RUHR-UNIVERSITAT BOCHUM

Jan Kubik

Thermodiffusion Flows in a
Solid with a Dominant
Constituent

Heft Nr. 44

Mitteilungen

aus dem
Institut fur Mechanik



Institut fur Mechanik
RUHR-UNIVERSITAT BOCHUM

Jan Kubik

Thermodiffusion Flows in a Solid
with a Dominant Constituent

Mitteilungen aus dem Institut fir Mechanik Nr. 44
April 1985



Herausgeber

Institut fir Mechanik der Rubhr - Universitdt Bochum

Die vorliegende Arbeit entstand w8hrend meiner T&tigkeit
als Humboldt - Stipendiat im Jahre 1980 und 1985 in dem
Institut fir Mechanik der Ruhr - Universitdt Bochum .

Herrn Prof. Dr.~ Ing. Theodor Lehmann danke ich fir groB -

zligige Unterstiitzung und hilfreiche Anregungen.

(c) 1985 Doz. Dr.- Ing. Jan Kubik
Technische Hochschule Opole , 45-232 Opole , ul. Katowicka 48
Alle Rechte vorbehalten. Auch die fotamechanische Verviel -
faltigung des Werkes ( Fotokopie , Mikrokopie ) oder von Teilen

daraus bedarf der vorherigen Zustimmung des Autors.



Summary

We consider mixtures of (n) constituents and assume that every
part of the solid is occupied by particles of all constituents
simultaneously. By means of an analysis of the balance equations
we obtain the limiting process from mixture theory to thermo -
diffusion. This is only possible if we propose the condition of
the existence of a mixture constituent with a dominant density.
The field equations of the thermomechanics concerning thermo -
diffusion in solids are based on the balance equations relating
to mass, impulse, energy and entropy.

As special cases of the theory we obtain

- entropic diffusion

- kinematic diffusion

- filtration in solids

- classical thermodiffusion in solids.

Zusammenfassung

Wir betrachten Mischungen aus (n) Komponenten und nehmen an,
daB jeder Punkt des Kioirpers gleichzeitig von Teilchen aller
Komponenten besetzt ist. Mit Hilfe einer Analyse der Bilanz -
gleichungen erhalten wir den Gfenzﬁbergang von der Mischtheorie
zur Thermodiffusion. Dieses ist nur unter der Voraussetzung
der Existenz einer Mischungskomponente mit einer dominanten
Dichte miiglich.

Die Feldgleichungen der Thermomechanik bei Thermodiffusion in
Festkdrpern basieren auf den 8ilanzgleichungen bzgl. Masse,
Impuls, Energie und Entropie.

Als Spezialfdlle dieser Theorie erhalten wir

Entropische Diffusion

Kinematische Diffusiaon

Filtration in Festkdrpern

Klassische Thermodiffusion in Festkidirpern.
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Notation
0 3 4
( X¢g,t ) - point in E
V - volume
A - surface
t - time
¢ = Zf’“ - density
oL
% .
c - concentration
(.2
R - mass source
ol o
v, - velocity
ol
W, = 2 Zv-“y - mass center velocity
4 ¢ & ¢
u? = %? - W - diffusion velocity
, o . .
35 = §‘ u; - diffusion fluxes
ol ot -
V. =) av. - reference velocities ( /2
L of L oL
ol ok ol « .
J o= @ (v. - V) - extra diffusion fluxes
L L l
pF = 2 ?“FL-“ - mass force
ol

p. = 2 ¢f= O - momentum transmission

(A o ¢

o ot
P, = GQ'QI - particul stress vector

T - temperature



9 U= Z‘?“U - internal energy

o K =2 0"K” - kinetic energy

?A=_9U+T§>S - free energy
q; = é q; - heat flux

Qr =°ZC9“rM - heat source

Q S =§S>“S“ - entropy



Introduction

The processes of mass, energy, momentum and entroﬁy exchanges ap-
pearing in a multi-constituent solid are of more complex thermodyna-
mics problems. Then, the diffusion flows occur, as well -as conver-
sions between particular body constituents. These phenomena are ty-
pical for many capillary-porous media. Theyw also appe8r in ‘the .majo-
rity of technological processes, where it comes to material struc-
ture rebuilding e.g. recrystallization. Moreover one can describe
new material constituents generation, as a result of deformation
processes, temperature changes,.or to some extent of chemical reac-
tions in a solid.

The possibility of déscription of the above mentioned processes
is provided by the theory of mixtures, adapted to simulation of flows
in a solid. On account of specifity of these flows it is necéssary
to distinguish a dominant constituent s.c., the skeleton, with regard
to which the flows arise. Such an approach leads directly to the
lthermodiffusion descriptions which will be presented in this paper.

Firstly, the equations of theory of mixtures will be quoted.
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We shall give a greatef attention to the kinematics of mixture con-
stituents. Indeed, the flows with reéard to one of constituents will
be of a great importance. Further, we shall present the fundamental
sets of balances for various types of diffusion flows in a solid,

ending on heterogeneous bodies discriptions excluding diffusion flows.

Chapter I
Kinematics in the theory of mixtures.

Let us assume that every particle X of medium (the point in &7)
consists of (n) interacting elements of différent densities 5’“ o=l 2,.n
velocities VL‘-“ internal energies U “, kinetic energies K .,: entropies

sz e.t.c. Those elements interacte to one another and it comes to
mutual flows of constituents and to conversions..Moreover, we assume
that any particle X includes all elements )/hk. Thus we do not de-
scribe processes of segregation and so forth.

Let the Cartesian coordinate system of base vectors ey is the
reference one. We shall use the tensor notation with regafd to Latin
indices. The Greek onés will be refered to ﬁarticular constituents
of the mixture O o= 1, 2,c.0,n « |

If v;(xi,t) is the S8~ element velocity and gu'is its density
at point (x;,t), then
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where w, denotes the X particle mass center velocity in a multi-con-
stituent system, and u:‘ is its diffusion velocity, i.e. its mo-
tion velocity with regard to the mean one. In general, we shall re-
late a motion of medium to that mean velocity, One can, however, in-
troduce the description in reference with a velocity of any consti-

tuent. These problem will be further analysed.

1. Reference systems

In the theory of mixtures the description of motion is, in gene-

ral related to the mass center velocity. Sometimes it is convenient
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to describe it with regard to the given constituent.
In the general case, every vectorial field fulfiling the relations
Y =yaty® 2a=1 _a“>0 «x=12...n
ol

< k > > )

can be the reference velocity Vk
Hence | »

ol
oc “lr (=

SO -

Fig.,2

» .

From the formula (1.3) it follows that each of diffusion fluxes i
' s ocV“‘ V A
defined by the expression J;= (} - g) indepentdy on definition

of the reference velocity, The sum of flows must then vandésh

1.4) . é ?—'& \7,; = 0

On account of an arbitrary choice of coeffcients 5¥' the conditions

(1,7) 1lead to an infinitely large number of reference velocities

Vo It is founq that all these possibilities are embraced in the

§
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transformation group G which we shall introduce in the next pqint.

2. Transformation group 9

Set of relations (1.1) defining generally an arbitrary reference

velocity field ﬁill be presented in a little different form
(2.1) o= Z(l/—) (b)V

! acy 2

2 (67)=7

r 7 S ”
Let us notice that the chéice of the vector &=/ 4, &,... 67
o 2 . .
fulfiling the condition ég(zﬂ)”7 leads directly to orthogonal group
of transformations < (7, R)

1,,1

<
/4

1 .

o~

o oL
V‘.

Fig.3

- > ”
In general, the transformetion of the vector & — b s (656 )
is following

2B (8= 08) > (V=)

where

O=0 | O=[csoy] = o €06, R)
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is an orthogonal matrix.

Indeed, we have to do with the homomorfism of the group & into
: G 4.
the group 9 of reference velocities transformation 2?———kf,,9635

Concluding we find that there exists an additional problem of
invariantability towards the choice of reference velocity. It may
be formulated as follows:
variation of the reference velocityYthch is defined by the ortho-
gonal group O(n,R) generates

(<§1) the transformation of diffusion fluxes
a oz Jd °‘8 g

2 [
(c?z) the transformation of all balances equations.
>
The transformation of the vector~%‘ﬁ{ is defined by the vector ful-
filing the constraints (2.1).

-D
Thuo it is necessary to analyse the transformation of fluxes,/ —/
[3

with the variation of reference velocity (LA—>P/)
The velocity VE“' is determined by help of the relation

7 oc
(2_4) VL_“—_—-_ [{ + F«_‘]l : 4 o

Fig.4

Comparing the left sides of the equations (2.4 )we obtain
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(2.5)

Assuming that

we get
=17 f"‘[%"?"(‘éﬁ" Kl -
83 o J 1 P
(2.6) S/ [%&P}—ﬁg @P_Z{)J -

In the en

d
P o 0P
IS RCLETL P SEA

(2.7) set >
]["’[A PJJA'F’
* 2l T, o L L1322 4 1an ] ]
J, (1—-&.)) fzfa—).. ........... F"S)a F'];
J?z —1? Za':‘f 1 32
¢ o'f ,("&),..........“l;,fz‘?fm J*
3 5.
>” ‘_/- Y BY __L n>2 >
L‘JL- Df’f M Pzg .>‘--~-....-......-.(1.. n) L-‘]lh
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<pf -
Each term o the matrix A has the form

>

[a=F 0]
,Afﬁ; 0 a¥f
0 0 &

- o4

(2.8)

When varying the reference velocify the mass source in the momentum
balance stays constant. Admittedly, the mass balances for particu=-
‘lar constituents decide on the form of the balances of momentum, an-
gular momentum, energy e.t.cs So, for this reason all balances are

affected by the transformation of the reference.system.

Chapter II

Balances of the mixtures

We shall here define mass, momentum, energy and entropy balances.
for a mixture composed of n interacting constituents. This appro-
ach will permit to use the equations desc¢ribing the behaviour of mix-
tures for physical justification of the thermodiffusion. Of course
comparision between the mixture and thermodiffusion equations should
be independent on physical material properties. So, we postulate for
that comparision of both theories to be the problem solved in the

balances range only. Such procedure will be presented in the paper.
3+ Mass balances

The mass balance equations for any material volume V’of the consti-

tuent . have the form
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(3.1) o%ff“dy = fﬁ“dy
) 4 14

o

« £
or after introducing the concentration C = E;
g [oc o = [ R
(3.2) o J§ .
Vv v

o
In these equations R is the (%¢) constituent mass source, i,e.
the velocity of mass supplying from another constituents.

The local form of the balance equations is following

Ig” 2 Ty o p
Ea ;;k(g’&) = R

IxX
(3.4) Jt £
7 1 2 1, 7 S I n
Z(o'r.0") + 5, (¢% +..pW)=R% _+R
Finally
ot & (em) =0
at ax, (8§ 7k
(3.5
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Introducing the diffusion velocities U, we obtain from Eg -(3.4)
99‘ 2
2 & e (o)) - R ——

—— % + & [¢m ri'] - R

at
(3.6)
J0" P
s T ol ul)]
29" ) ” +-.”]= R’l
~ 3£ + ﬂk[f Wi Jk&
, ¢ o o : ¢ o
Je = p Y und éf‘/k =0

¥When changing the reference system vk-~vi and du““”Ju we get

9-9‘- 2 / Yy _ 51
3 ° ﬁ(k(§1/{-+]k) =R

L TRy

(3.7) - : : ;
- n . 1

_2_5_ + %‘\,k(gjh% +th) =

n

N

3t

P+ & (sh) +5,(24) =0

where the transformations of both reference velocities w, v,

and fluxes are defined by help of relations (2.4) and (2.8). In par-

ticular, the given transformations can describe the motion with
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regard to the dominant constituent.

It is necessary to emphasize that further we shall deal with a
motion, whose velocity almost coincides the mean one. Such an ap-

proach will lead to the thermodiffusion.

4, Balanced flows

In the previous point we indicated that for the same set of par-
ticle constituent velocities ¢~lf" it is possible to define iLnfi-
hitely many reference velocities., This implies the definitions of
the rest and flows in media. It comes out that the diffusion fluxes
can be vanish although the floﬁ.towards one of constituents occurs,

(éa) we find that the rest may occur then when
oL ol o
wo Y (sThT=0) — Y (k" -0)

| , o 7
( G,) On the other hand the case Z=0 in the presence of U =V o=,
o 4 o
leads to the relation i = Eﬁk‘L and for L/ ;ZFﬂ %
< —
we obtain > ?—x jg =0
oL |

It means that‘the diffusion flow coincides each of velocities

- -

- ~

o~ N
e =0 N
VAR ) -\ -
s V=0
. "‘"\
. L]
[}

Fig.5
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7 5 p
(53) If however [/ A ZL/ , otherwise ST}.’,JL =0 then
oc ac® o¢ o
ey =J, e ¥*  ana N T =0
=N ‘Va’ ‘Vp
,, @—‘.‘\——
! 1
e S Wk
X H

Let us notice that case(ﬁgz) implies existing of a such set of coef-
ficients ilfﬁfwhich must lead to vamishing of'k(. Then the diffusion
flows occur in spite of the apparent equlibrium,

If however J/=W/=0 then the mass center. is at rest and the con~

vecfional flow dees not occur.,

5. The momentum and angular momentum balances.

We postulate for the mamentum balance completed by the -
momentum transmission from remaining constituents to be fulfiled

for each of constituents J of a mixture.

It is

(5.1 & fg“%“o(y - j(g“’f“v‘ 7 )dl/+j/? oA
v v ‘ A

ot (=4

where y“lf ..: 9‘@“. 5 ff = 69' ’5 are the mass force component, mo-
mentum transmission from remaining constituents and particul strees

vector respectively.

Using the theorem on divergency we obtain
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(5.2 j[at(,? 7“9)@(5’ V)]O/V‘“‘f[f’“f+9 i //]a’//

but accquntlng for the mass balance leads here to the relation

(5.5 ¢ LET- - R R 4 o4 6

Let us notice that only a constituent dependent on the mass source
oc N o oot

and the momentum transmission 2 =% 2 £ > P =0 5

differ this balance from that for the homogenous system.

Also the global balance for the sum of all constituents must be ful-

filed

s D5 | gUH =2 [teE™+ 2%y v 7 [
N 4 v A

Let us transform the quality occuring on the left side of balance

as follows

Z2& [guar Zf[at(f ¢ ")+ (e ay -
Y
"2f%(f“%“)+a;7k[f°‘(“f”4'7"’k"”?”°”’
14
=gj77lz‘(§“/t)+3x[fww"+f U S W 4
4
b U oy ‘“%V‘Wa [ 7+ f?}ff”k)f‘"
+e[ 58 m ]+ B> v =
f e 4 3 L [y ] selV
‘§ 2
y = ~

In the efect the local form of momentum balance for the whole mix-

ture is following
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(5.5) f(g dit ég“/f “ )V =J§[@l - 04 Y~ ) oA

or

d A . _ o, o2, o
(5.6) e 5 = ¢F * bk ~ Sx TSUU%

where 6/, =g52: and ¢/ ==§§>"‘/'f°C .

In this balance there occurs a constituent :g'grzéué%; describing

the diffusion flows and its interactions. it comes out that the de-

scription towards the mass center leads to the simplest results.
Let us build up now the momentum balance'for a constituent and

for the whole mixture in the case of an arbitrary reference veloci-

ty ..

The momentum balance for a constituent (o) can be expressed as fol-

4 A

(5.7 %5

lows.,

When transformed we get

fat(f BEE k aa ) dV = f‘V (at 9&(5@[{:)

4

+g[ + ,: ;ik PV = f(f " 1{-"/6"‘)0/1/

Y
Finally the local form of balance is conventional and the same in

every reference system,

o

s g I (R )+ ET 6

Jt

The different result is obtained in the momentum balance for all

constituents
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2 [Bom)+ & [ +42 )(V+ =J)[ar =
)

3| Bow) + 2alFO0 #1 F I 4T 1T
Y

-3 ) Y [V (T 1) # 12 ]+ I By
+(S—,’~,‘ IT e >V

Finally we abtain

d c'?!f‘fff"f‘dl/ = g_fff‘f“aa/ *Zf{-’%
V oL
A

For 1{=caosl‘. we obtain Kk-—-O Vé "’_0 > W= ]‘/’_-/_O‘/

sle(f+el )]+ V[, St d] =

(5.11)

|
bo.,
<
\l.
RN
<
|
A\
“~N
) %g\
R
&~
R
(N
N
&

Let us consider an interesting case, when one of mixture consti-
tuents is at rest (e.g. }{-p)and'its velocity is assumed to be the
reference velocity . JL/.'&= LV . We obtain gé‘%o (the zero velo-

city towards the outer reference system).
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Jff
v =Y w0
(5.12) w0
=] PR
+ < f"‘ p ﬂk dA
A Fig.7

Finally the momentum balance for the whole mixture, in which one of

constituents is motionless, has the form
i o ©¢ “/:-0(.. -4 o
oz )RV =2 (R + 2 | P
v “¥ * &

From this formula it follows, that if 5> =@ V?ﬁ] — JQ _{9 n"
other-wise éf_d“.l;x\]k“:gg’“lf“%«: /é[k is constant in the space
kfk éé AQk(k}) or its change in the space is negligible, i.e,

(g j’qlf“,VQx))k =~/ in comparison to f/f # 6:'th » then the equations

for the whole mixture haVe the form of the clasical motion ones,
(5.14) Zlew) = of + 6

. It f‘ f) fc ¢f /

In general, however, we have

515 (em) = ek + '*(qu
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.Assuming the stress tensor symmetry f%;«; €;£¥ we satisty identi-
cally the angular momentum conservation principie. When analysing
the equations (5.6),(5.13), and(5.15) we find that relatively sim-
ple equations near the 61assical momentum ones for one - consti-
tuent media cam be obtained neglecting terms  §%k(;§,§:2QM0%“)

in the e.g.(5.6) end analogically @4 5%(/: (S o™ r"K™)

in the e.g.(5.15). .

6. The static equllibrium of a mixture.

The equilibrium of each of constituents is possible, i.e.

ok Y
JF =Y 5 T gx, =Y

It leads to the relation

(6.1) G reh 22 R =0

_ i g
for every oc, c////
‘.." N . . Vié

7ig.8 = ‘o ,. :
¥ .‘"o O’\\ ” d‘ ?
e . »
7 > =

dyi] _ duf
dt/ = ot 1'gfor any t.
0

The equilibrium in the ,mean" sense denotes that each of cunstitu-

ents (or only several ones) moves, with that

aw; - g o o, o
6.2) G0 —= §f + bine ~ (2 GGYT) = 0
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i.e« constituents displace arbitrary but the mean velocity remains

constant (the rigid displacement )
' 1

/ g dw; v
o - ¢ =() '5,?"‘ # 0

Fig.9 f-\\~ w P s

Analogously if one of constituents ¥ ‘is at rest I{_-"‘*‘Z‘@D and it is

4

assumed to be the reference velocity, then for X/ and _9'

we get relations (‘comp.(5.15))

Sy ~(Z§U Y )y T8l =0

(6.3) : . £ -
. (&g ~kylyt 5 =0 ~
' ee e ' F =
L lgy sk =0

Fig.10

It is worth to notice, that the distribution of these stresses fol=-
lows from the motion equations and not from physical postulates.
To analogous results one can come at assuming ‘that ‘f]¢§ =0

Then, the equations (6.2) and(6.3) are identical.

At the momentum balances we conclude the problem analysis rela-

“ted to an arbitrary coordinate systeim.

7. Energy balance

Now, we present the energy balance foﬁ the whole mixture. It in-
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cludes additional mutuably well-balanced flows of energy between .

constituents.

This balance has the form

2 é%:ij;be/tf/<i)oﬂ/ = 2> yf(3;?°ﬂ+~§dfféﬁ§=‘+-£? )V
v < vy
(71 ' +ZJ(5;-?L17.“+ ‘i:)”c dA

In the addition

(7. 2) <
7/ %ff“lflfdf/ = Tzf‘éf;%(g“‘{“‘é“) + & [evyy Jor-
v v
:fgt (5/() + 5%/ eKw, +§-§%§>K(/Lj{dl/=
(7.3) v
- dK
det %Jx[ﬁ’k‘/joll/

Thus, the energy balance has the form
¢ L (U+K) = or +okim + 2650 +J E™
-+ (6' W) -/-2[6“* 5’“(”1/(7[{'7)5

(7.4)

The energy balance expressed by (7.4) will be used below to an ana-
lysis of therhédiffdsion'processes. In the balance (7.h§)we intro-

~ duce the following quantities
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-l ae-og—_ - .(°¢‘_= ot : a‘=
(1.5)  Z ¢y = plim , ZgPpr, 2¢U=pl 2979,
Let us notice the fact that the condition ¥ = y?=. . . =i" leads
to the relation

(7.6) .. ggfg"‘(lf?/(')dl/ = fS’ L (U+K)dV

Then the diffusion fluxes f; = f"?/"‘vanish

Moreover, the condition 2 J YZ/‘»‘-K - &, )=Ushows that the mixture
and homogeneéous body are indistinguishable(bn the energy level,)
when the velocities of particulgr particles are different

(. 24 (4 S—’_—ﬂ—/{‘) =2 MY Mo — §z=ﬂ+K

If the mass unit of each of constituents has the same both internal

and kinetic energies and if it ls<§’ =““"fié?‘”?' then the dif-

fusion does not occur in the mixture.

8. Entropy balance.

The starting point is here inequality of entropy growth given in
the form

Ty 9 g4
(8.1) Za,tf “SdV szr..,ay éJ % 1, ol
y

o¢ oL
Determining the derivative g Iz ,fg S oV we obtain
: v

(8.2) - 17(?92(55)'*9%[5’5% +§f"d’72]4(/=
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So, the entropy inequality takes on the form

(8.3) -yﬁg > g f;f? [ ) Z(j’”“j)

The expression é?':rct - (’ ) can be prescribed as follows
P r ~ J-T=
. gf-f.—*af—.’:-f—gf—[—;‘ ~
8.4’) ol ot ol
i —ZL = _Z%) < 72-7
é (T‘Qi (7_)4' +é( ‘%—a T fe

In the conéequence we get inequalities

.ffg:g 2 \f,: - ie',[ * zL_-—Z:L "Tg(f“%“‘flz

2
T =T S T=Ty
(6.5) +T[2(FT) -2 (2 5]

When assuming that the temperature 7-"71: (t—n'o) tends towards balan-

- ced one, thenthe terms in the buckle parentheses vanish.

. o 7; oL
Let us notice that in both cases there occurs a coefficent k =<—7¥C-
fr+f’ wh t=0
o SOT teto
\\C> 4; t —= D0

- T k=0
Fig.11 \ +(7: ,é) ?C/\()

definning extinction of dissipation following from different tempe-

ratures of constituents (the source and fluxes ).
In the simpler case of the mixture holding an equal temperature

we obtain

ot

| s cle Y s
o) TE > e, * -2 6w,

If we assume that the mass unit of each of constituent holds an

r_
equal temperature and the same entropy S= ’5 ... “LS‘



26 =

4 of ), = < by .u':_-
then the component Z €Y =4 é ey =0
9. The system of process balances
and the residual inequality.

We present now the fundamental set of the thermomechanics pro-
cesses balances in the local form
The balances:

- of mass for a constituent (w)

E do™ d ot o
(9.1) €+ Fl“n) =R

(% + &EH) =R

(9.2) fg-’,/fl %(JL"‘). =R~ et f;.__
g =y S //;“"_g".“ﬂ: |
- and for the whole mixture
0.5 5+ Rem)-0 (3 +HEH+HEL)0)

- the balance of momentum

ot ot ol

B SRR TG 6
We - - 5%
(9.5) S%T = ok * b 2(s%Yy7),

and for an arbitrarily chosen reference velocity °

SR 1 R AS RIS
+J"“(I{3’<+Zéft Se) = §f * Gne ~Z (7% 1)
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- the balance of energy

p G(UK) = pr+olim —q. .+ (65m ) +

7‘2[?’/""‘6;;"”1/(&)5“”;],5

(9.7)

ol

and the inequality of entropy

FE

o

¢« , ol

‘ ]
e

From the equations (9.2),(9.4),(9.7) and from the condition (9.8)we

. < r Qe q‘_.Z:- S ol ae ::_
(0.6)9% > F — 74+ B + S [k oUT(

derive the residual inequality
fdt‘ =fr~2LL y—nfz(faéuk > Kk

13 (B8 K9 g0 ] .

ngZ{ B CZ(;7'_7;&
+7‘Z[f (_2_,4)+(§:af)]

gga—E +f7_ Edl.k WZ(?“ “ M)Jk _-——7:—

+Z[(5;«6"+73 UKy =T f%“é“—(%g/ajgg |

For the free energy the inequality (9.3) take on the form

—_— - O,]— oc 0( c-t B .
—.?df f\r L“ ¢" hWZ(?”L / L.}-Z’;“
(9.10)

2815V Ky ] T [ ok “’( 24),]>0
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et ol

Introducing the mass flux jz. =o Yy  and M= [ é 54‘:“_,.73'“.’.
'-U A /\15' "'Mg 'f‘M 7“‘Mk we obtain

-2 98 -~ ¢S F +6y gy + S(MET + 15" - Zel

<
(9.11).7’[%(%_%2*)_g(%‘k?[] Z(j’“/c k)k =20

28R S ol 3 MR + S, )

7“ 1 ke et e X
- 7‘7" - W gfg‘%‘/k‘j,k ~7[2 =k —g(%"éjz]gﬂ
For t2 t,

.*gg% eSS +Eydy -2 Mo S

(9.12)

“Z(KM*th "WZ(f“fL,/k)k T 20

~

v
Analyzing the dissipation sources related to the mass flow ‘/,_ and

its production R we find 2 ( /’7_;7/&%-7’- MR > 0 but
D) Mmi=Mi=. .. =M, it is no dissipation |

é /ZLJC = M)L. °‘./(' - 0
(€2> M= ME= < p" it is also no dissipation

> M= M SR =0

ot Mn

\/‘_\M'f
Fig.12 X
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Analysis the dissipations sources
o e
g/\z,l:\_/(-‘ )0

J(Mufe™+ MR) 20— -
= g MR 20

@ |- | (M J MR )30

.5524

[ , ﬁ74'<£) 5ZT |
oo b 2CFE) L)

\ <0
630 ﬁtj_,
ZLw/m
— “>0 fzi* .
‘ } 2(&), /. >0

—_— M€c>0

/ .3
f’“g <0 03 6, <O f776;f<0
vy ] 3 <::>

R R7>0 R*< D

Fig.13
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@ M —Mers™ | () T+ TSRS 0

TSP‘} - . v 19 . oe
N (;i)" b g } (LS TE)ET) > 0
N
X
/M/
(rs); >0 . e
o } SUS+r5: )1 ) > 2
Jo >0
78>0 78550 755
@m G- O
R>> 0 R<p

2 MRS0 (-SR'=SR*+SR)T > D

5,3R3> \kai +J.2R2

@ | M= M, =-U" | -2UT+URY) 30

Fig.14
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Ubo 3
6229 _ E{,>D <::>Zf€>0
R,,<U R >0 R2<D
> UR >0 — - (-UR’ yk*+ U R
URI+URE > U°R

k350

Pig.15
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Chapter III
The flows in a solid

In this éhapter various sets. of balances describing diffusion
processes in a solid will be presented. Each of these casés results
logically from the mixture theory equations which were analysed in
the previous chapter. In particular, the concept of the dominant con-
stituent leads directly to searched diffusion equations in a solid.
According to this idea the velocity of the distinguished constitu-
ent of the dominant density in the mixture is nearly indentical to
the velocity of particle mass center,

We shall analyse the problems of diffusion flows induced by dif-
ferences between '

"internal energles,
kinetic energies,
entropies and portional pressurés

in particular constituents.,

®

10. Diffusion treatment of mixtures.

!
We shall start to our considerations from balances equations gi-

wen in the previous chapter.

We shall introduce, however, relations
ngLo:._V/L (Zg Z jbjk éé"y.a/ =°¢ de;—K/k
(10.1) Zf“{ff U=K)g =2 (T~ 0=K7)
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The balances equations have then the form

(10.2) go,t - R ~(Ji Je
I L 4 e ~
(10.5) §$ T = ¢E + (Gix 2ok i)k, Six=bu

fdzﬁ'([//'k) ~orrelim, +(6m ), -9,
(10.4) ' [f Lk/k "/(fok)])c

(10.5) 5’:7;?{ > 55 - (7?) - g'(féufx));

In these equations the velocity #/ of the mass center occurs,
and velocities of particular constituent express the mass fluxes_/zg

The set of balances leads to the residual inequality

JU oS o
’fo—’_i: 5)7- 7'.6:'& Mé,k (Zf“/L/k A

fe

(10.6) ‘
# 2 [(F65 7= v k)] - =0

The inequality (10.6) must be satisfied in every real process,

11. Diffusioﬁ in the dominant constituent

The given in the point 10 set of balances is valid for mixtu-
res of gases holding equal temperatures of constituents. In a
solid the thermodiffusion processes are also possible. Specifity of
these processes depends on existing of the dominant constituent
(of relatively large density), i.e. the skeleton (the solid phase )
and of flows of constituents holding relatively small density. The

migrating constituents decide, however, on the properties of defor-
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mation processes.They define orocesses of creep,plastic flow etec,

We begin the analysis of these processes from the momentum balance
olwi

L7 et e
(11.1) e JE = 9”2_ +(62k ~§'§&JL~//¢' Sk

] e x
Occuring in this equation expression gg‘gaJQ /l ,

differs
it from the classical momentum balance.
Let us notice that if .
4 1 ~ - 19
@) ¢’ ef | pezn, 9"TE =23
then = £ had
W, =2 o W =
- f, 1 o 7 N
= 5 Y+ + 5 £y 7
4 al + X
(11.2) L e=JeJE =
7,1,1 p N N
-.-_-g gU{;Uk ‘l-.“ i -I-f A Uk. =0
and
(é‘l) ] P4 K
f ’f f.___-f- = s é'f' 4y n
=5, Sx»e” g ¢
1= Z_ - k
dle sl =y
‘{-n- V“ A - ‘?N ot _!. 7 [, k
\gi‘ (11.3) " Z?;{ =gf(f¥ 5y
':" MM kt! pr1 p
‘z%——_"—* k + P—‘V * é\'V
?k V e G
2EA RS20
Pig. 17 =Ff

The cases Céq) and (¢, ) and their combinations permit to comprise
the majority of thermodiffusion processes in a solid.

From relations g 57“0,_-"‘(7“ =0 it follows



<))< o£=0 D —— o< o< AN «< _ -
2 5y 2 sCTw )y =)
(1.4 = 28-S W -y e+ oy S
-— ot ac. o . ol
T 2N ey — pmwy =3pYY

In particular

(11.5) ‘2125“ y =0 -—-2"5M-m-=7g§12-1§°‘

From the relation (11.5) we conclude that in the energy balance

e . of ol
also the constituent % g“@-*k = xZ./é k —_ 0
should, in general, vanish.
Indeed
$2 7y = F 2 g TN W FyT) =
! o
(11.6) =.2_'f WW +2m U gy
. : 1 7 | o o&c, o
= 5 9 W W +§'éf1/é.”c

The balances equations have here the form
a'c“ b . o
(11.7) ¢ 7 = R - (/L),[

o <
(11.8)  p G2 = el * Gk, Gu= 26

" |
(11.9)  fa& (VK= pr +elfw +
'I> ¢ e . nf
-+ [5“;;{// ._.?‘. 'fé(?é;‘/k —"/L' U/J)I_.

(11.10) fgg 2 _%‘C - (F ) "'é(/k“'f“),c
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In this case the residual inequality is defined'by expression

oY oS
“$ GE T8 E * Gk *
(11.11)

" e e e e
2 (36510 Y.~ 2 >0

-

The system of equations (11.7) - (11.11) is the most general set of

balances for thermodiffusion processes occuring in a solid of equal
temperature,

12. Seepage in a solid.

Seepage flows constitute a particular case of the diffusion with
a dominant constituent.

We assume that

0%y ik Ji N w Joo T
ﬁf /vgijcc

The balances equations have the form

dc” - =
(12.3) egt -~ R - (&

c /,C
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oW _ , . -
. (12.4) § o (2 *6?;'{/ R 54’.-.‘255/'

(12.5) p G(UK) =50 + 9w + (bymp) = 9.,

1‘&?(/AZ;DQ$,J
(12.6) fdf > & - (—%—),

When substituted (12.3) and (12.4) into (12.5) we obtain

¢ SF =57 " Bt GO *2""(/< -5 )

(12.7) + 2 /“7:; 5 (dy = ’zt(”’b;/ 7Y

The residual inequality takes on the form

dU 7— dS

dc >
soE *8 z tody — 4 Pt Mo
7

+%(/‘7;/€x+/‘7€j/éw) - 2573; >0

In the inequality (12.8) constltuents

S(MR M)

(12.9)

concern energy dissipation from the system.

On the other hand constituents

U =AY
(12.10) ~ § FZ A L Zfdt/%

permit to define constitutive equations.
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13, Classical thermodiffusion in a ‘solid

Such flows also constitute a particular case of the diffusion

ones with the dominant constituent., We introduce here a constraint

é\ =y — Z_JL ‘S\Z./z. =
. ° o5 1
sy DFE T N
O B };062: é./¢~=0
AT7eT
The balances equations have the form
dC“__ o< . o
Me — of +6; 35"
(13.3) S T Pl Lk, k by < O
6pc= b S

f.g@(lf’*K)’ or relm =9, *(bywm ),
'2(/;'«1/-),1
JS

(13.5) Pgf 2 & - (’7‘?“‘)),.

(13.4)

After substitution (13.2) and (13.3) into (13.4), when assuming that

6 Wy = by [ (W +we) + 00— ny) ] -

5./ Z(WL/ J',i) = 55/ =

It

we get
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3 3’{‘” - Ui 65 %
(13.6) (K —f ) _/_g U;f_/' o
The form of the residual inequality is following
~§ 5 * Ty *Gycly +Zs YV
(13.'.7). | (UK + cj,. ). — #é > 0

ot ol
Assuming that {/ = /7, we obtain the residual inequality

“fdt+7_§dt+y0’y +gfo‘7§/‘7° +
(13.8) T )

*Z(M R+ /Voz_/l.u) "*_—7——— >0

In this inequality constituents

JU Q/__§_‘+5,

c/

serve to determination of physical equation, but constituents
Z(MTRTHF ML f) = B )
define the bgsic energy dissipation from a body.
14, Entropy diffusion in a solid

It is a very particular case of the diffusion with the dominant

constituent. We assume here that
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ol

NU =0 -

(14.1)

Z;‘ “__Z_ ° < 1 ¢, e
o{l B f"@é _’éf“ e Ji T 0 .

The balances equations have here the form-
g Q/C‘“__ [ . O
(14.2) P I = R — (/é )JL-

(14.3) ZI/Z’_/‘ olf * 6k Ok = Ori

oty faR(UK) = g7+ olhme +[Bhy ~9: ],

ey P o> - (;lf),a *
# 2 [ KTy - (F ke~ (50 ]

=L 20

A T e T k-

>

Substituting (14.2) and (14.3) into (14.4) we obtain

| . ) |
(14.6)  PZE = §7 T Du * by dy

The residual inequality takes on the form
"fa'f 7 dei— 7647 dy +T§(/;~°’f°24
(ary + T Z (s f,))z
~TI[SEL - (B k), ] 2 50

Introducing (14.2) to (14.7) we obtain




4=

AY o
o TeE b by 2o

(14.8) +72 S"R” +T<§/L‘“Ja« -

2

ST Z[ () - (2k), ] - ;7’-‘: >0

Introducing the potential /Z,M; 7}§~;e get finally
-, U °‘o’c
P T by — Il
MRS+ 3 T (LE)
(14.9) +g 5/6 +g\/1. (""')

T[S A)]—————' >0

The process described in this point occurs, when constituents of
mixture have different temperatures, Then, during the diffusion
process it comes to rapid leveling of temperatures. On the other

hand temperature leveling leads to occuring of diffusion flows.

15. Kinetic diffusion.

As a very particular case of the diffusion flow. mlgratlon in a
solid defined with the help of relationq

o | - o _f_ °L=.1_. o
(15.1) MU=, AS=S AT =T, Agb= 56

ol

Z 4 U by = 0  but the sum gf“%'“!/,_- exists and it is com-

parable with another constituents of the energy balance.



The balances equations have the form

oc™

(15.2) e F ~ R = (je).e
d e . X SRR, .
(15.3) PEE = ¢f 65, . Gyré

pUHK) = pr =9, +ebm
HEyw - Z2iKD,

a5 r %
(15.5) PR 2 F - "TL),L'

(15.4)

In the issue of transformations we get the residual inequality

ot

JU (9 < of
o %F *TeG +6pdy + 2K R

(15.6) "%(/(‘K** K:-/:) - —%TQ“>0

This flow appears in a solid, when diffusing particles hold a lar-

ge kinetic energy, and in the skeleton cousiderable stresses arise.

16. The diffusion towards.

a multi-constituent skeleton

' Let us study now a case, when the dominant constituent a skele-
ton 1is multi-constituent. Convertions together with chemical rea-
ctions can appear between constituents. Problem concerns the case
G§2)4of diffusion with a dominant constituent (comp. p.11).

The balances equations are here following

JCT . o - 7
[ R , o V2, ok
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(16.1) S,dc/" = RP_ (jl‘ﬁ,i ) p=k+i, . ...on
. dW6
(16.2)  $TE = oL + bire
U | - o
f;qllf" §r-2 +5¢/7 ZM(KJ"C)
-g»ﬂ‘(k‘ e -2 M

F.
ey  oZ% > ¥ - (FE),  Asts

>

(16.3)

'When transformed the residual inequality has the form

"5;; +§7°/5 +5d -I—ZMf +2Mﬁ dclg

(16.5)
.4 < A . ¢ be -
3 S (e ) - B 5
where
U"’K e /7;“”/70“:' %*
(16.6)

'y : O
t 10 i ™
> ‘3 w,
Lig%-égké___. 3
,r’/ Taeet
Pig.18

In the inequality (16.5 ) constituents

oS M Boc?
(16. 7) fa’f +§97- Edy" +Z§ —9-/—/%9/"/3%

are related substantially with the constitutive equations, and

quantities
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(16.8) -2 MR- Z (MPRF + ME /z./“) - JZ_LTL
= p

with the dissipation ,
Let us notice that the description presented includes an appre-
hension of continous heterogeneous medium without diffusion as

well as nonhomogeneous medium with thermodiffusion flows.

17. Comparision of various
diffusion descriptions.
The given above equations of various kinds of diffusion in a
soiid do not occur,  in general, independently, .
As a rule various combinations of several diffusion flows can
be observed.'ln the general case the potential M generating dif-

fusion flows of mass'apd convertions have the form

(17.1) M= My M =My~ M = 5, L6 TS T KT

It seems that the dominant components is in general, the {riternal
‘energy Zf « Differences in the free energy between the partlculap
components are the most often reason for flows(cdzfélf Z/Z)
Compapatible quantlty in the isothermic problems is the flow indu-
ced by differences between portional pressures JM:‘ ;7‘ 20" f—r 524

The contribution of the difference of entropy of particular con-
stituents in generation of flows is smaller. It follows from the
rapid leveling of temperatures in a multi-constituent éystem of dif-
ferent temperature / for constituents (7':-"‘ Tr).

Likely, the contribution of diffusion produced by the differen-
ce in kinetic energy 4 ﬁfk = K‘x" K T for particular, migra-

ting constituents. So, one can assume that



(11.2)  MTE M=M= G =T

18. Linear theories.
t
Furthef particular cases of all considered hitherto diffusion
flows in a solid are those in which convectional terms of deriva-
tives are neglected, It is admissible when velocities are rela-

ac™ 2C Ik
tively small and the inequality 37 » ¥ 3x, , 52 > X, 5

The set of balances can be here written

(18.1) pcT= R - (™),

(18.3) f(m‘k) =55 =% * (b

(18.4) es > F - (%,L-

and the residual inequality is following

: ot oe ¢ . o L He
- Z(MR™ +M. ") - T >0,

(18.5)
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N

The system presented constitutes the base of linear equations des-

cribing diffusion in a solid.

« ot e T L5 ot o ¢ o
Of course, M= /‘76—“7"/‘?, "Hg“Mkch@t'fU-U - K.

From those equations the most often applied descriptions of

thermodiffusion procebses result in which ﬁ7l$ in general, identi-

fied with 7 .

19. Heterogeneous bodies without diffusion -

Let us analyse another particular case, when all mixture consti-

tuents hold the same velocity ¥ = ¥ 2===, e ,?-14_-”
o,
= o¢ - £ oc
'\:‘.l-'.‘. V‘: - ’C ’/‘
Ly S . S

In this body there can occur, however, conversions of particular

constituents. Especially during deformation process a new constitu-

ent can arise holding different properties. Temperature or chemical

potentials of particular constituents plays here a part analogous

to the deformation process.

The balances can be now written as

(19.1) [4 if = R | (J;; =0)

(19.2) f dn/‘ =§/:'; * 5‘.‘/)./ s 5’;/,:5,’/?—'3
d ¢

(19.5) £ TE(H) = pr =g, + Gy + ZEITEE

- M'R™)
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ol

o) £ Ze > fF ~(~?——)
G, +7S U "

Vi
(19.5) M= (3

The residual inequality has the form

”‘fdzﬁ- 1% +Eydy + oM GE
(19.6) =2 MR - —‘Z—T— >0

The equations (19.1)- (19.5) seem to be useful as describing
degradation processes of material, recristalization, and generally
conversion without diffusion; when new phase of material arises
in the issue of a thermomechanical process.

Those equations also permits to describe self-balanced strgsses

in a body. Then

(19.7) 5:/ =0 5; =°‘25¢f‘=0 &°#0
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model
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Theory of Shells

Georg Zander:
Zur Bestimmung von Verzweigungslasten diinnwandiger Kreiszylinder

unter kombinierter Lings- und Torsionslast

Pawel Rafalski:
An Alternative Approach to the Elastic-Viscoplastic Initial-Boundary
Value Problem

Heinrich Oeynhausen:
Verzweigungslasten elastoplastisch deformierter, dickwandiger Kreis-
zylinder unter Innendruck und Axialkraft

Franz-Josef Biehl:
Zweiseitige Eingrenzung von FeldgroBen beim einseitigen Kontakt-
problem

Maria K. Duszek:
Foundations of the Non-Linear Plastic Shell Theory

Reinhard Piltner:
Spezielle finite Elemente mit Ldchern, Ecken und Rissen unter
Verwendung von analytischen Teillésungen

Petrisor Mazilu:
Variationsprinzipe der Thermoplastizitdt I. Warmeausbreitung und

Plastizitit

Helmut Stumpf:
Unified Operator Description, Nonlinear Buckling and Post-Buckling
Analysis of Thin Elastic Shells
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Bernd Kaempf:

Ein Extremal-Variationsprinzip fiir die instationire Wirmeleitung mit

einer Anwendung auf thermoelastische Probleme unter Verwendung

der finiten Elemente.

Alfred Kraft:
Zum methodischen Entwurf mechanischer Systeme im Hinblick auf

optimales: Schwingungsverhalten

Petrisor Mazilu:
Variationsprinzipe der Thermoplastizitit
II. Gekoppelte thermomechanische Prozesse

Klaus-Detlef Mickley:
Punktweise Eingrenzung von FeldgréBen in der Elastomechanik und

ihre: numerische Realisierung mit' Fundamental-Splinefunktionen

Lutz-Peter Nolte:

Beitrag zur Herleitung und vergleichende Untersuchung geometrisch
nichtlinearer Schalentheorien  unter  Beriicksichtigung  grofer
Rotationen

Ulrich Blix: .
Zur Berechnung der Einschniirung von Zugstdben unter Beriicksichti-
gung thermischer Einfliisse mit Hilfe: der Finite-Element-Methode

Peter Becker:
Zur Berechnung von Schallfeldern mit Elementmethoden

Dietmar Bouchard:
Entwicklung und Anwendung eines an die Diskrete-Fourier-Trans-
formation angepaBten direkten Algorithmus zur Bestimmung der

modalen Parameter linearer Schwingungssysteme

Uwe Zdebel:
Theoretische und experimentelle Untersuchungen zu einem thermo-

plastischen Stoffgesetz

Jan Kubik:

Thermodiffusion flows in a solid with a dominant constituent
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