical
model is only a slice from the ground, we have arti cial re ecting boundaries which do not
exist in the real model and re ect all waves into the domain. In real world, those boundaries
do not exist and no waves are re ected from them. To avoid it, we use perfectly matched layer
[Berenger, 1994] whose popularity is increasing recently. It is proved that this method is very ef-
fective in tackling spurious re ections from the arti cial boundaries. For acoustic waves, we use
standard PMLs. However for elastic waves, when the model is shallow, the surface waves touch
the arti cial boundary at the bottom of the model and they are transformed into body waves
which pollutes the solution [Festa and Nielsen, 2003]. We use convolutional PML to overcome
possible pollutions because of the surface waves, [Festa et al. 2005], [Festa and Viloite, 2005].

There are several numerical methods used to solve partial differential equations, such as nite-
difference method, nite element method, boundary element method and so on. There are also
several derivations of every method. Each of them can be preferable in solving some speci c
problems. For example, spectral element method is a derivation of nite element method and it
provides a diagonal mass matrix which decreases the computational cost signi cantly by using
a correct time integration scheme. Other derivations of nite element method are discontinuous
Galerkin method, extended nite element method and so on. Higher-order nite element method
is the numerical method we deploy to solve forward problems. High order polynomials play an
important role in modelling the waves precisely. Mesh size has to be smaller than the wave
length in order to avoid numerical instability and make the numerical results precise. Higher
order method makes it possible to model higher frequency waves just by increasing the polyno-
mial degree. Since we work in the frequency domain, we can use lower degree polynomial for
lower frequencies and higher degree polynomials for higher frequencies with the same mesh. It
means, higher-order method gives us exibility besides its role in modelling the waves.

We need to utilize an appropriate computer tool to solve our numerical problem. Specfem
[Komatitsch and Vilotte, 1998]] [Tromp et al., 2008], [Vai et al., 1999], [Lee et al., 2008],
[Komatitsch and Tromp, 1999], [Komatitsch et al., 2004] is one of very popular tools for geo-
physical applications is which is developed by a group at Princeton University. The software
solves the wave equations with the spectral element method, which is a special kind of high-
order nite element method. It is very robust and ef cient, and is widely used by geophysicists
all over the world. This program solves the wave problems in the time domain though and we
solve the wave equations in the frequency domain. This is the reason why we choose a diffe-
rent tool to solve our problems. There are other programs available out there which solves the
wave equations in the frequency domain and which are free for academic use. Nevertheless, it



is not always practical to use a tool which is not familiar and which is not well documented. At
some points, they can block the exibility of users. For these reasons, we developed our tool
to solve the wave problems in frequency domain and perform full waveform inversion analysis.
The tool to solve the forward problem is built upon a Java-based higher-order nite element pro-
gram developed by Prof. Dr. Matthias Baitsch. Being platform independent is a big advantage of
java-based programs. Nevertheless, java-based programs are slower than native libraries. Linear
algebraic operations are usually most expensive part of the simulations. However, this tool takes
advantage of robustness of native libraries, which do linear algebraic operations, such as PAR-
DISO [Kuzmin et al., 2013]! [Schenk and Gaertner, 2004], LAPACK [LAPACK Users’ Guide],
BLAS [Lawson et al., 1979]/ [Dongarra et al., 1988],

[Dongarra et al., 1989], NAG [NAG1], [NAG2] and so on. Apart from this, this program is de-
signed in such a way that it can be extended very easily in many aspects; different derivations of
nite element method can be implemented, different material models and different element ty-
pes can be added without any dif culty. Using the exibility of this program, the wave equations
were added to the list of partial differential equations solved by the program. While developing
the inversion tool, the aim was to make it extendable too. This tool is also not for one scenario
and it can be extended according to the wish of the user. For example, a new partial differential
equation used for the FWI problem can easily be added to the list of equations which the tool
can solve. This provides an opportunity to carry out further research on different issues of full
waveform inversion problems.

To validate the code and models, we test our numerical solutions of 2D and 3D acoustic half-
space forward problems to the analytical solutions. Apart from this, we compare the numerical
results of 2D acoustic and elastic models to the numerical results of Specfem which is a very
credible well-known program used by a lot of geophysicists. To verify our inverse models, we
use synthetic models. In one case, we make a blind test in cooperation with the geophysics
institute at Ruhr University Bochum. They make a synthetic model and calculate the system
response of their model in Specfem. By using the system response in our inversion, we try to
gure out the model.






2 Waves

2.1 Waves in earth

Earth can show both elastic and inelastic behavior depending on the rate of strain it is subjec-
ted to. Nothing in nature is perfectly elastic and permanent deformations can be formed in the
structure of the earth when it is subjected to a strong earthquake. The Canterbury earthquake
Is one of those strong earthquakes which struck New Zealand in 2010 and it caused permanent
deformations in earth at certain locations. One can refer to the photos taken by Malcolm Teas-
dale at the webpage of KiwiRail to see distorted railways due to the permanent deformations in
the earth caused by the Canterbury earthquake.

However, in some cases, we can precisely predict the oscillations in the earth with an elastic
theory. Small-scale earthquakes which do not create permanent deformations in the earth can
be modelled with the elastic theory. One of the main goals of this work is to model the waves
precisely so that they can be used for non-destructive ahead of tunnel prediction. This test does
not form any permanent deformation in the ground and small amplitude vibrations are triggered
usually using the tunnel boring machine or some acoustic signal. For such a non-destructive
test, we can stay within the limits of small strains to simulate the waves with the elastic theory.

2.1.1 Linear elastic theory and Hooke's law

It can be assumed that every material has its elastic range. For very small strains, behavior of
elastic earth material can be approximated by Hooke’s Law which is based on a linear stress-
strain relation. In Figurg 2|1, one can see the schematic representation of linear elastic range in
both ductile and brittle materials.

Hooke’s Law is used to describe a linear, elastic and isotropic material model mathematically.
In general, two elastic material parameters are enough to predict the stress-strain relation of the
material: the Lara parameters and . However, there are several elastic material parameters,
such as elasticity modulus, shear modulu&, Poisson ratio , and compression modulls,

which are also used frequently. In this work, the leaparameters and are used as elastic
parameters. When it comes to other elastic parameters, any of them can be thought as a function
of and . The following equations

G = (2.1)

(2.2)
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(a) Ductile materials (b) Brittle materials

Figure 2.1: Stress/strain relationship in brittle and ductile materials

Schematic representation
(2.3)

2
K= +3 (2.4)

show how parametefS, E, , andK are related with Lam parameters.

The potential energWV (") of the linear, elastic and isotropic material described by Hooke’s
Law is

WE)= e () (25)
where
tr(")= "1+ "2+ "3 (2.6)

Is the trace of the strain tensbr The stress tensor can be derived by differentiating the
potential functionW (") by the strain tensdr

@ " [1] n
i = —@\P/\f ) - 2"t Mk i (2.7)
The fourth order constitutive tens@r is derived by
@AW
Cin = — = = il ik ¥ ok o)t i : 2.8
ikl @] @5 (i jk Kk jl) i K (2.8)

The relation between the stress tensa@and"” is described by

=C.": (2.9)
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Again, for small strains, we skip the geometrical non-linearity, and take linear strain measure
into account. In this case,

..=%ru+rTu (2.10)
where
@u
ru= —eie: 2.11

2.2 Categorization of waves

The equations above suf ce to model linear elastic waves mathematically. However, the physics
of the problem is as much interesting as the mathematics behind it. The solution of the elastic
partial differential equation is usually a superposition of waves with different physics. Waves
are categorized according to the relation between their propagation direction and the kind of
deformation it causes. They are divided mainly into two categories: body waves (P-wave and
S-wave) and surface waves (Love waves and Rayleigh waves).

2.2.1 Body waves

P-wave and S-wave are two types of body waves. P-wave stands for primary waves since it
travels with the highest speed in the ground compared to other waves. Its speed in isotropic
homogeneous environment is

s

Vp =

(2.12)

which depends on the elastic parameters and the density. P-wave is also referred to as longitu-
dinal waves since its propagation direction is also the direction of the vibration of particles in
the ground.

S-wave is also called as shear wave, secondary wave, or transverse wave. Its speed of propaga-
tion is smaller than the speed of P-waves and this is a reason why it is called secondary wave.
Its propagation speed is
r_
Vs = — (2.13)

which, as the speed of P-wave, is a function of the elastic parameters. The propagation direction
of the S-waves is perpendicular to the direction of the vibration of particles in the ground.

As in [Achenbach, 1984], plane harmonic body waves in an elastic homogeneous medium are
described as

u(x)= Adexp(ik(x g cb)]; (2.14)

wherek andc are wavenumber and wave velocity, respectively. Hglis,the unit propagation
vector,d is the unit direction vector of particle motions.
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If the body wave is a longitudinal P-wave, the unit veaagquals to the unit vecta (d = Q)

andc = v,. In other words, as mentioned before, the direction of particle motion is same as the
wave propagation direction. If the wave is a transverse S-wave, the wave propagation direction
is perpendicular to the particle motion which is interpreted mathematicalty as = 0 and

C = Vs. The shear wave itself is divided into two categories: SV-wave with z * g and

C = Vs, and SH-wave withd = z andc = vs. The directionz is perpendicular to the 2-
dimensional plane in which the wave propagates. This categorization is again associated with
the relation between the propagation of the waves and the direction of the vibration in the
particles. Particles move in a vertical direction in SV-wave, whereas they move in horizontal
direction in SH-wave. Nevertheless, in both cases, the vibration direction is perpendicular to
the wave propagation direction.

(a) P-wave

(b) SV-wave

Figure 2.2: Body waves

2.2.2 Surface waves

There are two types of surface waves, Love wave and Rayleigh wave, which are named after the
scientists who rst discovered them. When waves hit a free surface, some energy is re ected

back and some is refracted thru the next layer, whereas the rest of the energy is transmitted
to surface waves. P- and SV-waves transmitted at a free surface may trigger Rayleigh surface
waves travelling at a lower speed than P- and S-waves. While Rayleigh wave propagates, the
particle motion is elliptical as shown in Figyre P.3. During an earthquake, the vertical displa-

cement on the surface caused by Rayleigh wave is signi cantly bigger than the one caused by
body waves. Thus, Rayleigh waves are more destructive than body waves in an earthquake.
However, Rayleigh waves are only effective in regions close to the free surface and they decay
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exponentially with depth. When it comes to Love waves, they are also formed at the surfaces.
Repeated re ections of SH waves at the surface form Love waves which are slower than body
waves, but slightly faster than Rayleigh waves. In Figuré 2.3, it can be seen that the surface is
subject to a torsion whose direction changes continuously in the horizontal plane.

(a) Rayleigh wave

(b) Love wave

Figure 2.3: Surface waves

2.2.3 Re ection and refraction of waves at free boundaries

As already mentioned in the previous section, although some part of the energy of the incoming
wave is converted to surface waves at the free surface, the rest of it is either re ected back to
the domain where the incident waves are coming from, or continue moving forward to the next
layer, but with refraction. On the other hand, if the incident wave is P- or SV- wave, 4 waves are
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formed at the boundary different from surface waves: a re ected P-wave, a re ected SV-wave,
a refracted P-wave, and a refracted SV-wave. For the sake of simplicity, we assume a solid-
solid interface as in Figufe 2.4. As incident wave is moving in layer A towards layer B. At the
boundary, some part of the wave is re ected back and some moves forward with a refraction.
Some part of the energy may be converted to a different kind of wave at a boundary; some part
of P-wave energy is converted to SV-wave and the opposite is also true.

Figure 2.4: P- and SV-waves at solid-solid interface

Incident, re ected and refracted waves [Achenbach, 1984]

2.3 Wave equations

Wave equations, which are partial differential equations, are used to model the propagation of
waves. In this section, we focus on two wave equations: elastic and acoustic. Acoustic wa-
ve equation is a special form of the elastic equation where the shear modidumero. The
equations are solved in the frequency domain. For a single frequency, the equations show time
harmonic response of the structure. However, transient response by solving the equation for
discrete frequencies which covers the effective frequency range of the source function and by
performing the inverse Fourier transformation of the time harmonic responses.

The inhomogeneous patrtial differential equations which are solved in each iteration of the in-
verse process do not have analytical solutions. We are using higher-order nite element method
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to solve the equations precisely.

2.3.1 Elastic wave equation

The elastic wave equation describes the dynamic response of solids because it accounts for
P-wave, S-wave, and surface waves at free boundaries. We do not consider permanent deforma-
tions and we solve the wave equation for isotropic and linear elastic materials. As mentioned
before, small deformations suit our problem very well because the intention of this work is

to perform a non-destructive inversion with the wave response of the earth. The elastic wave
equation

x)e(x;t) r e(x;t)= f(x:t); x2R% t2[te:l] (2.15)

can be derived by the balance of momentum with continuum mechanics as shown for example in
[Marsden and Hughes, 1983]. In case of a non-dissipative, isotropic, and linear elastic medium,
the constitutive relation is formulated as

e(x;t)=C :r e(x;t): (2.16)
Since the domain we aim to solve the wave equations in the frequency domain, we assume a

harmonic excitatioff (x;t) = f (x)€'" of the angular frequendy to obtain the time harmonic
equation

) 2ux;t) oo o (x;)="Ff(x:!); x2R% 121 ;17 (2.17)

x;')=C :r u(x;!) (2.18)

which is the elastic wave equation in the frequency domain.

2.3.2 Acoustic wave equation

The acoustic wave equation describes the propagation of waves in uid medium which can be
either liquid or gas. In such a medium, the shear modulisszero. As in[[Fichtner, 2011], if
we consider =0 in the isotropic constitutive relation with linear strain

=C:"=C:r u; (2.19)
we obtain
i= Groou (2.20)
Scalar pressure elg = r u is inserted in the elastic wave equation which yields

u+r p=f: (2.21)
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After r u is replaced byp, the last equation is divided by, divergence of both sides are
taken, and is replaced by? |,

1 1 1
@ r -rp = r (-f) (2.22)
is obtained. This is the acoustic wave equation with inhomogeneous density. If inhomogeneity

of is negligible, we can obtain
1
b gP=T f: (2.23)

To be more precise, we can rewrite the acoustic wave equation in the time domain with a con-
stant density eld as
1 @px;t)
4 p(x;t = fq(x;1); : to;1 ]! R; 2.24
p( ) CZ(X) @% 'e( ) p [ 0 ] ( )
wherep(x ;1) is the pressure eld in time domair(x) is the velocity eld, and€(x;t) is the
source function in the time domain. We assume a harmonic excitftiort) = f (x)e't of the
angular frequency in the equation[(2.24) to obtain the time harmonic equation
1 2

4|0(X;!)+CZ('X;!)p(x;!)=f(x;!); p: ! R (2.25)

which is the frequency domain acoustic equation. This equation is also referred as scalar-valued
Helmholtz equation in literatures.

2.3.3 Viscoacoustic waves

We did not consider the attenuation effect in the acoustic wave equation in the previous section.
However, in reality, there is no material without the attenuation effect. Some materials, such as
rocks, have so low attenuation that the waves are barely damped in a small domain. At the same
time, there are materials with high attenuation. In a domain with such a material, the attenua-
tion has to be taken into account in order to model waves properly. In this section, attenuation
Is considered in the acoustic wave equation in the frequency domain. Apart from attenuation,
inhomogeneous density effect is also considered in the acoustic wave equation. Mainly, the
acoustic equation with a constant density eld is referred to in many studies. In many cases, it
may suf ce to model waves with a constant density eld unless there is signi cant density gra-
dient. However, for a domain with high density gradient, the equation with an inhomogeneous
density eld is

1 2

1 ! B
S U S T Ll

fi: (2.26)

In this study, attenuation effect is integrated into acoustic equation by using Kolsky-Futterman
model, [Kolsky, 1956],|[Futterman, 1962], which replaces the velocity @Wlith a complex-
valued eld

| | 1
loai i)

= r

in the frequency domain witl and! ; denoting the attenuation factor and the reference fre-
guency, respectively. In this case, besides being complex-valued, the velocityaédd beco-
mes dependent on the angular frequency

c=c 1+

(2.27)
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2.4 Boundaries

The domain over which the wave equation is solved makes the problem unique. The aim of
this work is to solve the acoustic and elastic wave equations in a tunnel environment. To do so,
few boundaries have to be taken into account as well as the main equations to describe the pro-
blem properly. There are two very important boundaries: re ecting boundaries, and absorbing
boundaries which do not exist physically.

2.4.1 Re ecting boundaries

The boundaries of a physical model are re ective in nature. Mathematically speaking, the re ec-
ting boundaries can be categorized in two groups: Dirichlet and Neumann boundary conditions.
Dirichlet boundary condition prescribes pressure and displacement at the rggiothe acou-

stic and elastic equations, respectively. In other words,

p(x;t) = p (x;t) 8x 2 (2.28)
in the acoustic equation, and
u(x;t)=u (x;t) 82 (2.29)

in the elastic equation. Throughout this work, we consider homogeneous Dirichlet boundary
condition in whichp (x;t) andu (x;t) are zero. The homogeneous Neumann boundary con-
dition is

rpn=0 8x2 (2.30)
in the acoustic equation, and
n=0 8x2 (2.31)

in the elastic equation. Although modelling re ecting boundary conditions can be a tricky task
in case of the nite difference method, nite element method copes with them in a straightfor-
ward way.

Free surface represents the air-soil interface in our models. In a tunnel model, air-soil interfaces
are the upper surface and all of the inner tunnel edges. In mathematical terms, the pressure is
zero at a free surface. This is a Dirichlet boundary condition in the acoustic wave equation,
whereas Neumann boundary condition in the elastic wave equation.

2.4.2 Absorbing boundaries

The domain of a tunnel is so big that it is considered as in nite in theory. However, it is in-
teresting to know the solution only in a small portion of the whole domain. Furthermore, it is
desired to have not a big numerical model in order to have inexpensive computation. These
factors play decisive role in having a smaller numerical model than the real model. Smaller
domain imposes arti cial edges which pollute the solution in the numerical model. We describe
the arti cial boundary technique we used in our model in the next section.
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3 Absorbing boundaries

As mentioned in the previous section, the numerical models are usually chosen much smaller
than the real models in order to minimize the computational cost. This results in arti cial boun-
daries in the numerical model and they cause pollutions in the solution of the waves; the waves
are re ected back from the arti cial boundaries and the domain is polluted with spurious re ec-
ted waves. To model the waves precisely, we need to avoid the pollution by spurious waves by
using absorbing boundary techniques. This is a crucial step in having a precise forward model.

Several absorbing boundary techniques to tackle arti cial boundaries have been investigated
and developed by researchers. Paraxial approximation of waves is one technique used to sup-
press the spurious re ected waves. Low-order paraxial approximations suppress the waves with
very low incidence angles quite well, [Engquist and Majda, 1977], [Clayton et al| 1980]. Ho-
wever, waves with big incidence angles are not handled precisely. High-order approximations,
[Keys, 1985], [Higdon, 1991], cope with this problem better, although it is not perfect. We des-
cribe this method in a separate section because paraxial approximation is a conventional absor-
bing boundary technique.

Another method to deal with arti cial boundaries is a sponge absorbing method

[Cerjan et al. 1985] whose implementation in wave equations is very simple. The idea of this
method is to represent arti cial boundary with a damping zone within which the wave is multi-
plied with a Gaussian function which decays exponentially and forces the waves to be attenuated
inside the absorbing layer such that the waves are not re ected back. This method is practical
and precise. It can handle waves with big incidence angles as well as small incidence angles
ef ciently. However, the damping zone must be thick to damp the spurious waves. Because of
the thick damping zone, the computational cost increases signi cantly, especially in 3D simu-
lations.

Perfectly matched layers (PML) is recently very widely used as an absorbing boundary techni-
que. It was rst introduced by Berenger [Berenger, 1994] to overcome arti cial boundaries in
Maxwell's equation. The robustness, ef ciency and practicality of this method were noticed by
researchers. It has been applied in other wave equations too and several derivations of this tech-
nique have been developed. It has been also applied to acoustic [Harari et al. 2000] and elastic
wave equations|([Collina and Tsogka, 2001], [Komatitsch and Tromp,/ 2003],

[Festa and Vilotte, 2005], [Festa et al. 2005] and it is signi cantly successful to cope with arti-
cial layers not only in terms of body waves, but also surface waves. The method reminds of
sponge absorbing method as they both have a damping zone and the waves are forced to decay
exponentially to zero. However, PML tackles the re ections in a more ef cient way; very thin
PML layers can absorb the spurious re ections from the arti cial layers very effectively.

The choice of absorbing boundary method is very important in modelling the waves in an un-
bounded domain. In case a method does not absorb the incident waves properly in the time do-
main, the domain can be chosen much bigger than necessary and the simulation can be stopped
before the re ected waves pollute the domain of interest. However, this increases the compu-
tational time and cost signi cantly. In a highly viscous medium, there is no need to make the
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domain too big because the waves are damped till they reach the arti cial layers. Nevertheless,
we try to keep the computational cost minimum and to have good absorption of both body and
surface waves at the absorbing layers. Moreover, we try to choose such a method that has a
simple implementation in the wave equations.

3.1 Paraxial approximations

As in [Fichtner, 20111], we consider the acoustic equation in the time domain (equatipn 2.24) in
a homogeneous and source-fré&= 0) acoustic medium. Since the wave solution is a linear
combination of plane waves, we substitute

p=exp(i(k x 1)) (3.1)

plane waves in the wave equation and obtain
| 2
'g ki kI k2=0 (3.2)
wherek = (ky; ky; k;) is the wave number vector. As a result, one can olktaims
r

! &
k= — 1 Sk+k) (3.3)

The spurious waves re ected at a arti cial boundary propagates in opposite direction to the in-
cident wave. According to this fact, the aim of paraxial approximations technique is to suppress
k, < O0which account for the re ected waves in negatwdirection and to allow onlk, > 0
which accounts for the waves propagating in positivdrection. In other words, only positive
k, is taken into account

r

CZ
ke= = 1 (kE+ KD): (3.4)

!
c

The partial derivative of the plane wave in the equafion 3.1 with respect to

@p= @exp(i(k x !'t))=ikexp(i(k x 1)) (3.5)
leads to the equation
" ] "
. C c?
@ iy 1 S5(KE+kp) plkeky;zi!)=0: (3.6)

The square root is expanded by truncated Taylor series

ck (o3

T =1+ 0 Stk 3.7)
!

ck 1 & (o2 2

!—Z =1 5 !—2(k§ +k2) +0 !—Z(kf + k?) (3.8)
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which are called Al and A2 paraxial approximations, respectively. The equations are transfor-
med into the time domain and the following wave equations

p+ c@=0; (3.9)

p+c@ @+ @p=0 (3.10)

are formed. The square root can be approximated in other ways to have a better absorption at the
arti cial layers, which can lead to other wave equations ([Claerbout, [1979], [Zhang, 1985]). To
investigate the effectiveness of A1 and A2 paraxial approximations, again as in [Fichtner, 2011],
we split the plane wave into the plane wave propagating in positigigection, p®, and the

re ected plane wave moving in negatieedirection, u-

p=p +Rp (3.11)
with

pt = dlkotkyyrkez 1t). (3.12)
and

p = a(kaxrkyy kez 1t) (3.13)

whereR de nes the amplitude of the spurious waves. The angle betweand the x-axis,
and the angle betwedn and the z-axis are denoted byand , respectively. Thek can be
mathematically represented as

0 o1
cos sin
k= @sin sin A: (3.14)
cos

In case of a perfect absorption, the equality
R=0 (3.15)

has to be ful lled. We assume that the arti cial layer is at the positton 0. Inserting 3.I]L in
the paraxial approximations Al and AR,is calculated as

1 cos
R= —— 3.16
1+ cos ( )

in A1 condition, and

(1 cos)?

(17cos 2 (3.17)

in A2 condition. In both case® is a function of the incident angle It is clearly seen that

R is smaller in case of A2 because it is higher order than Al. If the incident angle is small
enough, the amplitudes of the spurious waves are also very small. However, for little bigger
angles the spurious waves become big. Aspproaches to, the re ected waves becomes si-

gni cantly big. Higher-order approximation can reduce the amplitudes of the spurious waves,
[Higdon, 1990], [Keys, 1985]; [Clayton et al. 1880]. Nevertheless, higher-order approximations
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end up with wave equations which contain higher-order spatial derivatives which are computa-
tionally very expensive and which are not trivial to implement.

The paraxial approximation method is not only applied to acoustic wave equation, but it can
also be used in case of the elastic wave equation, [Fichtner, 2011]. However, in some cases,
the numerical problem is associated with instability problems, [Emerman and Stephen, 1983],
[Mahrer, 1986],[[Mahrer, 1990], [Simone and Hestmolm, 1998].

This method has been widely used and investigated by researchers for many years. They have
improved the method with different higher-order approximations and applied it to different
wave equations. However, there are always some errors due to spurious waves re ected from the
arti cial layers. Apart from the body waves, in case of shallow models, the re ection of surface
waves from the arti cial bottom boundary is another problem this method cannot handle well.

When it comes to implementation of paraxial approximations technique, there are two wave
equations which have to be solved on the arti cial layers which may make it less practical to
implement.

3.2 Perfectly-matched layers

PML is computationally cheap and only very thin damping zone is enough to absorb the in-
cident ways and prevent the re ections from the arti cial layers regardless of the frequency
and the incidence angle. The rst PML application was based on the eld splitting; each eld
component in Maxwell’s equation was split in two in a two-dimensional space. This ends up
in more variables, especially in the three-dimensional case as the eld components are then
split into three. Moreover, applying split- eld formulation to numerical methods is not very
practical. After Berenger’s work, noticing the practicality and ef ciency of PML technique,
researchers conducted more investigations on it and developed the method further. Stretching
complex coordinate [Chew and Weedon, 1994] is not of the important discoveries to make the
PML formulation easier and better understandable. Furthermore, anisotropic PML in Maxwell’s
equation|[Sacks et al., 1995] showed that it was possible to avoid eld-splitting. This, in turn,
brought a lot of exibility to implement numerical models with nite element and nite diffe-
rence methods.

In contrast to paraxial approximations, there are no numerical instability issues in application
of PML technique to the elastic wave equation. Furthermore, PML can be implemented such
that it can also absorb the Rayleigh surface waves, but not only body waves [Festa et/al. 2005].
Anisotropic PML in elastic wave equation [Zheng and Huang, 2002] eases the implementation
of the method without requiring eld-splitting which increases the variables in the damping
zone.

The basic idea of PML is to introduce a damping zone around the area of interest which is
supposed to absorb the energy of waves reaching the arti cial boundaries as shown in Figure

B.1.

First we consider the case where the domain is in nitidirection. The same approach is
applied to they-direction. In this study, we follow the complex coordinate stretching approach
[Chew and Weedon, 1994], [Chew and Liu, 1996]. Inside the damping zone, a complex coordi-
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ya

Domain
of interest

Figure 3.1: Perfectly-matched layer (PML)

X
e=x"+ " (x9dx® (3.18)
XO
is introduced instead of the real coordinate. H&xas a complex function of the local variable
X (see Fig[ 3]1). We show in following subsections how the complex coordinate is substituted
in the wave equations to which some mathematical tricks are applied to have a convenient
formulation in the end.

In this work, we appeal to two types of PML: standard PML and convolutional PML. The
complex functior'y de nes whether PML is standard or convolutional. Standard PML is repre-
sented by

") =140 4 (X)=! (3.19)

where , represents PML damping behavior and it is zero outside the PML region. The
function we use throughout this study is

(0= Gm(l cosG); x2 (L] (3.20)

whereL is the width of the PML layer and,y is a parameter which has to be chosen correctly.
x = 0 is the point where the PML region starts, whergas L is the point where the PML
region ends. Since,(x =0) =0 and x(x = L) = ¢;mi, x increases from zero @, from

the beginning till the end of the PML layer.

To see how effective standard PML is in damping the incident body waves at absorbing layers,
we consider plane body waves in equation (R.14). A in [Festa et all 2005], the complex coor-
dinatex in (3.18) can be rewritten as

X=X+ ¥ (3.22)

where (x) is a function ofx starting from zero at the interface of PML and the domain and
growing to its maximum at the end of PML layer. We substitute the complex coordinate in the
plane body waves

u= Al kax k) (3.22)
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in PML which leads to

kx

t=ue ' : (3.23)

Since"!—x = cis constant, the body waves in PML become independent of frequency and
decay exponentially. We can conclude that with a right choice of the functian standard

PML layer can prevent the re ection of body waves on a arti cial layer very well. Howe-
ver, this fact does not guarantee that a standard PML layer can also absorb surface Rayleigh
waves well. Plane Rayleigh waves are mathematically described in [Achenbach, 1984] and
[Aki and Richards, 2011]. As in [Festa et al. 2005], we use this description to see what happens
to Rayleigh waves in a standard PML absorbing layef. In [Achenbach| 1984], the two horizontal
and vertical components of plane Rayleigh waves in a two-dimensional plane is given by

Uy = Ae Y+ Aye by dik(x ol (3.24)
uy = Bl ety s K by dlikix o) (3.25)
ik b,
with
.1 (Y
b = k(1 ﬁ)% =ldy b=k ﬁ)% =1d, (3.26)
p S

wherev,, vs andcare pressure, shear and Rayleigh wave speeds, respectively. The surface waves
decays exponentially in vertical direction as it can also be seen from the equations above. These
waves still hit the bottom of the model which is notlirection, buty direction. We replace the

y coordinate by its complex counterpart to investigate what happens to surface waves in PML
layers iny direction. As a result), anduy turn out to be

Uy = A]_e lyd 1@ idq + A2e lyd 2@ id2 e[ik (x ct)] (327)
bl : ik : -
Uy — mAle lyd lg id2 + EAze lyd 2@ id2 e[|k(x ct)] (3.28)

in PML layers in the vertical direction. The teren'®z is a sinusoidal term independent of the
frequency where ranges from zero to its maximum value in the PML layer. On the other hand,
if ly is very small and tends to be very close to zero, the ter¥§ : ande "9 2 approach to
one; in other wordsi, anduy surface waves are converted into body waves in PML layer in
y direction if 'y is small enough. Standard PML do not handle surface waves well in vertical
PML layer for very low frequencies and very shallow pro les. In contrast to standard PML,
convolutional PML copes very well with the surface waves [Festa et al. 2005].

As mentioned before, the basic idea of PML is to stretch the coordinate in the complex pla-
ne. The differences between standard and convolutional PMLs are the stretching functions. In
convolutional PML this function is

x(X) .

"w(X)=1+ o+l

(3.29)
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Through the equation (3.]18), the complex coordinate in PML region becomes
(x)

e+ 1!

X = X+ (3.30)

Again, we replace the real coordinatgby its complex counterpart to investigate what happens

to body and surface waves in the PML layers. First, we repkaceordinate by its complex
coordinatex in body waves which reduces down to

—_ ikX|2lc|2 k>(|2!|2.
t=ue tirige e (3.32)

The termy 2+, 7 can be forced to be greater than some positive constant with a right selection of
c and as a result, an exponential decay is imposed on the waves with increaslogiever,

thls time, the decay is frequency dependent in contrast to the standard PML. Fortunately, this

dependency can be controlled by the right choice for

Next, to see what happens to surface waves in PML layerslirection we apply the complex
stretched coordinate to the plane surface waves where the decayeteifhs reduce down to

TS : 1 2

e !2+!gdje ! !2'+!§di (332)

where the exponential decay term going to zero with oq_*ge(l[Festa et al. 2005]). Thus, con-
volutional PMLs are successful in handling both body and surface waves even at very low
frequencies and in shallow domains if the constardnd the function are chosen right. Stan-

dard PML is also very effective in absorbing body waves under any circumstance. The surface
waves are also absorbed effectively either if the frequency is high enough or if the model is not
shallow. In case of a shallow model and low frequency, convolutional PML are preferred.

3.2.1 Perfectly-Matched Layers (PML) in Acoustic Wave Equation

By using chain rule and the relation between the complex coordmatedx, the differential
operator

(3.33)

is introduced.

Inside the PML region, coordinates and the differential operators are replaced by their complex
counterparts in the acoustic equatipn (2.2%)and", are complex numbers and their imaginary
parts account for absorption of waves in PMLs. After inserting the differential operators for the
x andy-directions by their complex counterpaifts (3.33), the acoustic equation becomes

12 1 @1 @, 1 @1 @_
2P TR @M @x () @Y,() @y

in PML region where at least one 6f and" is different from one. Applying the product rule,
equation[(3.34) is reformulated as

(3.34)

1 2

'g"x"yp. +r (Drp)=0 (3.35)
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where
L0
D= 6 " (3.36)
y
in 2D and
2 — 0 0 3
D=4 0 "z'y’z 05 (3.37)
0 0o 2V

in 3D [Zheng and Huang, 2002].

3.2.2 Perfectly-Matched Layers (PML) in Elastic Wave Equation

Field-splitting makes implementation of PML inconvenient and increases the computational
cost because every eld component is divided into subcomponents. Anisotropic PML

[Zheng and Huang, 2002] does not require eld-splitting; it can be used to make the implemen-
tation of PML in the elastic wave equation simple and to have no need to split the components.

We use convolutional PML in the case of the elastic waves to prevent the transformation of
surface waves to body waves in the bottom PML layer if the domain is shallow.

By applying complex coordinatg (3/18) to the elastic wave equdtion|(2.17) and considering the
fact that source functioh(x;! ) is zero in the PML region, the wave equation in the PML layer
takes the form

u=r (3.38)

wherer = Xii@—%a. For the sake of simplicityx; representx, y, andz fori = 1;2;3,

respectively. A new tens@ = > ; e is introduced so thaf (3:38) can take the form

P 2nntusr e (3.39)

€ is introduced whose entries are

€ = Ciju —= (3.40)
Xi Xk

This is where the anisotropy comes into play in the PML region. {3.39) can be rewritten as

P ertu=r (€rou): (3.41)
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4 Fourier transformation

Fourier transformatiori [Williams, 1999] is an important part of this work since we need to go
back and forth between time and frequency domains all the time. We solve the forward problem
in the frequency domain. However, to have a better understanding of the seismograms, it is
necessary to transform the data to the time domain by inverse Fourier transformation. Apart
from this, in real world, or in blind test such as in the inversion results section, the data is rstin
time domain. To perform inversion in frequency domain, it is inevitable to use forward Fourier
transformation and obtain data in frequency domain. The forward Fourier transformation is
associated with the integral

Z 1
F()= f(t)e " dt; (4.1)
1

whereas the inverse Fourier transformation is

Z,

f(t) = Zi 1 F(!)e" di: (4.2)

In this work, we solve the wave equation in the frequency domain; in other words, we solve
time harmonic wave equation. Nevertheless, it is not possible to generate harmonic waves in
a real life application such as in a tunnel environment. However, the generated waves can be
approximated as the superposition of the time harmonic waves. We can write the acoustic and
elastic wave equations in general form

@,
@3
whereL, is a linear differential operatou is scalar and vector in the case of acoustic and

elastic equations, respectively. We can separate the dependency of the source fumctipn
on time and space by

f (1) = f(Of  (x) (4.4)

Ly w(x;t)=1f(x;t) (4.3)

whereft andf , depend only on time and space, respectively. We now multiply both sides of
(@3) withe ™ and integrate ovefl ;1 ):

Z, : Z, Z,

Me "t dt + Lytr(x;t)e " dt= f1(D)f «(x)e " dt: (4.5)
1 @% 1 1

The second term on the left hand side and the term on the right hand side are easily suited to
Fourier transformation integral:

Z 1 VA 1

Lytr(x;t)e " dt= Ly t(x;t)e " dt= Leu(x;!); (4.6)
1 1
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Z, Z,

FFOfc(x)e M dt= fo(x)  fi(t)e " dt= f, (x)f, (1): (4.7)
1 1

The rst term can also be derived with Fourier transformation integral. We derive the relati-
on between the Fourier transformation of the second derivative of a function and the Fourier
transformation of the function itself by the inverse transformation:
1 4
(X t) = > u(x;!)e" d: (4.8)
1

The second derivative @f(x ;t) with respect td turns out to be

z z
@U(X’t)_ @ 1 ! N 't A — 1 ! il )2 N 't A
et "@ 2 , u(x;!)et d 2, (|.Z)u(x,.)e' d!
1
-t 2u(x;!)e't dl (4.9)
2
which implies that
Zl
@e(X;1) | i 2
———e " dt= !“u(x;!): 4.10
e (x:1) (4.10)
the equation(4]7) can be rewritten as
P24+ Ly u(x;!)=f, (1)f (x): (4.11)

This equation is the time harmonic wave equation. In this study, we usually choose a nodal space
dependent source term. For the sake of simplicity, we regdla¢g) with a vector ((x S)

whose componerk is a Dirac delta function(x s) wheres is the source point. We can
obtain the Green’s function by dividing both sidesfhy(! ) which is nothing else but a scalar
value for a single frequency:

124+ Ly G(X;!)= k(x 9) (4.12)

u(!) can be calculated by

u(x;!)=~f(0)G(Kx;!) (4.13)
The time domain seismograms are calculated by inverse Fourier transformation as
1 Z 1 ) 1 Z 1 )
u(x;t)= =— u(x;!)e' = = f,(0)G(x;!)e" (4.14)
2 2

Reversing the process, we can obtain frequency domain data from the seismograms in the time
domain by using Fourier transformation.

We use Ricker function, which is the second derivative of a Gaussian function, as the source
functionsf, (!). Itis

f(ty= 1 2(f,ft d]? e (Felt @D (4.15)
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in the time domain, and

F(l)= f—é: L (4.16)
P

in the frequency domain whefg is the peak frequency amtl is the temporal delay. The Ricker
waveletd, = 0:5sec and , = 50 Hz is illustrated in Figurels 4.1 and 4.2. It can be seen that the
functions in both time and frequency domains decreases very rapidly towards zero outside the
effective range of time and frequency, respectively; the time and frequency outside this range do
not really contribute to the integral. This fact helps to convert the forward and inverse Fourier
integrals over an in nite domain to an integral over a nite domain.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Time[s]

Figure 4.1: Ricker function in the time domain
dr =0:5secf, =50 Hz
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-200 -150 -100 -50 0 50 100 150 200
Frequency[Hz]

(a) Real part

-200 -150 -100 -50 0 50 100 150 200
Frequency[Hz]

(b) Imaginary part

Figure 4.2: Ricker function in the frequency domain
dr =0:5secf, =50 Hz
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4.1 Fourier Series

We assume a periodic functidrft) with period T, which implies (t + T) = f (t). Then,f (t)
can be represented by a Fourier series

X
f(t) = %ao + acos %t b, sin(z%t) : (4.17)

n=1

The conditions that this series converges (o) is ful lled if f (t) and its rst derivatives are
piecewise continuous within each period [Achenbach, 1984]. The speed of the convergence of
the Fourier series to the functidr(t) depends on the smoothnessfdt); the series conver-

ges faster to smoother functions. To nd coef cierds, we multiply both sides ofl (4.17) by
cosfmx) and integrate ovef T=2; T=2]. Similarly, to nd coef cients h,, we multiply both

sides bysin(nx) and integrate. By using orthogonality relationssof andcosfunctions

Z 1o
nt 2 mt 1
- )tz =T 4.18
. cos T ) cos( T ) 51 m ( )
Z 12
2nt . 2mt 1
- - =T 4.1
T:2sm( ) sin(=—=)dt= ST (4.19)
Z 1o
t . 2mt
cos L) sm(l) dt=0; (4.20)
T2 T T

where ., is Kronecker delta

lifm=n

= 0ifmé n: (4.21)
The coef cientsa, andh, are calculated as
Z -
27 1= 2 nt
= = . (t) cos( T ) dt; (4.22)
Z 1o,
2nt
= — f (1) sin(—) dt; 4.23
b, = T=2()SIn(T) , (4.23)
2 Z T=2
a = — f(t)dt: (4.24)
T T=2
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4.2 Discretization of the Fourier Transform

For our problems, the in nite integral of the Fourier transformation can be precisely approxi-
mated by the nite integral

Zl ZL—Z

F(= fme™dt te ™ (4.25)

L=2

To convert the continuous Fourier transformation to discrete Fourier transformation, rectangular
integration rule is applied. First, we need to discretize the funcfigtysandF (! ) by N evenly
spaced samples

L
= — 4.2
X= 9 (4.26)
X=0 X; g= N=2; N=2+1;:;N=2 1 (4.27)
To obtain a DFT formulation, we set
I =2 =L: (4.28)
'=q !5 g= N=2 N=2+1;:;N=2 L (4.29)

After applying rectangular integration rule, equatin (4.25) is transformed to discontinuous
equation

NXZ 1 L NXZ 1
F(m !) f(q t)ye ™ t'! t=
g= N=2 = N=2

f(q t)e 2maN . (4.30)

4.3 Discretization of the Inverse Fourier Transform

To convert the continuous Fourier transformation to discrete inverse Fourier transformation, we
assume that the in nite integral can be represented accurately by a nite integral
1 Z 1 ) 1 Z L=2 | )
f(t)= > F()e" dl > F()e" dl (4.31)

1 L=2

Discretizing the function$ (t) andF (! ) as in the previous section and applying rectangular
integration, the equation for discrete inverse Fourier transformation

1 Nx2 1 o 1 Nx2 1
g= N=2 = N=2

F(q !)e?m (4.32)

is obtained.
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4.4 Discussion

To transform the data in the frequency domain to the time domain, the effective frequency range
has to be taken into account. To narrow frequency range results in a wrong interpretation of data
in the time domain. On the other hand, too wide range makes the computational expensive be-
cause the frequencies outside the effective range do not really contribute to the overall integral.
An optimal frequency step size is also very important in the transformation; too big step size

makes the calculations wrong, whereas too small step size makes it computationally expensive.

Numerical simulations generate seismograms which cover only a limited time range. For the
sake of not to have a very long simulation time, the seismograms are plotted only till some

de ned time. In real wave simulations in a domain such as a tunnel domain, the waves normally
do not disappear for a very long time range for which numerical simulations cannot be run

because of the computational cost. The seismograms stop uctuating and drop to zero very
rapidly at the last point in time of the simulation duration (Figure 4.3).

-0.02 0 0.02 0.04 0.06 0.08 0.1 0.12
Time[s]

Figure 4.3: Seismogram with a rapid stop

This rapid drop changes the frequency content of the seismograms signi cantly. This is avoided
by using a window function. In this work, we use a window function which is a constant function
of valuelinthe rst 90%of the time anatosfunction whose angle ranges linearly at the interval

[0; =2]over the rest of the time (Figufe 4.4).

Multiplying a seismogram with such a window function, it approaches to zero very smoothly
at the very end of the seismogram rather than dropping to zero instantly (Fighre 4.5). This, in
turn, saves the frequency content of the seismogram from being polluted by a sudden drop in it.



32 4 Fourier transformation
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Figure 4.4: Sample window function
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Figure 4.5: Seismogram multiplied with the window function
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5 Numerical methods for wave equations

Analytical solutions of the wave equations are available only for some special cases; for exam-

ple, the solutions are known for full-space, half-space and some bounded domains with a ho-
mogeneous material and materials with some regular heterogeneity. In the inverse simulations
of our tunnel models, the forward model solved in each iteration is a randomly heterogeneous

model. However, for an arbitrary domain with a random heterogeneity, numerical methods are

required to solve the wave equations since the analytical solutions are not available. Finite diffe-

rence and nite element methods are the numerical methods which are used the most frequently
to model the propagation of waves by solving the wave equations. Both of the methods solve

the equations by discretizing them.

Finite difference method is very frequently used in modelling the propagation of waves. The
method is integrated very well into wave propagation problems, [Alterman and Karal, 1968],
[Madariaga, 1967]| [Virieux, 1984], [Dablain, 1986], [Kristek et al., 2002], [Moczo et al., 2002],
[Wang et al., 2008].

5.1 Finite element method (FEM)

Higher-order nite element method, [Szaland Babaka, 2011], is the numerical method used

to model the waves throughout this work. It is a well-known numerical technique which is
very often referred to by mathematicians, natural scientists and engineers both for real world
and research problems. Mathematically speaking, it is a very effective technique to solve parti-
al differential equations. When it comes to its application in real world problems, it has a wide
range of application elds such as structural engineering, mechanical engineering, physics, geo-
physics, electrical engineering, aeronautical engineering and so on. After being researched by
many scientists, several types of FE- such as spectral element method, discontinuous Galerkin
method, extended nite element method, etc.- have been developed each of which is effecti-
ve for some speci c problems. However, we will mention only spectral element method and
discontinuous Galerkin method because they are of interest in seismology.

The spectral element method, [Seriani and Priolo, 1994], [Priolo et al.; 1994],

[Chaljub et al., 2007],/ [Komatitsch and Vilotte, 1998], is one of the most popular methods in
seismology. The fame of this method underlies the fact that it provides diagonal mass ma-
trix. Diagonal mass matrix is obtained by using Lagrange shape functions and Gauss-Lobatto-
Legendre integration rule which makes all non-diagonal terms of the mass matrix zero. Using a
right time integration scheme, the most time consuming part- solving system of linear equations-
becomes computationally very cheap because a diagonal matrix stands on the left hand side
which does not require any direct or indirect solver. Thus, the computation becomes signi -
cantly cheaper, which is very important especially in case of big scale problems which are
very often encountered in the eld of seismology. However, the method has its restrictions too;
the chosen quadrature rule requires quadrangle meshes in 2D and hexahedral meshes in 3D.
In some cases, triangular meshes in 2D and tetrahedral meshes in 3D are more convenient to
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use. This is the motivation for using discontinuous Galerkin (DG), [Dumbser and Kaser, 2006],
[Lambrecht and Friederich, 2013], method in seismology. Moreover, the neighboring elements
are related with each other only by numerical uxes at their boundaries. This fact provides e-
xibility to re ne an element locally. Furthermore, this fact makes it very practical to implement
the parallelized form of the method.

In this study, we use higher-order nite element method to solve the wave equations in the fre-
guency domain; we use hierarchical shape functions which are not same as the shape functions
of the spectral element method which offers very low computational cost in the time domain.
However, in the frequency domain, there is a need for a direct or indirect solver to solve the
system of linear equations because a time integration scheme is not used in the frequency do-
main. Thus, we do not expect much difference between using spectral element method and a
normal higher-order nite element method in the frequency domain. High orders are important
to model the waves correctly and it provides exibility working with low and high frequencies
using the same mesh only by changing the degree of FE polynomials. FE is a very general me-
thod and can be applied to solve many partial differential equations. The equations we solve are
frequency acoustic and elastic wave equation. Application of FE starts with generating weak
forms of equations from their strong form. Generation of weak forms of the wave equations and
shape functions are described in the following sections.

Numerical methods transform partial differential equations into a system of linear equations

Ku = f (5.1)

whose solution is computationally expensive especially for large systems.Klasea matrix

which represents the system propertiess a sought vector which represents the response of

the system, anfl is a vector which represents the source. In our inversion problems, the forward
problem is solved for each of several source functions separately. In other words, the system of
the linear equations has to be solved several times for the same system. In such a case, it is
better to use direct methods; a direct method decomposes the matrix only once, and the system
is solved for each source separately. The decomposition of a matrix is computationally much
more expensive than solving a decomposed system, especially for large systems. We use sparse
direct solvers as mentioned in the introduction.

5.1.1 Weak Formulation of the Acoustic Equation

In this section, the application of FE method to the acoustic wave equation is described in
detail from mathematical point of view. We split the whole numerical domainto domain

of interest 4o and absorbing domaingy, . The numerical domain is surrounded by edges of
PML layers ,m, free surface which is Dirichlet boundary,, and Neumann boundary . In
thiscase@= pmi[ ul where@ is the border of the whole numerical domain. We
apply Neumann boundary at, too. First of all, we write down acoustic equation with all
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boundary conditions as

8
§ r(Dr p+ k>"yp f=0 8x2

S=rpr=0 8X 2 pmi
(5.2)
% S=rpn=0 8x 2
p=0 8x 2 .

Here,D is the matrix de ned in the equatior|s (3]36) ahd (3.37). For simplicity we repldme
wavenumbek. Here, f=0in ,y as we do not trigger the waves from the domain which is only
responsible to absorb the coming waves properly. Inside the domain of interest, we have only
real coordinate system, which implies that= , =0 and", = "y =1 in g. The complex

coordinate and complex norm vecter= k:f . can be represented by their real counterparts

with the help of the chain rule. Using the relati@ = %@—% which is derived by the chain rule
- @p_1@p
rpi=—=.—— 5.3
( p)l @] ||i @x ( )
@ 1@
r)i= —=——— 5.4
) & " @x (5.4)

and the Neumann boundary condition g, takes the form

1 @F@pml 1 + 1 @[@pnﬂ 1 -0
(")2@x @x kr pmk  ("y)?@y @y kr pmk

=) —=Drp n=0: (5.5)
Now, test functionw : 4, ! Cis chosen and it has the following properties:

w satis es the geometrical boundary conditions=0 8 x 2

w isin nitesimal

w is arbitrary

To obtain the weak form of the equation, the strong form is multiplied withnd integrated
over the whole domain
Z
wr (Drp+k*yp f d=0 (5.6)

Z Z Z
: wlr (Dr p)+] d + k> 'yp= wfd : (5.7)
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After applying the product rule
r [wDr pl=w[r (Drp]+rw [Drp] (5.8)

the equation takes the form

Z Z Z Z
, r [wDr p]d rw [Dr pld + wk?" "y d = wid : (5.9)

Gauss theorem is used to convert the integral over the domain to an integral over the boundary
Z Z
r [wDr pJd = wDr p nd

Z Z Z
= wDr p nd ,+ wDr p nd pm + wDr p nd : (5.10)
u pml
Sincew = 0 on  according to the de nition of the test function,
Z
wDr p nd , =0: (5.11)

u

According to equatiorj (515),

Z
wDr p nd ,m =0: (5.12)
pml
Outside the absorbing domain, = (1) (1) and according to equation (5.2),
Z
wDrp nd =0: (5.13)

And we obtain the simpli ed form of the weak form as

z z ., z

rw [Dr pld + W'C—Z"X"y d= wfd : (5.14)

The next step is to discretize the test functiwand pressure elg. They are approximated as
linear combinations of element shape functidh&)

XS
w(X) Ni (X)wi (5.15)

i=1

XS
p(x) Ni (X)pi; (5.16)

i=1
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whereNS is the size of the basis. By substituting discretized functions in equationr] (5.14), we
can write the equation in matrix and vector form as

Kp + ! 2Mp = f; (5.17)
where entries of the matricés, M and vectoif can be calculated as

Z

Kij = r N;(x) (Dr Nj x)d ; (5.18)
z 1

My = lIx"ygNi(X)Nj ()d ; (5.19)

Z
fi = N; ()f (x)d : (5.20)

These integrals are calculated by splitting the domain into small elementsS Qfl e Where
NE is the number of all elements. To make the geometayfunction of the natural coordinate
of a single element, The geometry is approximated by the ansatz funttionand element
positionsx € in an element in physical coordinates:

X
xi( ) XN ): (5.21)

In case of straight element edges, the geometry can be perfectly approximated with only linear
ansatz functions. The curved elements can be also precisely approximated with higher degree
functions. It can be written in a more general form as

2 3
Xel
x%l
2 3 2 3 B%§
X1( ) N.( ) 0 No() O 0 i 2xj§
4%5()> 4 0 Ngy() 0 0 Ny() 0 =5axPL: (5.22)
x3( ) 0 0O Ny O 0 Nj() :: Bx§

The derivatives with respect to physical coordinates transformed to the derivatives with
respect to the natural coordinatesvith the help of the Jacobi matrix which is derived by the
chain rule:

@_X @@
— = — 5.23
@ . @@ (629
The Jacobi matrix is obtained by writing the last equation in the matrix form:
@ @
—=J()=: 5.24
@ ( )@ (5.24)
The derivative@(‘iD can be replaced by the derivativ%by using the reverse of the last equation:
@ 1, @
— = — 5.25
@ ( )@ (5.25)
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The in nitesimal element can be calculated as
d= XmdXZdX:g = JJJ d 1d 2d 3. (526)
This equations are also same for the two dimensional space.

The integrals in[(5.20) are calculated over each element using numerical integration techniques.
As an example, ifj is a function to be integrated over a two dimensional elemenit can be
calculated numerically in natural coordinates as

212, X0
9( 1; 2)dd o= i 59 ) (5.27)
1

1 i=1 j=1

[ 1;1]is the range of coordinate in each axis in natural coordinates. Heepresents Gauss
points, whereas represents the corresponding weight factor.

5.1.2 Weak Formulation of the Elastic Equation

As in the weak formulation of the acoustic equation, the whole domaionsists of the domain

of interest 4, and absorbing domaingy, . The borders of the domain in the absorbing region

is denoted as,m where we apply Neumann boundary condition with no external stress on the
surface because it is not realistic to have external stress on the surface which does not exist
physically. We name the borders as in the acoustic case. First of all, we write down the equation
with all boundary conditions

8

3 ! 2"X"y"zu r =0 8x 2

2 n t=0 8x 2 (5.28)
" u=0 8x 2 :

A complex-valued vector test functiom is chosen which has the following properties:
w satis es the geometrical boundary conditioms= 0 8 x 2
w is in nitesimal
w is arbitrary
The scalar product of the partial differential equation is taken witand is integrated over the

whole domain
Z Z

P2 etowoud w [r ]d=0: (5.29)

To simplify the equation, we use the product rule

r-w )=w (r )+ orw: (5.30)

w o (r )=r (w )r w: (5.31)
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To convert the volume integral to a boundary integral, Gauss theorem is used
Z Z Z Z
r-(w )d= w nd = w nd + w frd : (5.32)

pml

To simplify the weak form further, we use Neumann boundary conditiorjs in|(5.28) for

Z Z
w nd = w td; (5.33)
and for ,m
Z
w rd =0 : (5.34)

pml

Inserting [(5.311),[(5.32)[ (5.83) and (5/34) in equat|on (5.29), we obtain the weak formulation as

Z Z Z
Panet,woud w td+ rw: d=0: (5.35)

Sincew andu are vectors, their components are discretized separately; they are again approxi-
mated as linear combination of shape functibhx)

XS
w(x) = wi(X)e; Ni (X) W (5.36)
j=1

XS
u(x) = ui(x)e N;i (X)u; ; (5.37)
j=1

whereNS is the size of the basis. By substituting discretized functions in equatior] (5.14), we
can write the equation in matrix and vector form as

Ku +!2Mu = f; (5.38)

where the matricekK, M and vectoif stiffness matrix, mass matrix and external force vector,
respectively.

5.1.3 Shape Functions

Selection of the shape functions is one of the important points at FE analysis. Hierarchical
shape functions are used throughout this study. As degree of the basis increase, the basis is
not changed completely, but only some new functions are added to the basis. This can ease
the calculation of matrices tremendously once we have matrices for lower basis degree; only
new entries are added to the matrices with lower basis degree to construct matrices for higher
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degrees. We use Lagrange shape functions as a reference to compare hierarchical functions to.
Lagrange functions are constructed with the formula

1
 lag ) = . T(: (5.39)

k=1 !
k6i

where } is the natural coordinate of at nodek. The idea behind these shape functions is that
every shape function is 1 at the node it is assigned to and zero at the rest of points to which
shape functions are assigned. This relation can be shown mathematically as

YO (5.40)

Hierarchical shape functions are constructed as

) ?_ier( ): %(1 ) (5.41)
v hier — 1

hier( ) = 5(14_ ) (5.42)
MR )= () =34 p+ L (5.43)

N; andN, are linear shape functions which is the same as linear Lagrange fundtigrier
I > 2,is constructed by polynomial ; which is obtained by integrating Legendre polynomials

r Z

0= F57 L a0 sz b)) L () (=235 (549
where
La(x) = ﬁ(x2 )" x 2 ( 1,1); n=0;1;2;:: (5.45)

Legendre polynomials are orthogonal

Z, ,
_ smp fn=m
L Ln0OLm(x) dx 0 otherwise. (5.46)

In contrast to Lagrange polynomials, high order hierarchical polynomials are not equal to zero
at the same point (see Figure|5.1). Furthermore, Lagrange polynomials change completely as
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basis degree changes, whereas only new higher order polynomials are added in hierarchical
basis as its degree increases. This fact can ease computational pain of this work. A lower basis
degree is needed for lower frequencies than for higher frequencies. As we go up from low to
high frequencies, we do not need to change the basis and matrices completely, but we just need
to add new functions to the basis and add new entries to mass and stiffness matrices in order to
carry out precise calculations for higher frequency.

p=1 p=1

N1 N1
—_ 2 —_ 2 —
& 0.5 F - = 0.5 e
z z
0 0 | L |
1 0.5 0 0.5 1 -1 -0.5 0 0.5 1
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p=2
1
N1
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= 0 z
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€11
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o N4 //7 -
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g1
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Figure 5.1: Lagrange (left column) and Hierarchical (right column) shape functions
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6 Seismic inversion

Prediction of geological changes, such as caverns, fault zones, weakened zones, etc., ahead of
the tunnel is crucial for the safety of the tunnel and the structures above the surface. Enough
number of boreholes can give an understanding of the geological structure below the surface.
However, too many of boreholes, which is very costly in terms of both time and money, are
usually needed to scan the geological structure of the ground. To avoid the high cost, scanning
ahead of a tunnel is usually done by carrying out a seismic survey. Sources are excited at certain
points and the seismograms are read at geophones located at receiver points. The locations of
the sources and receivers, the type of the source used to excite the waves determine the type of
imaging approach used to predict the geological structure ahead of the tunnel.

Since the cutting wheel is not reachable during the boring process, placing source and receiver
points at reachable locations makes their maintenance possible in case they fail.

[Petronio and Poletto, 2002], [Petronio et al., 2003], [Petronio et al.,|2007], [Ashida, 2001], and
[Brackl et al., 2008] use the energy of the cutting wheel as the source of the excitation of the
seismic waves. Placing the receivers well behind the cutting wheel eases the maintenance of the
system if necessary. The re ected P- and S-waves are used to detect the anomalies ahead of the
tunnel.

Choosing both source and receiver points well behind the boring machine makes them reachable
during the construction. In some of such applications, the source is excited by small explosi-
ons in boreholes well behind the front tunnel face, €.g. [Ashida,|2001], [Sattel et al., 1992].
[Sattel et al., 1992] and [Bxckl et al., 20011] used vertical seismic pro ling (VSP) technique,
whereas [Inazaki et al., 1999] used horizontal seismic pro ling technique for tunnel exploration
purpose. Tunnel seismic prediction system, [Sattel et al.,|1996], [Dickmann and Sandér, 1996],
Is another compact commercial package, developed by Amberg Technologies, with measure-
ment instrumentation and interpretation software together.

Seismic imaging system [Borm et al., 2003], tunnel re ector tracing [Neil et al., |1999],
[Yamamoto et al., 2011], true re ection tomography (TRT) [Otto et al., 2002], true re ection
underground seismic technique (TRUST) [Benecke et al.,|2008], tunnel seismic tomography
(TST) [Zhao et al., 2006], and tunnel geological prediction (TGP) [Jiao et al.) 2015] are other
systems to predict geological structure of a tunnel.

[Kneib et al., 2000] and [Gehrig et al., 2010] propose Seismic Softground Probing (SSP) where
all source and receiver points are located on the cutting wheel of the tunnel boring machine.
SSP is designed for tunneling in soft soils by earth pressure balance machines (EPBMSs). In case
the source and receivers are failed, the maintenance is not possible during the boring process
because the cutting wheel is not reachable. Migration is carried out over the re ected P-waves
to scan ahead of the tunnel.

The systems mentioned till now mostly take advantage of rst arrivals of body waves and seis-
mic migration to interpret the re ection data. However, surface waves are also generated when
small explosive are blasted in boreholes well behind the front tunnel face. It was gured out by
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[Bohlen et al., 2007] and [Jetschny et al., 2010] that the surface waves propagating at the tunnel
side walls are converted to body waves when they hit the front tunnel face. The reverse is also
true when the body waves are re ected from the geological boundaries and hit the front tunnel
face. Taking advantage of this nding, they use surface waves to explore the geological structure
ahead of a tunnel.

More recently,[[Tzavaras et al., 2012] applied 3D Kirchhoff prestack migration, Fresnel volume
migration, and re ection image spectroscopy, and [Cheng et al.,|2014] applied 2D reverse time
migration to explore the re ectors ahead of tunnel.

6.1 Full waveform inversion (FWI)

It is possible to use only wave traveltimes of some waves and reconstruct the velocity eld to
some precision. However, waveforms contain more information than only traveltimes of some
waves. This is the idea of full waveform inversion which aims to nd such an optimal velocity
eld that ts the waveforms the best. All types of waves (body and surface waves) are super-
posed in a single seismogram. Goal of FWI is not only to t rst arrivals of some waves, but
arrivals and amplitudes of all waves. Trying to t full seismograms decreases the ambiguity
level of the inverse problem. In other words, it reduces number of possible models which suit
the real data. However, full seismogram contains a lot of information including all kinds of inci-
dent and re ected body and surface waves. This, in turn, makes the problem highly non-linear,
which can be overcome with a very close initial model. The nonlinearity can also be partly sub-
sided by using low frequency components of the seismogram rst and use the resultant model
as an initial model for the higher frequency components. Although it can be done in both time
and frequency domains, the frequency domain provides more exibility to handle any single
frequency separately in a given frequency range. This fact is the motivation to carry out the
numerical experiments of this study in the frequency domain.

Researchers have been applying FWI in geophysical exploration problems since early 1980s,
[Bamberger et al., 1982], [Crase et al., 1990], [Pratt et al., [1998], [Pratt, 1999a], [Pratt, 1999b],
[Virieux et al., 2009]. FWI is computationally expensive, which made it not practical to use.
However, with the exponential growth of computer technologies, researchers apply FWI more
often in a variety of exploration problems; e.g., continental scale problems are addressed by
using FWI, [Fichtner et al., 2008], [Fichtner et al., 2009a], [Fichtner et al., 2009b].

6.1.1 De nition of the inverse problem in the frequency domain

In this section, we describe how we mathematically de ne our inverse problem in the frequen-
cy domain. We assume that our source function has a frequency [lapge! max]- A set of
discrete frequencies

F=1f1o 000 ng where! i 2 [V min ! max] (6.1)

Is chosen and collected in groups . We deKefrequency groups where each group is a non-
empty subset of

Gk = fli k! g Fk=1;:5K; (6.2)

’-kMk
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whereMy is the number of frequencies in detThe selection of these frequency groups plays a
very crucial role in the inversion process. Too few frequencies may not be a good representation
of the real problem so that the inversion process ends up with an unreasonable result. At the
same time, a large number of frequencies tremendously increase the computation time. The
importance of the frequency groups is highlighted in the results section.

The model is inverted over each frequency group separately and, for this reason, wk solve
inverse problems in one FWI process. We deKianverse problems

Piimin i(6)ii =1;:K: (6.3)

and denote the result of each problentés. Here, (c) is the mis t functional and we de ne
it as

Xi g Xs | | L X Xs -
i(Ci): 5 4 p! ij (4 p! ij) = E J4 p! ijj . (64)

j=1 T =1 j=1 I=1

For each problenf; which takes the frequency gro@ into accounts;; S,; :::; S, represent
source points, whereas; r,; ::;; Iy, represent receiver points. Herg,is the number of source
points and4 p; ' (g) is the difference of the pressure values at the receiver points between the
real and computer models when the source is red at the sendergpoint

4 p|| i = p|| i (pobs)! i (65)

Here, p! i and (Popd)! , are vectors of pressure values read at the receiver points when the
source is red at the sender poigtin the computer and real models, respectivelypkij ) is
the conjugate of the complex vectnp| ;

In the frequency domain, the mis t functional is minimized over a set of discrete frequencies.
The lower frequencies are tackled rst, and the result of the lower frequencies becomes the
initial model of the next higher frequencies. As mentioned before, the mis t functional can be
highly nonlinear in FWI. Tackling lower and higher frequencies separately helps to decrease the
nonlinearity of the mis t functional, [Ajo-Franklin, 2005]. An initial model is very important

for each probleni; and we denote it ag"™ . We can write each inversion process as

a"™ =) Pi=) d%i=1;uK (6.6)

which means that we use the initial mod8f as an input to the inverse problg®to obtain

the desired:®*. Since the optimization method we use is a gradient-based method, the initial
model should be close enough to the real model so that it is not stuck at a local minimum
point. dM depends on intuition or on previous experimental results, if there are any; For

I =2;:::; K, the initial model is the result of the previous velocity eld, which can be expressed
mathematically as

ant = ges;pi = 2; K (6.7)

This work compares two inversion approaches - discrete and continuous. In the discrete ap-
proach, the velocity eld is discretized beforehand such that a vector of design variables repres-
ents the velocity eld. This problem can be solved by conventional optimization methods. In the
continuous approach, the velocity function itself is sought in order to minimize the mis t func-
tion. In this case, there is no need to discretize the velocity eld beforehand since the gradient
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of the mis tis a functional gradient that is derived by taking the derivative of the mis t function

with respect to the velocity function by means of functional derivations. In this work, the dis-
crete approach is applied to both acoustic and elastic wave equations, whereas the continuous
approach is applied only to the acoustic wave equation.

As already mentioned, a gradient-based optimization method is used to minimize the mist
functional and to nd an optimal velocity eld. More precisely, the conjugate-gradient (CG)
method is applied to solve inverse problems. In the following sections, the algorithm of CG and
the ways it is applied to both discrete and continuous approaches are described in detail.

6.1.2 Discrete approach and discrete adjoint method

We apply the discrete approach to both acoustic and elastic equations in a trivial manner. In this
approach, the velocity eld is approximated by a linear combination of adequately chosen basis
functions’ ; : ! R and scalar valued model parametars2 R,i =1;2;::;;nas

X
G(X)= " e(X)mMe: (6.8)

e=1
We use two different discretizations in this work: A piecewise linear approach where there are
no jumps in the function and a piecewise constant function in wiriglis a velocity value on
the element e. A comparison is given in the result section. Piecewise linear functions can be
good to approximate a function that has no jumps and is changing smoothly. On the other hand,
a piecewise constant function can be good to detect jumps and approximate rapidly changing
functions. After discretization, the velocity eld can be represented with a vector of model
parameters

m=(mq;my::my)': (6.9)
Using a nite-element approximation, the acoustic wave equation in the frequency domain
(2.28) can be reduced to

I 2M(m)p, + Kp, = f, (6.10)

whereM; K, andp are the mass matrix, the stiffness matrix, and the discrete version of the
pressure eld, respectively. If a matrix is de ned such that. = ! 2M(m) + K, equation
(6.10) reduces to a system of linear equations

L(m)p, = f: (6.11)

The gradient of the mis t functional (m) is calculated using the discrete adjoint method (see
[Fichtner, 2011]). By applying the chain rule, the partial derivative of the mis t functional with
respect to a model parametear is

g =r @

@m " @m
wherer , = —@—?. In order to derive the partial derivatives of the discrete pressure coef cients
with respect to the model parameters, equafion [6.11) is differentiated with respgct to

@ @ _ .

— p +L ;
@mp+ @m

(6.12)

(6.13)
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and thus

@: L 1 @ p : (614)

@m @m ™

By substituting the partial derivatives of the discrete pressure values with respect to the model
parametersn; into (6.12), the gradient of the mis t functional becomes

@ 1 @ Q’ T
— =T L — = | — L rp: 6.15
In our casel is a symmetric matrix. This allows us to repldcé with L . The discrete adjoint
wave eld p is de ned as the solution of the adjoint equation

L'pf=r1r , ) p'= L Try: (6.16)
This simpli es the calculation of the gradient of the mis t functional jn (6.15)

e _, e
@m — @m

This equation signi cantly reduces the computational effort for calculating the gradient of the
mis t functional: For every source point, the system of linear equations is solved only twice. If
direct solvers are used, they need more time for the decomposition than for solving backward.
This makes direct solvers advantageous in this case; decomposition is performed only once,
and in the following calculations, only the backward solve is performed. Compared to a nite-
difference approach, in which a linear system is to be solved for each model parametes

Is a major improvement. Moreover, derivatives are computed exactly and the stepsize dilemma
IS avoided.

p: (6.17)

6.1.3 Continuous approach and functional gradient

We apply this approach only to the acoustic wave equation. Before the continuous approach can
be applied, the functional must be derived by using the variational apprg%ghf (x;!)in

equation[(2.25) are replaced b¢x), and (x S), respectively, to give
4p +12%d)p = (x 9): (6.18)

For the sake of simplicity, the equations are given here for only one frequency and one source
point. In the end, the nal formulations are only summation over the frequencies and the source
points. The variation of the mis t functiondl (§.4) is

Xr
=4(m) P= (P(ri) Powst(ri)) pi(ri) (6.19)

i=1

wheren, is the number of receiver points, apd(ri) andpops; (1) are the pressure values at
the receiver point; in the computer and real models, respectively. We detr@ to represent

4p =p(r) Pops:(ri): (6.20)
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The variation of[(6.18) is used to derive(r;) and it takes the form

4 py+12dx)pr = 2dX)p: (6.21)
Once [[6.1B) is solved, the solution pf (6.21) can be constructed using Green’s function as
Z
pi)= 12 Gy xdyp(yady: (6.22)

It is taken into account thad(y) is the Green function of (6.18)p (r;) is substituted in[(6.719)
to obtain the equation

Z
X _
= 12 (4p)G(y G (y 9 d(y)dy: (6.23)
i=1
R
Using the equation = r d (x)d gives the functional gradient as
X _
ro=12? 4p)Gly mMG 9 ; (6.24)

i=1

wherer = %das in [Sirgue and Pratt, 2004] and [Ajo-Franklin, 2005]. The functional gradi-
ent is the direction of the maximum rate of change. According to equation (6.24), the functional
gradient can be constructed with Green functions, which are linear combinations of nite ele-
ment basis. In our case, this means that discretization of the velocity eld is directly dependent
on the nite element basis.

6.1.4 Relation between discrete and continuous gradients

We aim to compare the discrete and continuous approaches in the acoustic wave equation and
the mathematical relation between these two approaches are shown before doing this. In prac-
tice, before running any simulations, it is possible to see advantages and disadvantages of both
approaches. The continuous approach does not require discretization of the velocity eld before
the simulation starts, and it provides a more precise gradient of the mis t functional. Howe-
ver, in the discrete approach, we can discretize the velocity eld as we wish. This may be an
advantage if we know what kind of medium we are trying to scan and, in such a case, we can
discretize the velocity eld accordingly. We compare the results of both approaches and discuss
them in the result section. To show the mathematical correlation between the approaches, we
analyze the relation between discrete and functional gradients. The derivatjve ¢f (6.18) with
respect to a model parametay is used to derivé%"—;ui) and it takes the form

@p 2 2 @d’()
4 — + 1 °d(x ! 6.25
@m ( )@m @n’ (6.25)
Once [6.1B) is solved, the solution pf (6.25) can be constructed as
——= 1 G X d 6.26
@n (y ) p(y) y: (6.26)
The derivative of the mis t functional with respect to a model parametgrs
@ _X @fri).
— = ri ri 6.27
m (p(ri)  Pobs(ri)) @m ( )
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Substituting[(6.26) in equatioh (6]27) gives

Z
@ !ZX

@m
Using equation[(6.24) irj (6.28), the relation between the continuous and discrete gradients is
obtained as

4(0) Gy )Gy 9 @@—%dy: (6.28)

Z

@~ ead - _ . Q@d (6.29)

em  @den’ ' @m

where the<;> operator denotes the inner product. In this study, discretization is performed
according to equation (8.8). If this equation is taken into account, the equgﬁorx <

r ;' ; > is obtained. In the end, the discrete gradient is related to the inner product of the
continuous gradient, and shape functions are used to discretize the velocity eld function.

6.1.5 Comparison of the discrete and continuous gradients

The idea of the functional gradient is that it calculates the gradient of the mis t functional with
respect to the velocity eld without discretizing it. If analytical solutions are known, the gra-
dient could also be calculated analytically with equatjon (6.24) using the functional derivation.
In this section, an example that has analytical solution for the acoustic equation is investigated
to calculate the analytical gradient. We also calculate the gradient with the discrete adjoint and
compare them. An in nite box is taken as an example. Only one single source point and one
single receiver point are chosen in the model (see Fguré 6.1a). It is assumed that the sought ve-
locity eld and the initial velocity eld are homogeneous. The initial and sought velocity values
are 20007s and 1630s, respectively. In this case, the analytical solutions of the acoustic equa-
tion (2.25) for both of the velocity elds are known. The analytical gradient is constructed as
functional gradien{ (6.24) (see Figyre 6.1c). Figure|6.1d and 6.1b are the gradient plots obtained
by the adjoint method by discretizing the velocity with a basis of degrees 1 and 3, respectively.
Unfortunately, Figurg 6.1b looks numerically unreasonable because the picture is not pixel-wise
very smooth. However, if we overlook this error, we will see that as the basis degree becomes
higher the gradient converges to the functional gradient which is the analytical gradient of the
example.

(a) adjoint p=1 (b) adjoint p=3 (c) functional

Figure 6.1: Gradients with the adjoint and functional approaches.
Scaled plots
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6.2 Important concepts of an inverse problem

Our aim is to nd such an optimal geological modal for the tunnel domain such that the

mis t functional (m) is minimum. There are a few mathematical concepts which have to be
understood well in order to have a good insight of the inverse problem we are trying to solve:
global and local minima, non-uniqueness, and convexity. The search space for the geological
modelm is high-dimensional. It renders stochastic minimization methods not well applicable
to FWI problems. We aim to use deterministic minimization methods which are dependent of
the gradient of the mis t functional . Although the stochastic methods can avoid becoming
stuck in a local minimum, gradient-based methods tend to take the way to the closest minimum
point which can be local minimum. Figure 6].2a illustrates a function which has strict global and
strict local minima. With a gradient-based method, it is required to have an initial earth model
close enough to the global minimum not to let the method take the path to the local minimum.
Being a strict global minimum means that there is only one pwigt,a that corresponds to

the minimum value of the mis t functional. In other words,

(m global) < (m) forallm 6 m global (6-30)

It also means thanhgea is Unique. However, geophysical inverse problems do not usually have
a unique solution and there are more than one global minimum:

(m global) (m) forallm 6 m global (6-31)

Figure[6.2b shows an example of such global and local minima. Inverse problems which ha-
ve only one global minimum without any local minima with a unique solution are the most
convenient to handle. However, geophysical inverse problems, on which non-uniqueness of the
solution and many local minima impose a big challenge, are the opposite.

(a) Unique global minimummgqna, Unique locakb) Non-unique global minimummgepa, NON-
minimamigcal, andMiocal, unique local minimuMmgcq

Figure 6.2: Global and local minima

Convexity is a mathematical concept on which both the uniqueness and local or global nature
of the minimum of the mis t function depend. The mis t functiona{m) is a convex function
if the relation

(A )mi+ my] (1 ) (my)+ (my) (6.32)
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is satis ed for any earth models ; andm , in the search space and for any [0;1]. This
inequality means that the line connecting any two points on the graph of the mis t function is
above or on the graph. The mis t function is called strictly convex when the line connecting
two points on the graph is above the graph:

(A Imi+ myl< (1 ) (my)+ (m2)8 2[01f (6.33)

A convex function has no local minima, but one global minimum. However, the global minimum
point is not unique and there are in nitely many of them. Strictly convex functions have unique
global minimum and no local minima. In an ideal case, we would like to have a strictly convex
function in order to have only one unique global minimum. We would be sure that the gradient-
based method searches for the global minimum, but does not converge to a local minimum.
Unfortunately, real world problems impose much more dif culties than an ideal case. To prove
that a convex function have no local minima, but only global minimum, we assummihat

is a local minimum anam gqpa is the global minimum. For the earth modets in the close
vicinity of m oca, the following relation

(m Iocal) (m ) (6-34)
must satisfy. We choose an earth mowhel as
mi=(1 0)Miocal + oM global = M| + o(m global M local) (6.35)

where g is chosen so close to zero timat is in the close vicinity ofn o4 to satisfy the relation

(Miocal)  (My): (6.36)
Using the convexity relation
(Migca) (M1)= (1 o)Mipcat oMgobar) (1 0) (Migca)* o (M giobar); (6.37)
the relation

(M iocar) (M globar) (6.38)

is obtained. Sincen gpa is the global minimum point, the inequality

(m global) (m Iocal) (6.39)
must be right. The last two conditions must satisfy at the same time, which can only happen if
(m global) = (m Iocal): (6.40)

It means, if a function is convex and if it has a local minimum, the value of the mis t function
at that point is equal to the value of the function at the global minimum. We choose any point
m in between the local minimum o, and the global minimum gjgpal

ma=(1 )Migcar + M global - (6.41)

Using the convexity condition,

(m global) (m a) = ((1 a)m localt aMm global) (1 a) (m Iocal)+ a (m global) = (m global)
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(6.42)

Is obtained. The inequalities can only be satis ed if

(m global) = (m a) (6-43)

is satis ed, which means that value of the function at any point equals to the value of the
function at the global minimum. This implies thiat .., IS not a local minimum, but one of

in nitely many global minima. There can only be one global minimum region in a convex
function. However, the minimum is not unique.

If we use strictly convex relation, and follow the same derivation as we applied for the convex
functions, instead of equation (6]38), we obtain a strict inequality

(m Iocal) < (m global) (6-44)

which contradicts the relation (6/39) between the local mininmm., and the global mini-
mumm gepal- It is concluded that a strictly convex function has no local minima and it has only
one unique global minimum.

The Hessian matrikd (m) of a convex function , which equal%, is positive semide nite
for any modeim :

for all earth modelsn; andm,. In case of a strictly convex function, the Hessian matrix is
positive de nite for allm,:

m; H (mz) m;>0 (646)

for all m; andm,. One can refer tg [Fichtner, 2011] for the derivation [of (6.45) and [6.46)
from the convexity condition. Since the model parameteis too big in geophysical inverse
problems, the calculation of Hessian matrix is computationally very expensive. However, it is
easier to have some insight about the mis t function with the help of its Hessian relation than
the convexity relation.

In tunneling problems, the sources and receivers geophones are usually placed inside the tunnel,
either close to the tunnel face or side walls, due to time and budget restrictions. The response
of the model can be measured only at certain points. It causes ambiguity in the mis t func-
tional because not only one unique model has a similar approach. This is one reason of the
non-uniqueness of the tunnel exploration problems. Another reason for non-uniqueness can be
parameters which affect the wave propagation. The wave propagation sometimes depends on
a parameter not directly, but it depends on some type of a relation between two parameters.
For example, in nitely many Lara parameters and density combination can give the same P-
and S-wave speeds which can result in system behavior. Apart from uniqueness of the tunnel
exploration problems, the mis t functional is a nonlinear function of parameters, such as wave
speeds, density, etc., which de ne the mechanical properties of soil.

There are rst-order and second order conditions to prove mathematically whether a point is
a minimum point. Assume thah, is a minimum point(either local or global). Then, the
inequality

(m min * oM ) (m min) (6.47)
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holds for any model parameten if , very close to zero. Taking all terms to the left side,
dividing by , and taking limit for ! 0, we obtain

M S Mpn+ o) (M) = M 1 (M) O (6.48)

which holds for any arbitrary model parameter In other words, the inequality is true for both
m and m, which can only be true if

rm (Mmin) =0: (6.49)

This equality, or the rst-order necessary condition, is ful llednf i, is a local or global
minimum. However, the reverse of it is not true; if a point satis es the equality (6.49), it can be
a minimum, a maximum or a saddle point. Nevertheless, only the rst order condition is used by
minimization methods to nd the minimum point. To derive the second order condition, Taylor
expansion of is used:

(Mot o) = (Mn)+ oM T (Mon)¥ 3 °M H (M) M+ 2 ( m3): (650)

Rearranging the equation, considering the rst order condition andithgt is the minimum
point,

SCMan+ om)  (Mua)) = 5m H Mua) M+ o(M9) 0 (651

is obtained. Here,; can be chosen so close to zero thai, m2) term can be neglected with
respecttgm H (Mmn) m. Itimplies that

1

Em H (Mmpn) m O (6.52)
which is a second order necessary condition implying that Hessian matriaithe minimum
pointm i, is positive semi-de nite, must hold.

6.3 Minimization methods

An appropriate minimization method is inevitable to solve the full waveform inversion pro-
blems. Figurg¢ 6|3 shows schematically how the minimization methods work. All non-linear
iterative minimization methods, including stochastic methods, rely on updating the current pa-
rameter moden :

Miya = M+ S (6.53)

where ; is step size and; is search direction at iteratian The difference amongst minimiza-

tion methods is the determination of the search direction. In FWI problems, where the model
space is too big, determining the search direction with stochastic methods is almost impossible.
This is the reason why we deploy gradient-based methods to minimize the mis t function. Once
the search directios is known, the next challenge is to determine the step size, which is done
with the help of the rst order condition:

% (mi+ iSi):Si l'm (mi+ isi)ZO: (654)
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With the quadratic approximation offm + s) with Taylor expansion around
2 d2
+ - — +
> 42 (m S)

m+ s)  (m)+ L (m+ s
d =0

=0
= (m)+ s rn (m)+72s H (m) s; (6.55)

we obtain

(m+ s) (m)

0 Sr, (m+ s H (m) s: (6.56)

Solving the last equation, we obtain the step sizas

Srm (M)

s H (m) s’ (6.57)

The search for is an iterative process. One possibility to avoid the calculation of the Hessian
L 2 .
matrix is to use the Secant method to calcufatél ;> approximately :

®(m+ s) [ M+ s- [F (m+ s)
d 2
_fm M+ ) St m (M) S 5o
Substituting the Secant approximation[in (6.55), we obtain
SIm (M) (6.59)

rm (m+ s)y sr , (m) s
which does not require calculation of the Hessian matrix.

Another possibility is to assume that the functiof ) is a quadratic function which is needs
three points to be found. This process can be iteratively done around the minimum point of
every iteration until the convergence criteria is satis ed.

There is one important thing about line search algorithms in case of FWI problems; the function
( ) can very easily be nonlinear. In this case, we try to nd gure out the rangeiafwhich

the rst minimum of ( ) locates and treat the function again as a quadratic function. This

strategy is based on nothing else but trying to choose an initial point which is close enough to

the solution.
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Figure 6.3: Minimization (optimization) process

6.3.1 Steepest descent method

The steepest descent (SD) method chooses the steepest descent direction as the search direction
The algorithm of SD is given i 1. Choosing the most rapid descent direction is effective locally.
However, this strategy is not globally the most effective and it converges very slowly to the
desired model in case of many non-linear inverse problems.

Algorithm 1 SD algorithm

Choose an initial modeh g

i=0

while convergence criteria not satis etb
calculate search directia = r  (m;)
do line search(nd ;) mjs; = m;+ ;s
update the modeim .
i=i+1

end while

6.3.2 Newton’s method

The Newton’s method is based on the rst order necessary condition and linear Taylor expansion
of the gradient ,, (M i, ) around the minimum point ,;, :

From the last equatiom) i, is derived as

The algorithm of Newton’s method is presented in algoriffm 2. There is no need to perform a
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Algorithm 2 Newton algorithm

Choose an initial modeh

i=0

while convergence criteria not satis etb
calculate gradient (m;)
calculate Hessian matrid  (m )
determine the search directisn= H *(m;) r (m;)
update the model parametari,; = m;+ s;,( i =1)
i=i+1

end while

line search calculation in case of the pure Newton method. Nevertheless, line search can also be
performed to minimize (m ;.1 ) as much as possible. The advantage of the Newton’s method is

its quadratic convergence which is much faster than its counterparts. However, the calculation
of the Hessian matrix is too expensive, especially in case of FWI problems. Moreover, the initial
model has to be more appropriately chosen if Newton’s method is to be used to solve a non-
convex problem. If the initial model is far from the sought minimum point, the Hessian matrix
may have negative eigenvalues or may be singular. In the best case, this can lead to very slow
convergence, and in the worst case, the method can diverge from the minimum point.

There are several variants of Newton’s method. One variant is regularized Newton method
which circumvents inversion of singular Hessian matrix:

Mia=m; (H (m)+ 1)Yr (m): (6.62)

Gauss-Newton method is another variant of Newton method. It accounts for reducing compu-
tational cost of the calculation of full Hessian matrix which is replaced by the approximate
Hessian matrix. Gauss-Newton also has its regularized form which is called Levenberg me-
thod [Levenberg, 1944], [Pratt et al., 1998] performs Gauss-Newton and full Newton methods
in frequency-space seismic waveform inversion problems.

Another quasi-Newton method is BFGS, [Shanno, 1970], [Broyden,/1970], [Fletchet, 1970],
which does not require the calculation of the Hessian mairix. [Yong and Dave, 2012] demon-
strate BFGS on a full waveform inversion problem.

6.3.3 Generalized conjugate gradient method

The conjugate gradient method is widely used to solve linear systems and nonlinear optimi-
zation problems. The advantage of CG is that the search directions satisfy the orthogonality
conditions. This fact guarantees the solution at most withgteps where is the size of the

model parametem . Unlike SD method, CG searches for the model in an orthogonal direction

to the directions in the previous iterations. This means that the search direction in the current
iteration does not have components in the previous search directions and thus, it does not search
the model in the same direction over and over as SD does. For a detailed information about the
CG method one can refer to [Shewchuk, 1994].

In this work, this method is used for both discrete and continuous approaches in which the
objective is mapping from a linear space into real numbers. The linear space is equipped with
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an inner produck; > which is de ned as

X
<uv>=u v= U; Vi (6.63)

for the discrete case and
Z

<u;v>= uvd (6.64)

for the continuous case.

Algorithm 3 CG algorithm

Choose an initial modehg

So=To=Tr (mo)

doline search g, m; = mg+ Sy

update the modeimn;

i=1

while convergence criteria not satis atb
calculate gradienti.; = r  (Mj41)
calculate 4
calculate search directi®y = ris1 + i+1Si
do line searcm;;; = m; + ;s;
update the modein; .
i=i+1

end while

We use the Polak-Ribiere method [Polak and Ribiere, 1969] for

i+1 = Max AL R (6.65)
<rir=>

Other possibilities are Fletcher-Reeves method[Fletcher and Reevers, 1964]

<Tit1;lie1 2
= ; 6.66
I+1 <ri;ri> ( )

and Hestenes-Stiefel methpbd[Hestenes and Stiefel, 1952]

<Ti+1;livr T 2
v = —— i (6.67)
<Siifisa I >

6.3.4 Pre-conditioned conjugate gradient method

Pre-conditioned CG method can be used when we have prior information based on our expe-
rience or intuition about the inverse model. For example, the gradient of the mis t function

is high at source and receiver points due to singularity at those points. One can suppress ar-
ti cially high values at sources and receivers by using a pre-conditioning m@trior if we

have information about the distribution of mechanical properties of some part from the whole
domain, we can disregard or decrease the gradient with the h@pnaétrix. We can also use
pre-conditioning as a form of regularization and force the method choose fastest directions to
the minimum model using the information about the properties of the inverse problem. This can



58 6 Seismic inversion

happen when we have two or more variables such as and . The gradient is sometimes
sensitive with respect to one of parameters. In such a case, the inversion process will search for
the solution mostly in the direction of the parameter with high sensitivity. Although CG gua-
rantees solution in a nite number of iterations, to run the simulation for too many iterations is
computationally too expensive. We can use the information about the sensitivity of the mis t
function with respect to the parameters and build the pre-conditioning nfatbased on this
knowledge.

Algorithm 4 Pre-conditioned CG algorithm

Choose pre-conditioning matrix
Choose an initial modeh g

my=P mg

So=rg= P r (myg)

calculate step sizeoomi =mg+ oSo
update the modein ;

mi=P m;

i=0

while convergence criteria not satis etb

calculate gradient;,, = P r (M)
calculate i, withr’
calculate search directi®y, = rio+1 + 1S
calculate step size ,; = m. + s
update the modeh |,
Miv = P m?+1
i=i+1
end while
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7 Forward modelling: Numerical experiments and veri cation

In this chapter, we are presenting forward wave propagation problems. As we use our own code
to solve the wave equations, we need to verify our code. We do it by comparing the numerical

results with analytical results. Moreover, we use Specfem software to prove that our program

solves the wave equations precisely. Apart from the veri cation of the code, we present some

forward simulation results to see the wave propagation behavior in the ground.

7.1 2D acoustic half-space

The rstforward model we presentis 2D acoustic half-space. The forward simulation is veri ed

using a half-space example in which the analytical solution for a homogeneous velocity eld is
known. In two-dimensional in nite space, the analytical solution of the acoustic equptionh (2.25)
for a constant velocity eld and a point sourte(x) = (x 9)is

ZHo (kix  s); (7.1)

pr=
WhereH(()l) is the Hankel function of the rst kindk = % is the wavenumber, angf is the
pressure eld when the source is red at pomtThe analytical solution of the half-space pro-
blem is constructed using the solution of the in nite dom&in|(7.1). If a source is red at point
sin a half-space, its analytical solutionpgx;s;! ) p(x;t;! ). The pressure eldp(x;s;!)
andp(x;t;!) are calculated using (1.1). The line from posto pointt is bisected by and
perpendicular to the free surface line (see Figurg 7.1).
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Figure 7.1: Acoustic half-space

Construction of the analytical solution

In this example, the acoustic equation is solved by the high-order nite elements method with
hierarchical shape functions, [Smaénd Babska, 2011], in a 90m 42.5m domain with a
mesh 080 40elements using a polynomial degmee 4. To verify the code and the absorbing
boundaries, the numerical result is compared to the analytical solution. The result in[Figure 7.2
is the nite element solution of the Helmholtz equation with an angular frequency of 2000 Hz
and a constant velocity eld c=200@. The source is a Dirac delta distributibn(x) = (x 9)

and the poinslies directly below the free surface.

(a) Real part (b) Imaginary part

Figure 7.2: Wave elds in the acoustic half-space with FE
! = 300Hz

In Figureq 7.B anfl 7|4, the analytical and FE solutions are compared over the horizontal line
AB at about y=21.8 m and the vertical li@D at about y=44.4m. A very good agreement is
observed between the numerical and analytical results. In the numerical results, in the region
close to the edges where there are PMLSs, the solution is not correct since it is the part in which
the PMLs are located and absorb the incoming waves. It is obvious that the norm of the pressure
decay to zero in the PML region is very fast. In contrast to the FE result, the difference grows
in PML regions. This is exactly what we expect from the PMLs. In Figure|7.3b, the difference
function becomes larger in the region close to the free surface. However, this difference is

negligible.
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Figure 7.4: Norm of FE result and norm of the difference btw. FE and analytical results
I = 2000 Hz

For a single frequency, it is seen that PML tackles the arti cial boundaries perfectly. To see
whether it performs well in a range rather than at a single frequency point, we read values at
receiver points shown in Figufe 7]2b for the angular frequency in the range 200-1200 Hz and
compare the FE results to the analytical solution in Figure 7.5. Again, very good agreement is
observed between FE solutions with PML and analytical solutions.
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7.2 2D acoustic tunnel

Our numerical model is represented by the acoustic equation with no attenuation de ned for
a tunnel domain whose dimensions and boundary conditions are described in[Figure 8.1. The
air-soil interface is modelled with a free surface and arti cial boundaries that do not exist in
reality and are mimicked by PML layers. in the rst step, a velocity eld with a constant va-
lue c=20007s is considered, and simulations are run for the angular frequencies 1000 Hz and
2000 Hz. A Dirac delta function is applied just in front of the tunnel face. The results are shown

in Figure(7.6.

(a) Angular frequency 1000 Hz (b) Angular frequency 2000 Hz

Figure 7.6: Pressure wave elds in the tunnel by FE, homogeneous velocity eld
Real part

Figure[7.6 shows that the pressure values are zero on the free surfaces. The waves are fully
re ected back from the free surfaces, whereas the PML layers absorb the waves and act as
though the arti cial layers do not exist in the model. It is possible to see that the PML edges
are perpendicular to the directions in which the waves are propagating and that the waves are
ef ciently absorbed by the PML layers. The precision of the absorption depends on coef cient
Com and on damping function,.

In the second step, an inhomogeneous velocity eld is considered. The velocity eld used for
the next result is shown in Figure 8.1. The angular frequency is 2000 Hz, and the source is the
same as in the previous example. The result of this simulation is given in Figure 7.7, which
shows that the wavenumbers inside the circles are larger than outside the circles because the
velocity value of the circles is smaller. When the waves hit the interface of the circles, re ection
and refraction are observed.

7.2.1 Veri cation of the model with Specfem software

The next experiment is another important test for veri cation of our forward model. The aim is

to simulate waves in time domain when a Ricker wavelet function is applied at a source point:
this is achieved by solving the wave equation in the frequency domain over discrete frequencies
and by transforming the data to the time domain with discrete Fourier transformation. At the
same time, the same model is solved in the time domain by spectral element method in Specfem
which is very well known in the community of geophysics. To have no re ections from the
arti cial boundaries in the time domain model, we make the numerical domain big enough
such that we can stop the simulation before the re ected waves arrive at the stations. This gives
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(a) Angular frequency 1000 Hz (b) Angular frequency 2000 Hz

Figure 7.7: Pressure wave elds in the tunnel by FE, homogeneous velocity eld

Real parts

us opportunity to understand how effective the absorbing boundaries in the frequency domain
model are.

We choose source and receiver points as illustrated in Figure 7.8. There are 31 receivers each
of which is assigned a number. And there is only one single source point right ahead of tunnel
face. The domain has a homogeneous velocity eld of 3800 he source is a Ricker wavelet
(Equation[(4.1b)](4.16)) with the peak frequerigy= 500 Hz and the temporal deldy = 0 sec.

Figure 7.8: Source/receiver con guration

31 receivers, 1 source

We compare the seismograms from the time and frequency domain models in Figure (7.9). Itis
clearly observed that seismograms from frequency domain agree quite well with seismograms
from the time domain model in which we avoided the re ected waves from the arti cial layers.

It means that the forward model in the frequency domain is precise enough with very robust
absorbing boundaries. Nevertheless, there are some minor differences between the two wave-
elds. The differences can be due to different numerical approaches which are used to solve the
problem, and different absorbing boundaries used for the models. In this case, the time domain
model is chosen too big and the simulation is stopped before the re ections from the absorbing
boundaries arrive at receivers. This lets us say that the error from the absorbing boundaries may
only appear in the frequency domain model.



66 7 Forward modelling: Numerical experiments and veri cation

10
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Figure 7.9: Comparison between the time and frequency domain models

Next, we choose an inhomogeneous velocity eld (Figure]7.10) and compare it to the homo-
geneous case using the same source/receiver con guration in Figlire 7.8. Doing so, we can
distinguish the incident waves and re ections from the air-solid interfaces from the re ections
from the geological change which has a circular boundary (Fjguré 7.11).
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3000 m/s

Figure 7.10: Inhomogeneous velocity eld
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Figure 7.11: Wave elds from homogeneous and inhomogeneous models

7.3 2D viscoacoustic half-space

To have an insight of how attenuation in uences the propagation of waves, we start with a
half-space example. We use Kolsky-Futterman model, [Kolsky,|1956], [Futterman, 1962], to
account for the viscosity in the domain. The paramé&eén eqn. [2.2]7) de nes the attenuati-
on.AsQ !1 ,c! cand attenuation dissappears. In contrasQas 0 attenuation
affect increases. Figufe 7]12 shows the intensity of attenuatighdesreases. To see how the
attenuation works for different frequencies, more numerical results for the pressure eld with
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@Q!'1 (b) Q=50

(c) Q=20 (d) Q=10

Figure 7.12: Attenuation in a half-space example
Real parts! = 1000Hz, domain 360m 170m

Q =50 is shown in Figur¢ 7.13. The waves are attenuated to big extent till they reach the pml
layers.

(a)! =500Hz (b)! =1500Hz

Figure 7.13: Viscoacoustic wave elds in half-space

To investigate the attenuation even closer, we choose 3 receiver points close to the surface and
re source at the source point which is located at the coordifal5; 167.875) as in the
previous examples. This time, the simulation is carried out in the angular frequency range 100-

1500Hz. As it is seen in Figufe 7]14, the waves are attenuat€decreases. Especially in
higher frequencies, the waves almost decay to zero with |Quealue.
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Figure 7.14: Attenuation at receivers over a frequency interval

Real parts! = 100-1500Hz

7.4 2D viscoacoustic tunnel

Next, we make a comparison between the tunnel model in 7.10 and the same model with
a homogeneous attenuatiQ= 60. Figurg 7.15 illustrates this comparison and it can be clearly
seen in the amplitudes of wave elds that the energy is absorbed. The traveltimes of the incident
and re ected waves do not change as we keep the velocity eld the same in both cases.
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Figure 7.15: Viscosity in uence on wave elds

In the following experiment, we add density inhomogeneity in the tunnel model. We choose
the density as 100@m* everywhere outside the circle in Figure 7.10, where we choose it as
1500kgmz. Again the traveltimes remain the same as seen in Flguré 7.16. as expected, we ob-
serve that the amplitudes of incident waves are same. However, the amplitudes of the re ected

waves are less in the case of the inhomogeneous density where we have higher value inside the
geological obstacle.
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Figure 7.16: In uence of inhomogeneous density on wave elds

Finally, we consider the attenuation inhomogeneity in the model and try to observe the diffe-
rence due to it. In Figue 7.7, we observe that the traveltimes and the amplitudes of the incident
and rst re ected waves remain the same. The density change caused amplitude change in all

re ected waves. However, the attenuation change affected only the amplitudes of the re ected
waves which arrive later than rst re ected waves.
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Figure 7.17: In uence of inhomogeneous attenuation on wave elds

7.5 3D acoustic forward simulation results

7.5.1 3D half-space and veri cation of the code with the analytical solution

In the three-dimensional in nite space, the analytical Green function of the acoustic equation
(2.28) with a constant velocity eld is

! e 3 7.2
Xs!)= ——; :

POGS 1) = 25— (7:2)
wherek = 'E is the wavenumber ama(x; s;! ) is the pressure eld when the source is red at
points. First, the Helmholtz equation with homogeneous velocity eld in an in nite domain is

solved by FE method and the result is compared to the analytical solution (7.2) in [Figyre 7.18.
Although there are some minor differences between the results, they overlap to a good extent.
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Figure 7.18: 3D full-space, pressure wave elds

I = 3000Hz, 8m 8m 8m, cut at 2m away from the source

Next, a half-space example is used to verify the forward model. The analytical solution of the
half-space problem can be constructed by using the solution of the in nite domdin |n (7.2)
as in the 2D acoustic half-space example (Figuré 7.1). After solving the Helmholtz equation
with FE method, the real and imaginary parts of the numerical results are compared to the
analytical solutions in order to see whether the code solves the equation correctly in case of
a half-space example, and whether the absorbing boundaries do what they are expected to do.
The result iff 7.19 is the solution of the Helmholtz equation with angular frequency 3000 Hz
and constant velocity eld 2000s. The analytical result con rms the numerical result although
there might be some minor numerical error which can mainly be caused by the coarse mesh.
In this study, size of 3D numerical problems is kept relatively small as a result of the limited
computer memory and time cost. To handle larger-sized problems, it is necessary to optimize
and to parallelize the code. Another option is to run 3D simulations on computers with larger
memories, where the time cost can still be high. Apart from the limited computer memory,
numerical method itself brings in error too. It has to be considered that there is singularity at the
source point and a numerical method has bigger error in the vicinity of the source point. This
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error can be minimized by re ning the mesh near the source point. Another source of the error
can be the absorbing boundaries as every numerical method can produce errors. Although we
try to keep the errors due to numerical methods minimum, they cannot be avoided fully.

-0.00997 00144 O e ————
S TS S
(a) analytical result, real part (b) analytical result, imaginary part

-0.0105 0.0150 LOH0 003
I s - I -
(c) numerical result, real part (d) numerical result, imaginary part

Figure 7.19: 3D half-space, pressure wave elds
I = 3000Hz,8m 8m 8m
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7.5.2 3D acoustic tunnel model

We consider a 3D tunnel model with a homogeneous velocity eld of 2@Gihd we run the
simulations for the angular frequencies 1000 Hz and 2000 Hz. A Dirac delta function is applied
right ahead the front tunnel face. The real parts of the complex wave elds are illustrated in
Figure[7.20. From the gurg 7.20, it can be seen that the pressure values are zero on the free
surfaces. The waves are fully re ected back from the free surfaces, whereas the PML layers
absorb the ways and act as though the arti cial layers do not exist in the model.

226, 671 120 475
- (T

(a) Angular frequency 1200, real part (b) Angular frequency 1200, imaginary part

)0

539 213
- T TTaee——

-219. 2,88

(c) Angular frequency 800, real part (d) Angular frequency 800, imaginary part

Figure 7.20: 3D tunnel, pressure wave eld
32m 32m 60m

7.6 2D elastic forward model

7.6.1 Veri cation of the 2D elastic tunnel model with Specfem software

To verify our 2D elastic tunnel model, we use a time domain model in Specfem software. We
choose the domain big enough to avoid re ections from absorbing boundaries and we stop the
calculations before the re ected waves arrive at receiver stations. In contrast to the acoustic wa-
ves, the re ected body waves from PMLs are not the only challenge encountered in an in nite
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elastic model. Here, conversion of surface waves into body waves in PMLs parallel to the sur-
face wave propagation direction is another challenge which occurs in case of low frequencies
and shallow depth (Sectipn B.2). To cope with the body and surface waves at the same time, we
use convolutional PML in elastic models.

The locations of the source and receiver points are shown in 7.21, whereas the seismo-
grams are presented in Figure 7.22 where seismograms from the time and frequency domain
models are compared at each receiver point. The source function is the Ricker function with
a peak frequency of 300 Hz and a temporal delay of 0s. The seismograms con rm each other
very well. However, this comparison is not very precise because it is not possible to see small
differences. This is why we use single seismograms (Figurg 7.23) to see differences between
models. Figur¢ 7.23 zooms in the displacement wave elds in both directions at one of the re-
ceivers to see the differences between the two models better. These differences are sometimes
in the amplitude of body waves which can be caused by course mesh and lower FE basis degree
which is 2 in our frequency domain model. Besides, the source of some part of the error can
theoretically be absorbing layers. To carry out frequency domain analysis, the forward problem
is solved over discrete frequencies and overall computational time of this process is high. Fi-
gure[4.2 is a clear example to see that the Ricker function approaches very fast to zero as the
frequency goes farther from the peak frequency. We consider the frequency range till 1430 Hz
to minimize the Fourier integration error as much as possible. Since the code is not parallelized,
we try to keep the computational time low by using relatively course mesh and low polynomial
degree 2. Although the model can still be improved by using ner mesh and higher FE degree
basis, the model is already precise enough with some subtle errors and PML absorbing layers
perform well in absorbing the incoming waves.

Figure 7.21: 2D elastic tunnel source/receiver con guration
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8 Application of Full Waveform Inversion

8.1 Inversion of 2D acoustic waves

8.1.1 Scenario 1

In this section, we present the results of the inversion and discuss the in uence of various
parameters. The forward model (boundary conditions, dimensions, etc.) is shown irf Figure 8.1).
We use the higher-order nite elements method to solve the acoustic equation; the polynomial
degree of the shape functions is 3, unless stated otherwise.

Figure 8.1: 2D acoustic tunnel forward model

Dimensions, boundaries and synthetic velocity eld

The inversion results are veri ed with a synthetic model (see Figure 8.1), which is used to
calculate the eld data. There are three circles in the synthetic model where the velocity value
is 1633ms. The velocity value in the rest of the domain is 20R0The initial model used in

all the results illustrated in this paper is a constant velocity eld with a value of 2800he

goal of the inversion is to detect the geometry, the locations, and the velocity values of the three
circles.

Certain things must be carried out in order to have a well-posed inverse problem. This includes,
in particular, the choice (position and number) of sender and receiver points. If these points are
too few and the wrong locations are chosen, the inverse problem may become ill-posed because
the data at the receiver points does not have enough information about the velocity eld. Con-
versely, if there are too many senders and receivers, the computational cost greatly increases.
The number of the source points, in particular, has a greater effect on the computational cost
because the sources are red one by one at every sender point. Bearing this in mind, we try
to minimize the number of these points and to set them at reasonable locations. We use two
different sender and receiver con gurations in this work (see Fidure$ 8.2a arjd 8.2b). In inverse
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simulations, the con guration in Figufe 8]2a is used, unless stated otherwise. The points of this
con guration are more spread out over the domain, and include points on the front tunnel face
and on the upper surface. The second con guration has points only on the front tunnel face and
they are evenly distributed in the vertical direction, which is very similar to an actual industrial
application, [[Kneib et al., 2000].

(a) Con guration A (b) Con guration B, points on the tunnel face

Figure 8.2: Source/receiver con gurations

Another very important consideration is selection of the frequency set. The frequency set should
be as small as possible to minimize computational costs. At the same time, it must be large
enough to be able to re ect the real problem and not get stuck at a local minimum point. Two
different angular frequency sets are used: the reduced set

Gr = 50,100 150 :::; 1200y; (8.1)
and the full set

G = ff 50g;f 100y; :::; f 600y; f 60Q 650y; f 650 700y; f 700, 7500;

f 750 80Qy; f 750 850y; f 550 90Qy; f 950 100y; f 105ay; f 110ay; f 1150 1200 900yg: (8.2)

In the reduced set, there is only one frequency in every group. However, the second group is
more mixed up, and some groups contain combinations of frequencies. The second frequency
Is always used, unless stated otherwise.

The results of discrete and continuous approaches are compared in $ectipn 8.1.1. In all other
sub-sections, only the discrete approach is used. In case of the discrete approach, we present
results for both discretizations (piecewise linear combination and piecewise constant) of the
velocity eld, and compare them in Sectipn 8J1.1.

To be able to see quantitative differences between the reference model and the results of the
inversion, we de ne a relative errdt, as
SR

(Gpy  Ceyn)2d

2
Céyn d

Erel = (83)

wherec;,, andcsy, are the result of the inversion and the synthetic velocity eld, respectively.
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The Inversion results

Table[8.1 shows the relative errors for all the simulation results run in this study and is used
to quantitatively compare the simulation results under different circumstances in the following
sections. We distinguish between the simulations in 5 ways: inversion approach (discrete or
continuous), sought functiom ord = Ciz), discretization of the sought function, frequency set,
and combination of senders and receivers.

# Approach Sought func.,deg. Freq. sender/rec. Rel. Error % w.r.t. best %
1 discrete c,piecewise bilinear. Full A 2.543 100.0
2 discrete C,piecewise const. Full A 6.818 268.1
3 discrete  c,piecewise comb.,deg.3 Full A 2.783 109.4
4 discrete  c,piecewise comb.,deg.6 Full A 2.787 109.6
5 discrete c,piecewise bilinear Reduced A 2.874 113.0
6 discrete c,piecewise bilinear Full B 3.722 146.4
7 discrete d,piecewise bilinear Full A 3.208 126.2
8 discrete d,piecewise comb.,deg.6 Full A 3.254 128.0
9 continuous d,FE degree 1 Full A 3.080 121.1
10 continuous d,FE degree 2 Full A 4.422 173.9
11 continuous d,FE degree 3 Full A 4.856 191.0

Table 8.1: Relative errors in the results of the simulations

Next, we present the reconstructed velocity elds that we obtain from the inversion processes
in Figure an.4, where the inversion processes are based on the searalmdq%,
respectively. Itis clearly observed that all inversion results are con rmed by the synthetic model.
As expected, all of them have some errors involved in the reconstructed images. In general, we
can see that the results obtained from the inverse simulations wiesearched look similar.

The same thing can be said about the simulations based on the seégrchn(blhe next sections,

we discuss the differences amongst them and make conclusions about the in uences of different
parameters.
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(a) #1 (b) #2, Piecewise constant vel. eld
(c) #3, vel. eld with polynomials of deg. 3 (d) #4, vel. eld with polynomials of deg. 6
(e) #5, freq. sebGr, (f) #6, con guration B

Figure 8.3: Resultant velocity elds; search for
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(a) #7, search fod = % deg. 1 (b) #8, search fod = % deg. 6

(c) #9, cont. approach, FE pol. deg. 1 (d) #10, cont. approach, FE pol. deg. 2

(e) #11, cont. approach, FE pol. deg. 3

Figure 8.4: Resultant velocity elds; search fér

In the end of this section, we highlight the result obtained using the discrete approach with
con guration A in Figure8.Za and frequency 8t as de ned in equatior] (8/2). To approxi-
mate the velocity eld, the piecewise bilinear function is used. This simulation provides the best
result amongst the results acquired from the other simulations performed in this work. The rela-
tive errorE,e , de ned by (8.3), i90:02543 which is the smallest error compared to the results

of the other simulations (see Table]8.1). In an inversion simulation, it is interesting to see the
convergences of the mis t function. Since there are 22 groups ih,séhere are 22 inversion
processes. Four representative frequency groups are shown in[Figure 8.5.

At a local minimum point, the norm of the gradient is supposed to be zero. Since the inverse
solver is numerical, the norm of the gradient is expected to converge to zero. The graphs in
Figure] 8.6 show how the norm of the gradient converges to zero.
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Figure 8.6: #1, norm of the gradient vs iteration, log scale

The nal result is illustrated in Figur 8.Ba and is in a very good agreement with the synthetic
model in Figuré¢ 8]1. The geometry of the circles, their locations, and velocity values are detected
to a good extent. Taking into account that the velocity eld was discretized with piecewise
bilinear functions and that the velocity eld has no jumps over the domain, the edges of the
circle could not have any severe jumps or drops. There are some uctuations in the result that
do not appear in the synthetic model. They re ect the error in the result. To see these uctuations
more clearly and to have a closer view of the result, the velocity eld function is plotted against
the vertical cuts passing through the center of each of the circles in Figlire 8.7.

It is crucial to know how erroneous the result is in order to interpret the result correctly. The
magnitudes of the uctuations, which do not exist in the synthetic model, are very small com-
pared to 370¥s, which is the difference of the velocity value of the circles (1&30and the
rest of the domain (200@). Thus, any uctuation that is not far enough from 20@0may be
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a numerical error.

Investigation of the discretization of the velocity eld

To investigate the in uence of the higher-order basis on the result, the velocity eld is discreti-
zed with basis degree 3 and 6, respectively. The relative errors are slightly larger than the error
of simulation#1, which uses bilinear polynomials to discretize the velocity eld. When we
look at the resultant velocity elds in Figurés 8|3c gnd 8.3d, we observe stronger uctuations
compared to the result éfl . The search space of higher-order basis is larger, and thus the
inverse simulation may need more iterations to converge. The basis with degree 1 attens out
the spurious uctuations in the velocity eld that occur when the higher-order basis is utilized.

In the discrete approach, the velocity eld can also be discretized with a piecewise constant
function, as shown in equatioh (6.8). Since the synthetic velocity eld has rapid changes in
the interfaces with the circles, it is interesting to check whether this discretization better ts
the result. The result illustrated in Figure 8.3b is obtained by using the same conditions as in
Sectionf 8.1]1. In general, the result successfully shows the locations and values of the circle.
The spurious uctuations overlap with those in its counterparts to a large extent. However its
relative error is quite large when we compare it to other results.

The piecewise linear combination velocity eld in Figyre §.3a turns out to be closer to the
expected model than the piecewise constant function in terms of the resolution of the result and
the precision of the geometry of the bodies with different velocity values. Furthermore, there
are more arti cial uctuations in the piecewise constant velocity eld. The piecewise bilinear
function provides a smoother result owing to the fact that there cannot be rapid jumps and drops
in this function.
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Frequency set comparison

The frequency sébg in equation|(8.]1) is chosen and the obtained result is compared to its coun-
terpart with frequency sé&br. The result of the inversion of the model over the rst frequency
setGr is shown in Figuré 8.3e.

The relative error is slightly larger than the result obtained using the other frequency set. It is
obvious that thé&g result is closer to the synthetic model in Figure 8.1 in terms of detecting the
geometries of the circles. Furthermore, the result @Wighhas less arti cial uctuations. As we

go up to higher frequencies, the information about the minimum points of the lower frequencies
is partially lost. For frequency s&g, this loss is more than the loss for the frequencyGet

In frequency seGg, in every next step, only one higher frequency is considered. However,
in frequency seGg, higher angular frequencies are mixed up with lower ones. As we go up
to higher numbers, in every step, the model is inverted over not only one, but few angular
frequencies. By minimizing the mis t functional over lower frequencies at the same time with
higher frequencies, we guarantee that we do not lose the information of the lower frequencies
as we go to higher frequencies. Inversion over a few frequencies is more reliable than inversion
only over one single frequency at a step.

Sender and receiver points on the front tunnel face

Con guration A in Figurg 8.2k is enough to surpass ill-posedness in the inverse problem and to
obtain reasonable results which can predict the geological changes. However, in the industrial
application presented in [Kneib et al., 2000], the source and receiver points are placed on the
front tunnel face only. This makes the inverse problem more challenging. In this section, to
mimic the industrial application, the source and receiver points are located as in [Figure 8.2b.
The velocity eld is sought in the set of piecewise bilinear functions, and the model is inverted
over the frequency s&¢ in (8.4) with a discrete approach. In this con guration, the sources
and receivers are very close to each other. Since there are singularities in the pressure elds at
the sender points, the vicinity of the source points must be re ned in order to obtain precise
values at the receiver points, which are very close to the sources in the con guration in Figure

8.21. The result is shown in Figure §.3f.

The result can be considered to be successful since it could roughly detect all three bodies with
velocities close enough to the expected values. However, there are signi cant uctuations that
make the result deviate from the synthetic model. Furthermore, the geometries of two of the
circles, 2 and 3, are not detected very precisely. For excavation purposes, this con guration
could provide enough information about the mechanical properties of the domain in front of the
tunnel boring machine if the result is interpreted correctly by taking its error into account. Two
of the circles, circle 1 and 2, lay in the line of the tunnel. Circle 1 is very well detected. The
velocity value and the location of the circle 2 are detected.

Con guration A in Figure[ 8.2 has source and receiver points spread over the domain. The
receivers can catch the re ections from the boundaries of the circles much better. That is why
the result obtained with this con guration can show the boundaries of the circles much better.
However, for con guration B, this is not the case. The re ections from the edges of the circles

in every direction cannot be caught well at the receivers, which are all on the front tunnel face.
This becomes more correct as the circles lie further from the front tunnel face. This may be the
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reason why the geometry of circle 3 is badly detected. Its top and bottom edges are not detected
at all which may be due to the lack of information about the re ections from these edges.

Comparison of continuous and discrete approaches

If analytical green functions are given, the continuous approach can calculate the analytical
gradient of the mis t function. However, the discrete approach uses the information to decide
how the velocity eld is discretized, and the gradient calculated by the discrete approach is
expected to be less accurate than its counterpart. This is why the aim is to investigate whether
the continuous approach is superior to its counterpart.

The tunnel model with con guration A is inverted over the frequency Getby using the
continuous approach. According to equation (6.24), the velocity eld in case of the continuous
approach depends directly on the nite element basis; the velocity eld is a piecewise linear
combination whose basis degree is twice the degree of the nite element basis. If the degree of
the nite element basis is 3, then the degree of the velocity eld basis is 6. We run 3 simulations
with FE basis degrees 1, 2, and 3. The mesh becomes ner as the FE basis degree becomes
smaller.

To see whether the basis degree has an effect on the nal result, the mesh is re ned and the
simulation is carried out with the continuous approach wite 1, p = 2, andp = 3. The
obtained results are illustrated in Figufes 8[4c, |8.4d[and 8.4e: they look almost identical. The
continuous approach successfully detects the circular disturbances inside the tunnel domain
both geometrically and quantitatively up to some good precision. The relative errors are larger
than their discrete counterparts. The error increases with increasing FE degree. This may be
because the search space greatly increases as the FE degree increases.

A comparison of the continuous and discrete approaches shows that both of the approaches are
successful with respect to detection of the geometry, the location, and the velocity values of the
three circles. In both approaches, there are some uctuations in the velocity eld that do not
exist in the synthetic model. However, it can clearly be seen that the result obtained with the
continuous approach has uctuations with larger amplitudes. It is because, in this case, it is not
correct to compare these approaches because they are not solving the same mathematical pro-
blem. The continuous approach searches for the fundtieng, whereas the discrete approach
searches directly far. The derivative of the mis t function with respect tal is

@_0@@c c@.
@d @®@d 2 @c
The factorc® may intensify the arti cial uctuations in the continuous result. To make the two

approaches comparable, we searchdfer C% with the discrete approach too. The velocity eld
is discretized with the basis degrees 1 and 6. The results are shown in [Figufes §.4ajand 8.4b.

(8.4)

Now that the two approaches solve exactly the same mathematical problem, it can be clearly
seen that the results of both approaches look very similar. The differences are due to the different
function sets used to discretize the velocity eld. To have a closer look at both approaches, the

convergences of the conjugate gradient method with both approaches are shown in Figures
8.8 and 8.p. The graphs illustrate how the mis t function and norm of the gradient go to zero
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in each frequency group. All of them are quite close. In the continuous apprduaurzhcl2 is
discretized with basis degree 6 since FE basis degree is 3. As already mentioned, as the degree
of the basis of the velocity eld increases, the discrete gradient converges to the continuous
gradient. Convergences of the continuous approach and the discrete approach with basis 6 are
usually slightly better than the discrete approach with basis degree 1. This may be because the
gradient is more precisely calculated when the velocity eld is discretized in a larger space. In
general, none of them is dominant over the others, and a large difference is not observed in the
convergence graphs and obtained velocity elds.
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Figure 8.8: Comparison among experiments #7,#8, and #11, mis t function vs iteration
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Figure 8.9: Comparison among experiments #7,#8, and #11, norm of gradient vs iteration

8.1.2 Scenario 2

Being able to detect geological bodies with different mechanical properties, a question arises
whether we can detect geological layers along with bodies using FWI. The question is inspi-
red by the Wehrhanlinie subway project im&seldorf in which there are different layers and a
triangular shaped body. This question was answered by a civil engineering M.Sc program stu-
dent Seyfettin Oezalp [Oezalp, 2015]. The synthetic model has a triangular geological body and
two different layers (Figurg 8.10). His research can be divided into parts: search for an optimal
source/receiver points set up, affect of higher frequencies on inversion, relation between sought
body size and highest frequency, and comparison of steepest descent and conjugate gradient
method. In all cases, the starting model is a homogeneous velocity eld of valuen2000
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Figure 8.10: Scenario 2, synthetic velocity eld
¢1 = 1500ms,c, =2000ms,c3 = 2400Ms

Optimizing source/receiver setup

First, different con gurations are investigated to see what kind of advantages each individual
setting has over others. The setting in Figure 8.11a has only one source point and keeps the
computation cost minimum because source points directly in uence the computation time. De-
spite the fact that the number of source points is only 5, they are placed roughly all around the
obstacle. Applying FWI, the triangular object and the layer below it are detected (Figuré 8.11b),
but with low resolution. It is possible to scan geological structure ahead of tunnel with only one
source point, but with lower resolution. The idea is to increase source points (Figure 8.11c) and
obtain a better picture (Figure 8.11d). In this case, the triangular object and the inclined layer
beneath it ahead of tunnel are very well detected. However, the layer beneath the tunnel is not
detected. One more source and receiver points are added to the last con guration and the new
setup is in Figure 8.11e with which the inversion ends up with the picture in Figure 8.11f. This
result detects the layer well along with the triangular object. There are peaks around the source
and receiver points beneath the tunnel which is theoretically expected due to the formulation
of the gradient of the mis t functional. To reduce the number of source points we replace the
source point beneath the tunnel by a receiver (Figure 8.11g) and the result in Figure 8.11h is a
successful scan of the domain. Finally, again to mimic an industrial application as in the pre-
vious section, we place all points on the tunnel wall (Figure 8.11i). The resultant picture (Figure
8.11j) has roughly the triangular object in it and it can detect some part of the layer in the bot-
tom of the domain. Although the picture is not very clean, in the excavation process it can give
enough information about where the object is and what kind of geological structure it is.
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Figure 8.11: Reconstructed velocity elds
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